MATH383: First order differential equations (1ST)

Overview

e More on transformation of nonlinear differential equations to separable DEs:
— Bernoulli example

— Homogeneous equations

(Textbook: 2.4)



Transformation of Bernoulli equations

e A Bernoulli equation, '+ p(x) y=q(x) y",r € R\{0, 1} can be transformed
into a separable equation by variation of parameters

— Homogeneous equation y'+ p(x) y =0 has solution y(x)

— Seek solution of form y =wy,, (variation of parameters)

(wyn)'+ puyn=q (uyn)"= ynu’ +u(yn+ pyn) = q (uyn)"=u'= qu"y;, '

— The last equation is separable and integration leads to

l(il:l:z/q(a:) yr e = 1iru1_7“=/q(:c) yr e

u’r




Bernoulli equation example

Solve ' — y =sin(x) y°. Steps:

— Homogeneous equation solution: ¢y — y=0=y(x) =¢€"

— Variation of parameters: y=wue® = u'e* =sin(x)u’ e’ =u'u?=sin(z) e** =

fZ—; dr = —2_;: [ sin(z) e** +C = o (2Sin(x5)_cos(x)) +C.

—1/2
u(xw) = [c — % e?® (2sin(x) — cos(x))

2 e2* (2sin(z) — cos(x)) } —1/2

— Form solution: y:ue"’":e"’"[c— -

(%17) ode2(’diff (y,x)-y=sin(x)*y~3,y,x);

eiB

\/%C _ 2e2*(2sin (z) — cos (2))




Bernoulli equation example direction field

y'=y+sin(x) y® = y(1 +sin(z)y?)

(%18) plotdf (yx(1+sin(x)*y~2), [trajectory_at,-2,-0.2]);




Homogeneous nonlinear equations

Definition. The differential equation iy’ = f(x,y) is said to be homogeneous if
it can be written as ' = g(y/x).

Homogeneous equations are separable through the transformation u=1vy /x,

/

’_ ;_ / o u __gk _ u’
y' = (zu) =zu +u—g(u)$g(u)_u—x:>1na:—/g(U>_uda:+C

1

Example: y’:%qtey/x, u:%:>a:u’+u:u+e“$u’e_“:x_ - with solution

e "=c—Inr=u=—In(c—In(x)), leading to y=zu=—xIn(c—Inx)
(%115) y: -x*log(c-log(x)); fullratsimp(diff(y,x)-y/x-exp(y/x));

(%o15) —xlog(c—log(z))
(%ho16) 0

(%117)
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