i MATH383: Solving Homogeneous Linear Systems of Differential Equations (hLSDEs)

Overview

e Fundamental set of solutions (Wronskian)
e Constant-coefficient hLSDEs, matrix eigenvalue problem
e (ases:

— Real negative eigenvalues

— Real positive eigenvalues

— Purely imaginary eigenvalues

— Complex eigenvalues



hLSDE fundamental set of solutions, Wronskian

e yY=A(t)y, y(t), y: R—R"
e Set of solutions S={y1,....,Yyn}, yi=Ay;, i=1,...,n

e S is a fundamental set of solutions of {y1(t), ..., y,(t)} are linearly independent (for all #)

o Yy=c1yYi1+-+cpYn, Y1+ F Y =0=c1=--=¢,=0.
Y11 Y12 --- Yin C1

y=(y1 o Yn )c: y:21 y:22 = Z{Qn C.2 :Yc:y
Ynl Yn2 .- Ynn Cn

e Yc =1y always has a solution iff R(Y) =R", or equivalently if det(Y) #0
e The Wronskian of S={y1,...,yn} is W(t)=det(Y (¢)),W: R — R.

Theorem. Abel’s Formula. If A(t) is continuous on (a,b), and S ={y1, ..., y,} is a set of
solutions of y' = Ay on (a,b), then the Wronskian of S is given by

W) :exp[/tttrA(s) ds] W(to)Y'=(y| .. y,)=AY

0



hLSDE, Wronskian

e yR-R,y'=a(t)y=y(t)= exp[ftto a(s)ds] y(to)

v =( [ atwas ) exs| [ ate)as | utto) a0

1 1 1 1 1 1
exp(a) = maO%——a +—a2+§a3+ —1+a+§a2+€a3+---

e y:R—R", y'=A(t)y, y(t)=exp[ [, A(s)ds]y(to),
y'(t) = ( tt A(s) ds)/exp[ :A(s) ds] y(to) =A(t)y

1 1
eXp(A)—WAO—I— Ny A2+3A3 —I+A+§A2+6A3+

e trace of a matrix

tr A(t) =a11(t) 4+ + ann(t) = Z aii(t)



Wronskian example

Example 1. Check is S ={y1, y2} is a fundamental set of solutions for y'= Ay

—e?t —e~t —4 -3
y1_<2€2t >7y2_<et >7A_(6 5 )

Solution 1. Solve ¢1 y1 +coy2=0

e?t —et —c1e?t — coet 0
Lyt 2y Cl( 2e2t te 2c1e?t + coe ™t 0 =

Solution 2. Directly compute the Wronskian

_ 2t ot t
Wit)=det(Y)=|y1 y2|= 0,2t ot | =€ >0

Solution 3. Apply Abel's formula

-1 —1

W(O):|2 1

|:1,W(t): exp[/ottrA(s) ds] —et>0



Solution of constant-coefficient hLSDEs

Consider y' = Ay. How to find a solution?
Recall that for ¢/ =ay, we'd guess y(t) =ce M= \=a, y(t) =ce?!

Try the same approach for systems, guess that the solution is of the form
y=cMr=NeMx=A(cMx)= Ax =)\

For A € R™*" finding \, « that satisfy Aax = Ax is known as the eigenvalue problem
— A are the eigenvalues of A
— x are the eigenvectors of A (a # 0, no trivial solutions)

The eigenvalue relationship can be rewritten as
Ax=dx=Ax - x=0,(A-A)x=0= pa(\) =det(\] — A)=0

where pa () is the characteristic polynomial of A, and is of degree n, with n roots.

Denote the n eigenvalues as A1, ..., \,,, and the n eigenvectors as x1, ..., T,



Characteristic polynomial

o pa())=det(\I — A)

A — a1l a2 oo A1n
o asi A — az2 ... 4Ao2np
pa(A)=|| . . o
a/n]_ an2 coe A - ann

o pAN) =N —tr AN L4 4 (=D)%det A= N+ a, 1 A"+ +ag
¢ pAN)=A=AD)A=X2) ... A=A 1) A =) = A"+ (= A1 = Ag— - = A )AL
e Vieta relations

M+t 4+ A\, =—a,_1=tr A

MA2+ A A3+ -+ Ay 1A =ap—2

Aha. An = (—1)%ag = (—1)"det A



Fundamental set of solutions for hLSDE

e Solve the eigenvalue problem Ax = \«x

e Form the set of solutions S = {e?

Ant
1, ...,e "'z, }

e Determine is the set of solutions is fundamental:

— DoescieMta+...+cperta, =0 imply ¢;=--=¢, =07 If so, S is a fundamental set

— Compute the Wronskian

W(t) =

A1t
A1t

Aot
Aot

e 11 € 12

e 21 € 292

Aot

)\ltx’rbl e

& Tno

11 T12

At| L21 T22

Inl Tn2

and if W (t)=£0 for any t, S is a fundamental set of solutions

e Eigenvector matrix

X:(ml Iro

T, )=

11 T12
21 22

Inl In2

Llin
L2n

Llin
Lon




Negative real eigenvalues

e Suppose A1, ..., A\, <0, and S={e Mz, ..., e 'z, } is a fundamental set

t

y=creMxi+...+c ez,

e Then lim; , y(t)=0

(%4i14) A: matrix([-7,4],[-5,21)%
p: factor(charpoly(A,lambda));

(ho18) (A+2)(A+3)

(%13) y: matrix([y1(t)],[y2(t)]1)$ rhs: A.y$
dy: matrix([’diff(y1(t),t)],[’diff(y2(t),t)]1)$
eql: dy[1][1] = rhs[1][1]$
eq2: dy[2][1] = rhs[2][1]$
sys: [eql,eq2]$
gsoln: desolve(sys, [y1(t),y2(t)]1)$
psoln: subst([y1(0)=1,y2(0)=0],gsoln);

(%010) [yl(t)=be 3t —4e=2t y2(t)=5e 3t —5e~21

(%i11) plot2d([parametric,rhs(psoln[1]),rhs(psoln([2]),
[t,0,10]], [xlabel,"y1"], [ylabel,"y2"]1)$
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Positive real eigenvalues

e Suppose one eigenvalue is real positive, and S = {e?

y=cieMtxi+...+c,e

e Then generally y(¢) — oo (see Lesson 20 for discussion)

(%4i111) A: matrix([2,4],[4,2])%
p: factor(charpoly(A,lambda)) ;

(%0112) (A —6) (A +2)

(%1113) y: matrix([y1(t)], [y2(t)]1)$ rhs: A.y$
dy: matrix([’diff(y1(t),t)], [°diff(y2(t),t)1)$
eql: dyl[1]1[1] = rhs[1]1[1]$
eq2: dy[2][1] = rhs[2][1]$
sys: [eql,eq2]$
gsoln: desolve(sys, [y1(t),y2(t)1)$
psoln: subst([y1(0)=1,y2(0)=0],gsoln);

6t —2t th e—2t

e
T rh=5

(§

(%0120) yl(t) :7

(%i122) plot2d([parametric,rhs(psoln[1]),rhs(psoln[2]),
[t,0,2]], [xlabel,"y1"], [ylabel,"y2"]1)$
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e Suppose all eigenvalues are purely imaginary, S = {e

Purely imaginary eigenvalues

A1t

A

x1,...,e 'x, } is a fundamental set

y=creMx|+...+c, e,

e Then y() exhibits cycles

(%4i12) A: matrix([0,1],[-1,0])$

p: factor(charpoly(A,lambda));

(%013) A2+1
(%114) y: matrix([y1(t)], [y2(t)]1)$ rhs: A.y$

(%021)
(%i22)

(%i23)

dy: matrix([’diff(y1(t),t)],[’diff(y2(t),t)1)$
eql: dy[1]1[1] = rhs[1]1[1]$

eq2: dyl[2][1] = rhs[2][1]$

sys: [eql,eq2]$

gsoln: desolve(sys, [y1(t),y2(t)1)$

psoln: subst([y1(0)=1,y2(0)=0],gsoln);

[y1(t) = cos (1), y2(t) = —sin (¢)]

plot2d([parametric,rhs(psoln[1]),rhs(psoln[2]),
[t,0,6.3]], [xlabel,"y1"], [ylabel,"y2"]1)$
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e Suppose all eigenvalues are complex, S = {e

Purely imaginary eigenvalues

A1t

ri,...,€

A

ntx,} is a fundamental set

y=creMtx|+...+c, ez,

(%41i60) A: matrix([-1,-10],[10,-11)$%

p: factor(charpoly(A,lambda)) ;

(%o61) A?+2X 4101
(%162) y: matrix([y1(t)],[y2(t)]1)$ rhs: A.y$

dy: matrix([’diff(y1(t),t)],[>diff(y2(t),t)]1)$
eql: dyl[1]1[1] = rhs[1]1[1]$

eq2: dy[2][1] = rhs[2][1]$

sys: [eql,eq2]$

gsoln: desolve(sys, [y1(t),y2(t)1)$

psoln: subst([y1(0)=1,y2(0)=0],gsoln);

(%069) [yl1(t)=e tcos(10t),y2(t) =e tsin(10t)]
(%i70) plot2d([parametric,rhs(psoln[1]),rhs(psoln([2]),

[t,0,24]1], [xlabel,"y1"], [ylabel,"y2"]1)$
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e Then y(t) exhibits spirals, inward towards zero for negative real part, outwards towards
infinity for positive real part
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