MATH347: Linear algebra for applications May 2, 2024
FINAL EXAMINATION

Solve the following problems (5 course points each). Present a brief motivation of your method of solution.
Problems 9 and 10 are optional; attempt them if you wish to improve your midterm examination score.

1. Form the matrix product corresponding to the following linear combinations
bi=r1a1+2202+ -+ 20a,,
by=yi1a1+y2a2+ -+ Ypay,
bs=z1a1+ a3+ -+ z,a,.
Specify all matrix dimensions and column vectors.
Solution. Consider a; € R"™. Consistency of vector addition then implies aso, ..., a,, by, bo, b3 € R™. Form
B=[b; by by|]=ACcR™*? p=3.
The vectors entering into the linear combinations are
A=[a; ay ... a,|eR™*"
The scaling coefficients of the three linear combinations are

I <
C=[c ¢ c3]|= %2 Z{Q Z:2 e R"*P, p=3.

2. For A€ R™™ let b= Ax and y # 0 be a solution of the linear system ATy =0. Compute the angle
between b and y.

Solution. From b= Ax deduce b € C(A). From ATy =0, deduce that y € N(AT). The FTLA states
C(A) LN (AT), hence bly, and the angle between the two vectors is § =7 /2 (orthogonal).

3. With Q € R™*™ known to be orthogonal, carry out the following block matrix multiplication. Identify
dimensions of all blocks, and the blocks and the dimensions of the resulting C' matrix

o[Folldh]T el

Solution. Consistency of multiplication requires I, 0 IR™*™, thereby leading to C € R?™*?™, Apply
“row-over-columns” for matrix blocks, noting that I” =1, 07 =0, QQ" =1
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4. Compute ¢ = ATb and the projection of b onto C(A) for
2 3 1
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Solution. Apply “row-over-columns” rule to obtain
2T
c_—ll -1 12 -1 -1 -4
—{_1 2‘ {_1‘— 31 2 0

—4 0 1

o

The above implies b€ N(AT), and by the FTLA the projection of b onto C'(A) is the zero vector.
. Find the LU decomposition of

A:

= N —

11
5 5
9 15

Solution. Carry out reduction to upper triangular form, noting multipliers used in the process

1 00][1 11 111
LA=| 210||255 |=|0 33
—4 0 1] 4915 0 5 11
10 o1 11 111
L,L,A=| 0 1 0033 |=|033]|=U
0 -5/3 1][0 5 11 006
Find A=L;'L;'U =LU. Compute
1o00][10 0 10 0
LL11L21[210 01 0f=[21 0
401[05/31 45/3 1
Verify
10 o][1 11 111
LU=[21 o0ll033|=l255 |V
45/311]006 49 15

. State the eigenvalues and eigenvectors of C =B A, A, B€R?**? with C the matrix describing: (a) rotation

by 8 =m/2 (A matrix) followed by reflection across the z; axis (B matrix).

Solution. Let y= Aq, z= By=Cq. From sketch below, note that g;=[ 1 —1 |7 rotated by 7 /2 becomes
y1=[1 1]7, which when reflected acorss the horizontal axis is again q;=[1 —1 ], thus an eigenvector

with associated eigenvalue A; = 1. Similarly, vector ga=[1 1 |7 rotated by 7/2 becomes yo=[ —1 1|7,
which when reflected acorss the horizontal axis is [ =1 —1 | = —qy, thus an eigenvector with eigenvalue
Ao=—1.

\\\ q>2
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Figure 1.



7. Compute the eigendecomposition of
11
A_{ L }
Solution. The characteristic polynomial is

A—1 -1

MM:daQI—Ay%_& L

' AN —2),
with resulting eigenvalues A\; =0, Ao =2. For A\ =0 perform row reduction to find eigenvector x;

ot [ om o3[ ]

Similarly, for Ao =2

o[ 715 et 1]

Since A= AT the eigendecomposition exists and is orthogonal

B r 111 1 00|11 —1
A=QAQ _\/ﬁ -1 1 02],211 ’
8. Find the SVD of

40
a0
Solution. Recall SVD A=UXV7T with A, X cR™ ", U € R™*™ orthogonal, V € R"*" orthogonal.
For this problem m=n=2. Further recal U =[ u; ... u, Upy1 ... Uy, |,V=[v1 ... v, V.41 ... v, ]

The matrix A has rank r =1, and u; can be taken as

]
3]
5

| o/V2 0
0 o o /vVZ 0|
Deduce that oy =4+/2, completing the SVD.

9. Form the matrices A, B€R**? C=BA, where C is the matrix describing: (a) rotation by §=7/2 (A
matrix) followed by reflection across the z; axis (B matrix).

Since U is orthogonal take

s\
| ee— |
I—I

to obtain

Take V =1 to obtain

1
AV_A—U2¢{4O}—;;

Solution. The matrices are
cosf —sinf 0 —1 10 10 0 —1 0o -1
A‘[sme cosf ]_{1 0 ]’B_{O -1 ]’C_[O -1 Hl 0 ]_[—1 0 }

10. Find bases for the four fundamental spaces of

12 3 4
A= 2 -1 -1 —4
31 2 0



Solution. Note that A € R™*" with m =3, n=4. Carry out row reduction

12 3 4 12 3 4
A~ 0 =5 =7 =12 |~| 0 =5 =7 =12 |,
0 -5 =7 —12 00 0 0

to find r =rank(A)=2.
C(A): FTLA states dim C(A) =r =2. Take r =2 linearly independent columns as the basis, e.g.,

1 2
2 |, -1
3 1

C(AT): FTLA states dim C(A”) =r =2. Take r =2 linearly independent rows as the basis, e.g.,
Sl
2 -1
31| -1
4 —4
N(AT): FTLA states dim N(A”)=m —r=1. From row reduction of AT
[12 3} [12 3 ] [123]
2 -1 1 0 -5 -5 011
3 —1 2 0 -7 —7 0001/
4 -4 0 0 —12 —12 00O

$1+25L‘2+3$3:0
$2+$3:0 ’

AT

consider system

Take z3= ) as a free parameter to obtain

{ $1+21’2:—3>\

T1=To= -\
$2:—>\ ’

A basis vector for N(AT) is therefore
1
1
—1

ENnin
[i:iél-l H

N(A): FTLA states dim N(A) =n —r =2. Continue above row reduction of A to obtain reduced row
echelon form

Verify

12 3 4 123 4 101/5 —4/5
A~| 0 =5 =7 =12 |~| 0 1 7/5 12/5 |~| 0 1 7/5 12/5
00 0 0 000 0 000 0

and form system

5$1+$3—4I4:0
bro+ Txs+12x4=0"



Consider x3= M\, 4= i to be free parameters to obtain

x1=—(A—4p)/5
To=—(TA+12p) /5"
For 4= ;1=0 obtain
1 7

$1:—g)\,$2:—g)\,$3:)\,$4:0,
For x3=A=0 obtain

:c—é x——£ r3=0,24=

1—5,U,7 2— 5,“7 3=U,Tg= .

Deduce that a basis set for N(A) is

]
—7 11 —12
= Il -
0 5 )
Verify .
12 3 4 [i:z 00
2 -1 -1 4|l ° T =00/
31 2 0 0 s 00




