MATH528 mLab03: Investigating ODE models

First-order linear ODE models

Heating and cooling of a building (PS1.5.32)

Building ambient temperature
- Ta[t_] =A-cCos[2Pit/24]

tt
oufi= A - c Cos [ —2]
1

Rate of change of temperature in building
oz ODE = T'[t] =Ky (T[t] -Talt]) + ky (T[t]-Tu) +P

it
ouzl- T'[t] =P+ky [-A+cCos[——] +T[t]|+ky (-Tu+T[t])
12

ne= h[t_] = - (k1 + k2) t
outgl- t (—kl - k2)

ni= F[t_] =Ky Ta[t] - kp Ty +P

B

outal- P+ |A-c Cos ki -ky Ty

nsi- TGenSol[t_] = FullSimplify[Exp[-h[t]] (Integrate[Exp[h[t]] r[t], t] +B)]
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7T2+l44(k1+k2)2 7T2+l44(k1+k2)2 ki + ks

ine)= TGenSol[0]

144ck; (ki+ka) P+Ak -ko T,

7r2+l44<kl+k2>2 ky + ko

outlel- B +

n7:- Bsol = Solve[TGenSol[0] = Tg, B][[1, 1]]

144 cky (k1+k2) P+Aky -k Ty
+To +

72 + 144 (ky +ky)? ki + ko

ou7- B = -

ng= T[t_] = FullSimplify[TGenSol[t] /. Bsol]
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iner= T[O]

ougl= To

niio= Manipulate[T[t] /. {Te > TO}, {TO, 65, 75}]

TOGD

1
_ ((12 c S'in[—n Chart‘ing‘Pr'ivate‘pvar$1102l} kl)/ (JTZ + 144 (kl + k2>2
12

)+

(144CCOS[L7T Chart‘ing‘Pr'ivate‘pvar$11021] ki (k1+k2))/ (7T2+l44 (k1+k2)2> -

out[10]=

12
P+Aky-ky Ty
-+
kl + k2
eChart'ing‘Pr'ivate‘pvar$ll®21 (ki+ka) 5_ 144 c kl (kl + k2> + P+A I'(l _ k2 Tw
72 + 144 (kg +ky)? ki + ko
ni1- Manipulate[T[t] /. {Te > TO, T, > Tw}, {TO, 45, 95}, {Tw, 65, 72}]
LY c{j
Tw c{j
outfi1]= P+Aky - 65ky 2.68589 c k; 143.634 c ky (ky + k)

+

ki + ka 72 4+ 144 (k1+k2)2 72 + 144 (kﬁkz)z
P+Aky-65ky l44ckl(kl+k2>
N _
ki + ka 72+ 144 (kg + ky)?

e11.7276 (kitkz) |45
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niizz= Manipulate[T[t] /. {Te~»TO, T, » Tw, k; » k1, k, » k2, P » Pval, A » Aval, c » cval},
(1o, 65, 75}, {Tw, 65, 72}, {k1, -1, -0.1}, {k2, -10, -1},
{Pval, 1, 10}, {Aval, 0, 100}, {cval, 20, 40}]

59.9413
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ni13= Manipulate[

Plot[

T[t] /. {Te>»>TO, T, » Tw, k; -» k1, k, » k2, P> Pval, A - Aval, c » cval}, {t, 0, 24},
Axes -» False, Frame » True, FrameLabel » {"time (hrs)", "Temperature (F)"},
GridLines -» Automatic, PlotLabel -» "Building heating/cooling",
PlotRange -» {{0, 24}, {50, 90}}],

(To, 65, 75}, {Tw, 65, 72}, {k1, -1, -0.1}, {k2, -10, -1},

{Pval, 1, 10}, {Aval, 0, 100}, {cval, 20, 40}]
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Continual harvesting of renewable resources (PS1.5.36)
Logistic equation model
w4~ ODE = y'[t] = (A-H)y[t] - By[t]?

ourra- Y [t] = (A-H) y[t] -By[t]?

niis- iCond = y[0] == y0
oufisl= Y[O] = y0O
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npie:- sol[t_, A_, B_,H_, yo_] = FullSimplify[y[t] /. DSolve[{ODE, iCond}, y[t], t][[1, 1]]]

. Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for
complete solution information.

(A-H) yo
Byo+elAM t (A-H-Byo)|

Out[16]=

ni7:= SOL[0]

ou17= SOL[0]

niig= Manipulate[Plot[sol[t, A, B, H, yO], {t, ©, 10}, PlotRange -» {{0, 10}, {0, 100}},
Axes -» False, Frame -» True, FrameLabel » {"Time", "Resource"},

GridLines -» Automatic, PlotLabel -» "Harvesting renewable resources"] ,
{H, .1, A}, {A, 1, 10}, {B, 0.1, 2}, {y0, 1, 100}]
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Intermittent harvesting renewable resources (PS1.5.36-38)

The step function HeavisidePi is useful for this problem. Here’s a plot. Notice the scaling of the argu-
ment to obtain the desired 3-year harvesting period.
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nio- Plot[HeavisidePi[t/3-.5], {t, -1, 4}]
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Now, construct a sum of HeavisidePi step functions to cover a time span of 30 years

neor- Hi[t_] = Sum [HeavisidePi[t/3-.5-k], {k, 0, 9, 2}]
outzo)- HeavisidePi [0.5 - E] + HeavisidePi [2.5 - E] +
3 3

.. . t .. . t .. . t
HeavisidePi[4.5 - —| + HeavisidePi[6.5 - —| + HeavisidePi[8.5 - —]
3 3 3

n2i= PLot[Hi[t], {t, -3, 33}]

1.0

T

0.8

T

0.6

T

out[21]=

0.4r-

T

0.2

T

| L] Ll L I

- 5 10 15 20 25 30

Redefine the ODE to model intermittent harvesting
mezj- ODE = y'[t] = (A-HHi[t])y[t] - By[t]?

.. . t .. . t .. . t
HeavisidePi[0.5 - —] + HeavisidePi[2.5 - —| + HeavisidePi[4.5 - —] +

outezl= Y [t] = (A -H
3 3 3

.. . t .. ) t
HeavisidePi[6.5 - —| + HeavisidePi[8.5 - —])) y[t] -By[t]?
3 3

nea- iCond = y[0] == yO
ouesl= Y[0O] =y0O

Analytical solution, though possible, is exceedingly complicated. A numerical solution is readily
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obtainable

npe4j- soli[t_, Av_, Bv_, Hv_, yOv_] := y[t] /.
NDSolve[ {ODE, iCond} /. {A-Av, B-Bv, H- Hv, y0 -»y0v} , y[t], {t, 0, 30}]1[[1, 1]]

The numerical solution is represented by an interpolation

nes= soli[t, 3., 10., 1., 5.]

ous- InterpolatingFunction| l!UW\! Dl {{th S | rt]

Output: scalar
n2e)- Plot[Evaluate[soli[t, 3., 10., 1., 5.]1], {t, 0, 30}]
0451,
0.40]
035]

out[26]=
030}

025

30



8 | /ab03.nb

n27- Manipulate[Plot[{Evaluate[soli[t, A, B, H, y0]], sol[t, A, B, H, y01},
{t, 0, 30}, PlotRange -» {{0, 30}, {0, 25}}, Axes » False, Frame - True,
FrameLabel » {"Time", "Resource"}, GridLines -» Automatic,
PlotStyle -» {Black, Red}, PlotLabel - "Harvesting renewable resources"] ,
{H, 0.1, A}, {A, 1, 10}, {B, 0.05, 1}, {{y0, 10}, 0, 25}]
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