MATH383: Applications of second-order differential equations (AP2)

Overview

e Spring-damper-mass systems (mechanical displacement storage-loss-inertia)
e (C'RL system (electric charge storage-loss-inertia)

e Central force systems



Unforced spring-mass system

o my’'+ky=0
e Characteristic equation mr?+ k=0, ro=tiw, w=+/k/m

y(t) = Ae™ + Be ™' = q cos(wt) + bsin(wt)
(%i1) ode: m*’diff(y,t,2)+k*y

2
(hol) m (%) +ky

(%i2) sol: ode2(ode,y,t)

Is kmpositive, negative or zero? positive

(%02) yZ%klsin(\/\/g>+%k2c08(\/\/g>

(%13)




Unforced spring-damper-mass system

e my'+cy'+ky=0

e Characteristic equation mr? +cr + k=0, T12= —2; + Czjn%m. Cases
— Distinct real roots. ¢ —4km >0,
y(t)=cre™ 4 coe™,
— Distinct imaginary roots. ¢ —4km <0,
. C VAkm — c?
t)=e"“(cicos Bt +cysin Bt), a=— B= .
y() (1 B+216>7 om’ 9
— Repeated real roots ¢ — 4km =0,
C

y(t)=cret+cote™ r=——o.



Unforced spring-damper-mass system, ¢? — 4km >0

Example. y” —5y'+6y=0, y(0)=1, y'(0)=0, r*—=5r+6=0=r;=2,73=3
y(t)=cre*+ e’ y(0) =c1+c2=1,y'(0) =2¢1 + 3c2 =0.

(%i1) ode: ’diff(y,t,2)-5%>diff(y,t)+6%y

o d’y dy

(%i2) sol: ode2(ode,y,t)

(%ho2) y=%kle3t + %k2e?

(%13) ic2(sol,t=0,y=1,’diff(y,t)=0)

(%o3) y=3e?t —2e3!

(%i4) ‘




Unforced spring-damper-mass system, ¢? — 4km <0

Example. " +2y'+2y=0, y(0)=1, 4/(0)=0, r*+2r+2=0=r1 =1+

(%i4)

a=1,F=1,y(t)=e*(c; cos St + casin 5t).

ode: ’diff(y,t,2)+2*%diff(y,t)+2*y

(%04)

(%15)

d?y dy
_Eﬁ+2(dt>+2y

sol: ode2(ode,y,t)

(%05)
(%i7)

y=e "t (%k1sin (t) + %k2 cos (1))

ic2(so0l,t=0,y=1,’diff (y,t)=0)

(%o7)
(%i8)

y=e "t (sin (t) + cos (1))




Unforced spring-damper-mass system, ¢? — 4km =0

Example. y"+2y'+y=0, y(0)=1, 4’(0)=0, 7 +2r+1=0=r=-—1
y(t) =e"(c1 Fcot).

(%i8) ode: ’diff(y,t,2)+2x’diff(y,t)+y

: d?y dy
(%08) W+2 (E) +y

(%19) sol: ode2(ode,y,t)

(%09) y=(%k2t+ %kl)e?

(%110) ic2(sol,t=0,y=1,’diff(y,t)=0)

(%010) y=(t+1)e™*

(%i11)




Forced spring-mass system - non-resonant forcing

o my ' +ky=f(t), mr?+k=0,ro=4iw, w=+/k/m
e Non-resonant forcing: f(¢) not proportional to cos(wt), sin(wt)
e Steps:
1 Solve homogeneous equation v, = a cos(wt) + b sin(wt)
2 Search for a particular solution suggested by force term
(%i14) ode: *diff(y,t,2)+4xy-t

: d”y
(4014) W+4y—t

(%i15) sol: ode2(ode,y,t)

(%015) y=%k1sin (2t) + %k2cos (2t) +£



(%1i16) ic2(sol,t=0,y=1,’diff(y,t)=0)

sin (2t)
8

+cos(2t)+£

(%016) y=— 1

(%1i17)



Forced mass-spring system, resonant forcing

o my"+ky=f(t), mr?+k=0, rio=+iw, w=k/m
e Non-resonant forcing: f(¢) proportional to cos(wt), sin(wt)
e Steps:
1 Solve homogeneous equation 1y, = a cos(wt) + bsin(wt)
2 Search for a particular solution of form t (A coswt + B sin wt)

(%117) ode: ’diff(y,t,2)+4*y-sin(2x*t)

2

; d”y :
(Aol?)-agg%—4y——$n(2ﬂ

(%i18) sol: ode2(ode,y,t)

tcos (2t)

(%018) y=%k1sin (2 t) _ -

+ %k2 cos (2t)



(%113) ic2(sol,t=0,y=1,’diff(y,t)=0)

17e3t  11e?t 546t
e e++

oo 1 -
(%013) y 9 + 1 36

(%1i14)



Forced spring-damper-mass system c¢? — 4km > 0, non-resonant

Example. y” — 5y +6y=sint, 7 =57 +6=0=7r1=2,13=3
yn(t) =cre* +coe’, y,= Asint 4 B cost.

(%i19) ode: ’diff(y,t,2)-5%’diff(y,t)+6%y - sin(t)

. dzy dy ,
(%019) W_5 (E) + 6y —sin (¢)

(%120) sol: ode2(ode,y,t) ‘

__cos (¢) +sin (¢)

0 + %k1 3 + %k2 e*t

(%020) y

(%i21) ic2(sol,t=0,y=1, diff(y,t)=0)

(ho21) y =<8 (t);(—)sin (t) 191(83t N 14562t

(%122) |




Forced spring-damper-mass system c¢? —4km > 0, resonant

Example. y" -5y +6y=¢e?, 1> —5r+6=0=>r=2,73=3
yn(t) =c1e* + e’ y, = Ae* + Bte.
(%i22) ode: ’diff(y,t,2)-5%’diff(y,t)+6xy - exp(2xt)

2
(%022) M—E) (@) +6y —e?t

(%i23) sol: ode2(ode,y,t) ‘

(%023) y=%kle3'+ (=1 —1t)e*' + %k2e?!

(%i24) ic2(sol,t=0,y=1, diff(y,t)=0) |

(%024) y=—e3t+ (-1 —t)e?’ +3e?

(%i25) ‘




Forced spring-damper-mass system, c¢? — 4km < 0, non-resonant

Example. v +2y'+2y=t, r*4+2r+2=0=r1,=1=+1
a=1,6=1,y,(t) =e *(cycos St + cy8in ft), y,= A+ Bt

(%i25) ode: ’diff(y,t,2)+2*%’diff(y,t)+2*y -t

: d*y dy
(mﬁ5)555+2(dt)+2y—t

(%i26) sol: ode2(ode,y,t) ‘

(%026) y=e" " (%k2cos (t) + %klsin (t)) + %

(%i27) ic2(sol,t=0,y=1, diff (y,t)=0)

(%o27) y:e_t(?)cozs(t) + sin (¢ ))4—%

(%128) |




Forced spring-damper-mass system, c? — 4km < 0, resonant

Example. y"+2y'+2y=etsint, r*+2r+2=0=r1,=1+1i
=1,6=1,yn(t) = e *(cycos Bt + cosin t), y,=te "(Acost + Bsint)

(%i31) ode: ’diff(y,t,2)+2%x diff(y,t)+2%y - exp(-t)*sin(t)

. d?y dy L
(%031) W+2(dt>+2y—e sin (t)

(%i32) sol: ode2(ode,y,t)

te tcos(t)

(%032) y=e""(%k2cos (t) + %kl sin (t)) — 5

(%i39) ic2(sol,t=0,y=1,’diff(y,t)=0)

i —t
(%039) y=e* (cos (t) + 38”; (t)> _te ;os ()






Forced spring-damper-mass system, ¢? — 4km = 0, non-resonant

Example. v +2y' +y=t, r*+2r+1=0=r=—1
Un(t) =e " (c1+cot), yp=A+ Bt

(%i40) ode: ’diff(y,t,2)+2%x’diff(y,t)+y - t

: d*y dy
(%040) W-FQ(E)-Fy—t

(%i41) sol: ode2(ode,y,t)

(%o41) y=(%kl +%k2t)e t+t—2

(%142) ic2(sol,t=0,y=1,’diff(y,t)=0)

(%042) y=(3+2t)e t+t—2

(%143)




Forced spring-damper-mass system, c¢? — 4km =0, resonant

Example. v/ +2y' +y=te t, r?+2r+1=0=r=-1
yn(t) =e " (c1+eat), y,=(A+ Bt)t?e "

(%143) ode: ’diff(y,t,2)+2*x°diff(y,t)+y - t*xexp(-t)

: d*y dy 4
(%043) W%—Q(E)er—te

(%144) sol: ode2(ode,y,t)

t3et

(hodd) y= 5

+ (%k1+ %k2t) e

(%145) ic2(sol,t=0,y=1,’diff(y,t)=0)

t3et

(%o45) y= 6

+(14t)e™?

(%146)
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