MATH347 L1: Linear combinations

esson concepts:

e \ectors

e \ector operations

e Linear combinations

e Matrix vector multiplication



Vectors 2/10

e Some quantities arising in applications can be expressed as single numbers, called “scalars”
o Speed of a car on a highway v =35 mph
o A person's height H =183 cm
e Many other quantitites require more than one number:
o Position in a city: “Intersection of 86" St and 37¢ Av"
o Position in 3D space: (x, v, 2)

o Velocity in 3D space: (u,v,w)



Vector definition

Definition. A vector is a grouping of m scalars

v= esSm v, eS

e The scalars usually are naturals (S =N), integers (S =7Z), rationals (S = Q), reals (S=R),
or complex numbers (S = C)

We often denote the dimension and set of scalars as v € S, e.g. v € R"™
e Sets of vectors are denoted as

V:{’U: ,U@ES} (1)

e A vector can also be interpreted as a function from a subset of N to S

v:{1,2,..,m}—S



Vector operations 4/10

e Vector addition. Consider two vectors u, v € V. We define the sum of the two vectors as
the vector containing the sum of the components

Uq (] U1+ U1 w1
U9 (5 U + V w
| Um | Um | _Um4*wn_ | Wm

>> u=[1 2 3]; v=[-2 1 2]; u+v

e Scalar multiplication. Consider o € S, u € V. We define the multiplication of vector u
by scalar «v as the vector containing the product of each component of u with the scalar o

o Up w1
o U9 W9

QO Uy, Wi
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Uq (] U1+ U1 w1
U2 V2 Ug + U9 Wo
| Um | Um | _Um4“%n_ | Wm
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(-1 35)

e Scalar multiplication. Consider o € S, u € V. We define the multiplication of vector u
by scalar « as the vector containing the product of each component of u with the scalar «

A U1 (V0]
O U9 w»o

QO Uy, Wi



| inear combinations
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e Linear combination. Let o, €S, u,v € ). Define a linear combination of two vectors by

U
o U
w=au+Fv= 2

o Uy,

e Linear combination of n vectors

b:x1a1+x2a2+---+xnan:

_5’01_ Oéul+ﬂ’01_

Bog | _| aus+fva | _
| bBuy | | aupmt+Bun ||

1011+ To2G12+ - + TpAip
L1021 + Lol + -+ + TpAop

| L10m1 + Zolmo + -+ + Tnlmn




Uses of linear combinations

"Start at the center of town. Go east 3 blocks and north 2 blocks. What is your final position?"

e[ O] e[ Jen-] 0]

ap=3,an =2

{1343

Linear combinations allow us to express a position in space using a standard set of directions.
Questions:

e How many standard directions are needed?
e Can any position be specified as a linear combination?

e How to find the scalars needed to express a position as a linear combination?



Matrices

Seek a more compact notation for the linear combination

1] [ =11 [21 [a=-b+2c]
al 2 |+b6 0 |[+¢c 0 |= 2a
3] 1 1] | 3a+b+c |

e Group the vectors together to form a “matrix”

A:

wW N
—_ O
—_ O DN

e Group the scalars together to form a vector




Matrix-vector multiplication = linear combination

e Define matrix-vector multiplicatio

1
Au=| 2
3

e In general

ailz a2
az1 a22
A=| . .

Am1 Am2

b=Ax=xa1+ 205+ -

n

121l al [a=-b+2¢c

0 O b | = 2a

1 1 j[c| | 3a+b+c_

A1in | _5131 |
?Qn =la; ay ... a, |, x= 332
amn_ _LI?n_

i T1a11 + ToQ12+ -+ + TpQip

tz.a,= 9?1a21 + T292 + +++ + TpQon

| X1Am1 + Tolm2 + -+ + Tnlmn _




Examples: linear combination

Construct linear combination of vectors u=[1 —1 2], v=[2 1 —1] scaled by o =2
and 3 =3, respectively

>> u=[1 -1 2]; v=[2 1 -1]; alpha=2; beta=3;

>> alphax*utbeta*v

Construct linear combination of vectors u=| —1

respectively

>> u=[1;

>>

-1; 2]; v=[2; 1; -1]; alpha*utbetax*v

scaled by « =2 and (=3,



Examples: linear combination

Construct linear combination of vectors u=[1 —1 2], v=[2 1 —1] scaled by o =2
and 3 =3, respectively

>> u=[1 -1 2]; v=[2 1 -1]; alpha=2; beta=3;

>> alphax*utbeta*v

(811)

Construct linear combination of vectors u=| —1

respectively

>> u=[1;

>>

-1; 2]; v=[2; 1; -1]; alpha*utbeta*v

scaled by « =2 and =3,



Examples: linear combination

Construct linear combination of vectors u=[1 —1 2], v=[2 1 —1] scaled by o =2
and 3 =3, respectively
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Construct linear combination of vectors u=| —1

respectively

>> u=[1;

>>
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1
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-1; 2]; v=[2; 1; -1]; alpha*utbeta*v

scaled by « =2 and =3,



Examples: linear combination by matrix-vector combination

e Construct linear combination of vectors u=| —1 |, v=

respectively

>> u=[1; -1; 2]; v=[2; 1; -1]; alpha=2; beta=3;

scaled by « =2 and =3,

>> A=[u v]; x=[alpha; betal; A*x

>>




Examples: linear combination by matrix-vector combination

e Construct linear combination of vectors u=| —1 |, v=| 1 scaled by =2 and (=3,

respectively

>> u=[1; -1; 2]; v=[2; 1; -1]; alpha=2; beta=3;

>> A=[u v]; x=[alpha; betal; A*x

38
1
1

>>




