MATHS383: A first course in differential equations February 7, 2020
HOMEWORK 5 SOLUTION

Due date: Feb 13, 2020, 11:55PM.
Bibliography: Lesson07.pdf Lesson08.pdf. The first exercise in each problem set is solved for you to use
as a model.
1. Consider V=1R?, S =TR. Establish whether for given operations @®,® (V,S,®,®) is a vector space or not.
Ex 1. = (21,70, 73),y= (Y1, Y2, ¥3), T,y €V =R3 = D y= (221 + 2y1, 272 + 2¥s, 273 + 2y3), and with
aeS=R, a®x=(ar,ars, ars)
Solution. Check associativity, (x ®y) & z=x @ (y ® z). Compute

u=x DY = (201 +2y1, 202+ 2y2, 203+ 2y3) V=Y Dz = (2y1 + 221, 2y + 220, 23 + 223)
U+ z= (4!22'1 + 4y1 + 221, 4122'2 + 4y2 + 222, 4122'3 + 4y3 + 222)

T+v= (21’1 + 4y1 + 421, 229+ 4y2 + 422, 229+ 4y2 + 422)

Since u + z # x + v, associativity is not satisified and (V, S, ®, ®) is not a vector space. Note: it is
sufficient to find one unsatisfied property to prove that (V,S,®,®) is not a vector space. However to
prove that (V,S,®,®) is indeed a vector space, all properties must be verified/
Ex 2. z @ y= (71— Y1, 72— Y2, T3 — ¥3), « O T = (11, Tz, T3).
Solution. Check associativity

P y=(r1— Y1, To— Y2, T3— Y3)

YDz=(y1— 21, Y2— 22, Y3 — 23)
>TrP(yd=z TPy bz
x®(YyDz)=(T1— Y1+ 21,Ta— Yo+ 22,73 — Y3+ 23) (y&2)#(xSy)

(xDY)Dz= (21— y1— 21, 02— Yo — 23, T3 — Y3 — 23)

Not associative (e.g., =y =0, z=(1,0,0)), hence not a vector space.

Ex3. zdy=(1+y1— L, xotye—Lxs+ys— 1), a ©x=(az, axy, axs).
Solution. Check closure. * @ y=(x1+ 31— 1,20+ 12— 1,23+ y3—1) e R3 /.
Check existence of null element. Suppose the null element is denoted by n. From n @ x =x deduce
(ni+z1—1,ng+xo—1,n3+x3—1) = (21, 72, 23) deduce n=(1,1,1). Verify if c&Gn=ndzxr==x

T ®n=(21,72,73)V,n DT = (71,2, 73) V.

Check commutativity.

r@y=(@1+y—Lrot+y—1a3+ys—1) v
yox=(p+xi—Lyptro—Lytaes—1)=@+y—1Lzo+y—Lars+ys—1)

Check associativity.

m@y:(:c1+y1—1,x2+y2—1,x3+y3—1)
ybz=(yi+2—1,y2+2—1ys+23—1)
r@(Ydz)=(r1+y+2—2,2204+ 2+ 20— 2,23+ ys+ 23— 2)
(x@y)Bz=(r1+yi+2—2,22+ Y2+ 20— 2,23+ ys+ 23— 2)

=r®(ydz)=(rdy) D2/

Check existence of opposite. Let a denote the opposite of . From x & a =n deduce
(x1+a1— l,zo4+as— 1,20+ as— 1)2(1, 1, 1):>a:(2—x1,2—x2,2—x3)./
Check distributivity properties.

a®(x@y)=a(ri+y— Lo +y—Las+ys— 1) = (az1 + oy — o, azs + ays — o, axz + ays — )
aOr®a®y=(ar,ar, ars)® (ayy, ays, ays) = (ax; +ay; — 1, axs + ays — 1, axz+ ays — 1)



Distributivity is not satisfied (e.g., for « =0), hence not a vector space.

Note: this exercise shows that the vector space properties have to be carefully checked individually,
using the formal definitions without relying on intuition. For example, it is shown that the null
element does not need to be (0,0,0). All the commutative group properties were satisfied, but scalar
multiplication did not verify one of the distributivity properties. Remember: don’t assume, prove!.

Ex4. x®y=(v1+y,T2— Y2, 73+ Y3), « © T = (aTy, Ty, 3).
Solution. Check commutativity

TOY=(T1+ Y1, T2— Y2, T3+ Ya) F (1 + 21, Y2 — T2, Y3+ 23) =y ST |
not verified. For example = (0, 1,0), y=(0,—1,0)

x®y=(0,2,00%#(0,-2,0)=ydx,
hence not a vector space.
Ex 5. x ®y=(x1+ y1, T2+ Yo, 23+ y3), @« © x = (421, g, axs).
Solution. Check distributivity

a® (6 ® m) =a© (ﬁ‘l‘l'l, ﬁ[lfg, 61'3) = (OJ + B—{_xl) OZB.Z'Q, 046.1'3)
(- B)x=(aB + x1,aBrs, afr3)

not distributive, example o= =1, hence not a vector space.

=a0(for)# (o pz

2. Consider ¥V C R?*2, a subset of all 2 by 2 real-component matrices with operations

bi1 b ai1+byy ap+b
A,BGIRQXQ,A:<C”1 a12>7B:( 11 b12 ),A@B:( 11+ 011 a2 12>
a1 Q22 ba1 bao a1+ ba1 aza+ bao

aa aa
&@A: 11 12 )
aa21 XA22

Determine whether the following are vector spaces

Ex 1. V is the set of skew-symmetric matrices, Ac V= AT=—A.
Solution. From A = — A" deduce that

a1l a a1l a 0 a
1 a2 \_ 121 ) o4 '
a21 G22 a2 22 —a 0

Verify vector space properties for VA, B,C €V, Va, f € R:

Closure.
(0 a 0 b\ (0 a+b
A+B_<—a0)+<—b 0>_<—(a+b)0 )EW
Associativity.
(0 a+b 0 ¢\ (0 a+b+c
(A+B)+C_(—(a+b) 0 >+< —c 0)‘( —(a+b+c) 0 )
(0 a 0 b+c\ (0 a+b+c
A+<B+C>—< a o>+< “(b+e) 0 >—< —(a+bte) 0 )‘“
Identity.
0 a 00 0 a
A+O_(—a 0)+(0 0>_<—a 0)“
Inverse.
0 a 0 —a 00
A+(_A):(—ao) (ao ):(0 0>/



Commutativity.

0 a+b 0 b+a
A+B:< —(a+b) 0 ):< —(b+a) 0 ):B“"“
Distributivity.
(0 ala+b) Y\ _(0 aa+ab) \
a(A+B)—( —afa+b) 0 >_< —aa—ab) 0 >—aA—1—aB/
(0 (a+B)a\_( 0 aa+fa \
(a_l_ﬁ)A_(—(a—l—ﬁ)a 0 )_<—aa—6a 0 >_aA+6A/

apar=a( 5 0 )= (ape 07 ) -taman

All properties are verified, hence skew-symmetric matrices form a vector space.
Ex 2. V is the set of upper-triangular matrices, A € V= as; =0.
Solution. (Tip: when drafting answers such as this, it is convenient to cope and paste the above
template and also copy and paste various intermediate results, but do be careful and ensure that the
specific definitions in the new exercise are adhered to.)

Verify vector space properties for VA, B,C €V, Va, f € R:
Closure.
b1 b a11+0b11 aa+0b
AL B-— a11 Q12 1 Y12 ) _ 11 11 a12 12 v
+ < 0 axn + 0 Do 0 92+ bao €V
Associativity.

+b11 ajp+b c11 ¢ ayr+bii+c1n apst+biotc
A+ B)+C=( @1tbun aztbi 11 C12 \_ [ autbutcn aizt+biatcin
(A+B)+ < 0 22+ bao * 0 c2 0 a2 + bz + C22

A+(B+C):< ail G12 >+( bii+ci1 bia+cio ):( an+bii+cin aia+big+cio )‘/

0 a9 0 bog + Con 0 Q99+ boo + €29
Identity.
_ [ @11 Q2 00 _ [ G111 Q2
A+O_(0 a22)+(0 0>_<0 (122>\/
Inverse.
Ay [ a1 a2 —ay; —aiz \_ (00
area=(g" o)+ T )=(00)
Commutativity.
b1 aia+b bi1+ai; biat+a
A+ B=— ai1+011 Gi2+012 | _ 11 11 012 12 \_BL A/
* < 0 a2+ bay 0 bao + ass +
Distributivity.
. a(a11 + bll) Oé(alg + b12> . aaql -+ Oébn aag+ Ckblg .
CY(A—FB) o ( 0 a(a22+b22) o 0 Oéa22+&b22 _OéA_FOéB\/
b11 aaia+ Fb
A— (a+ B)anr (a+ B)arz _ aa + Pbir 12 12 _ A Ay
(a + 6> < 0 (Oé -+ 6)0/22 0 Qo + Bbgg @A+ B
_ Bair Baiz o afla;r afas o
a(BA)—a( 0 Bam )\ 0 iz =(aB)A.V

All properties are verified, hence upper-triangular matrices form a vector space.
Ex 3. V is the set of symmetric matrices, AcV= AT=A.



Solution. From A = AT deduce that

a1 a ail a a1 a
1 G2\ _ 11 a21 A= 1 a2 )
a21 A22 a2 Q22 a1z A22

Verify vector space properties for VA, B,C €V, Va, f € R:

A+B:<a11 a12)+( bi1 blz):(a11+bll a12+b12)6V/

12 G2 bia baa @12+ bia aza+ bao

Closure.

Associativity.

+b11 a12+ b2 C11 Ci2 air +bu+cir ap+bia+cro
A+B)+C=( "™ T -
( ) ( aia+ 12 aga+ bao C12 C22 a12+bia+c12 A+ bao+ oo

A+(B+C):< a11 Qa12 )+( bi1+c11 bia+cio ):( a11+b11+ i1 ap+biatcro )./

a12 a22 bia+c12 baa+ cao @12+ bia+c12 age+ b+ cao
Identity.
A+O:( ay a2 )+( 00 >:< ay aq2 >/
a2 922 00 aiz2 Aa22
Inverse.
A—|—(—A):< a11 Ga12 )+( —@11 —ai2 ):< 00 )/
a2 a22 —a12 —A22 00
Commutativity.
ay1+ b1 aiz+bio b1 +ai; bia+ai )
A+ B= = =B+ AV
< a2+ 12 aga+ by ) < bio+ a12 baa+ag
Distributivity.

b11) a(aiz+ bio) aaq + abyy aarz+ abis
A+ B)= a(ar + b1 1271 012) ) _ —aA B/
a(A+B) ( a(aiz+bi2) a(az+ boy) aaiz+ abia aage+ aba adta

| (a+Ban (a+f)az \ _ aan+ b1 aais+ Pbia
(Of—l—ﬂ)A—( (Ck—f—ﬁ)alg (Oé—i-ﬁ)azz )_ Oé(llz—i-ﬁblz Oéa22+ﬁbgg —OéA—{—ﬁA\/

_ Pair Ba [ aBai; afa B
a(pa)=a [ e )= (a0 e ) (A

All properties are verified, hence upper-triangular matrices form a vector space.

3. Determine whether the set § is linearly dependent or independent within the vector space V

Ex 1.

2 0
S={un,ut=<| 1 |.| -1 |}, V=R
1

Solution. The first equation of the system a;u;+ asus =0 is 2a; + 0as =0=-a; =0. The second equation
then states —as =0, hence a; =as =0, and uy, us are linearly independent.

Ex 2.
setwman={(F () (1

Solution. Since (—3)u; + 14us = w3, the vectors are linearly dependent.



Ex 3.

1 ~1 0
S={upus,u}=3 0o |l 1 ][ 1]} V=R?
1 0 1

Solution. (The missing u; was a typo). Since u; + us = us, the vectors are linearly dependent.

4. Determine whether the set S is linearly dependent or independent within the vector space V. Here P, is
the set of polynomials of degree at most n.

Ex 1.
S={p1,pe,p3} ={1,22°+x+2,—2*+2},V="P,

Solution. Denote q = aip; + asps + asps, and consider the equality ¢ =0. Note that 0 is the zero
polynomial, i.e. g(z)=0(z)=

a1+ as(22? + 1 +2) + az(—2*> +x) =0forall x

For x =0 obtain a;+ as=0. Subsequently for z =1 obtain a; + 5a, =0. Subtract to obtain 4a;=0=
as =0, and then a; =0. Then for x = —1 obtain —2a3=0=-a3=0. The only choice of ay,as, az to have
a1p1+ aspo+ asp3 =0 is a; =as=a3=0, hence S is a linearly independent set of vectors.

Ex 2.
S:{plap2>p3}:{27557373‘*’2372_ 1}aV:P3

Solution. Denote g = a;p; + asps + asps, and consider the equality g =0,

2a1 — ag + asx + 2a32° + azx =0.

Evaluate at ©=—1,0, 1 to obtain a system
2&1 — a3 — Qo+ 2&3 —az = 0 2&1 — a2 =0 2&1 — a2 =0 2&1 — Q2 — 0
2a1 — as = 0 =14 2a;—as = 0 =<K ay—as =0=a—a3 =0
2&1 —az -+ as+ 2&3 +a3 = 0 2&1 +as+ 2&3 =0 2&2 + 2&3 =0 4&3 =0

with a; = ao = a3 the solution, hence S is a linearly independent set.
Ex 3.

8:{pl,pg,pg,p4}:{x,xz,x2+2x,x3—x+l},V:P3

Solution. Since p3=p2+ 2p;, S is a linearly dependent set.



