
MATH528 Lesson08: Higher-order linear ODEs

De�nition. The general solution of the homogeneous ODE

y(n)+ pn¡1(x)y
(n¡1)+ ���+ p1(x)y

0+ p0(x)y=0; (1)

is y(x)= c1y1(x)+ ���+ cnyn(x) with fy1(x); :::; yn(x)g linearly independent.

De�nition. An initial value problem is de�ned by (1) and n initial conditions

y(x0)=K0; y
0(x0)=K1; :::; y

(n¡1)(x0)=Kn¡1: (2)

Theorem. If pi(x) are continuous on I =(a; b), and x02 I, then the IVP (1-2) has an unique solution on I.

Theorem. fy1(x); :::; yn(x)g are linearly dependent i� 9x0 such that

W (y1; :::; yn)=
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y1
(n¡1)

y2
(n¡1)

::: yn
(n¡1)

������������������=0

In[1]:= Wronskian[{1,x,x^2,x^3},x]

12

In[2]:= Wronskian[{Cos[x], Sin[x], x Cos[x], x Sin[x]},x]

4

In[3]:=



Constant-coe�cient higher-order ODEs

The characteristic polynomial of the constant-coe�cient ODE

y(n)+ an¡1y
(n¡1)+ ���+ a1(x)y

0+ a0(x)y=0

is

Pn(�)=�n+ an¡1�
n¡1+ ���+ a1�+ a0=0

� If Pn(�) has distinct roots, W (e�1x; :::; e�nx)=/ 0, and yi= e�ix are linearly independent
� For any complex root �= + i!, basis functions are fexcos(!x); exsin(!x)g
� For any m-repeated root m, fe�x; xe�x; :::; xm¡1e�xg are linearly independent.

In[1]:= ODE = D[y[x],{x,5}] - 5 D[y[x],{x,3}] + 4 y'[x] == 0

y(5)(x)¡ 5 y(3)(x)+ 4 y 0(x)= 0

In[2]:= iCond = {y'[0]==-5, y''[0]==11, y'''[0]==-23, Evaluate[D[y[x],{x,4}] /. x->0] == 47 }

fy 0(0)=¡5; y 00(0)= 11; y(3)(0)=¡23; y(4)(0)= 47g

In[3]:= DSolve[Flatten[{ODE,iCond}],y[x],x]

ffy(x)! e¡2x (c5 e2x¡ ex+3)gg

In[4]:=



Inhomogeneous higher-order ODEs

� y(n)+ pn¡1(x)y
(n¡1)+ ���+ p1(x)y

0+ p0(x)y= r(x); has solution y(x)= yh(x)+ yp(x) with:
¡ yh(x) the general solution of the homogeneous ODE
¡ yp(x) is a particular solution of the inhomogeneous ODE

Particular solutions are found by:
� method of undetermined coe�cients
� method of variation of parameters

In[4]:= rhs = x^3 y'''[x] - 3 x^2 y''[x] + 6 x y'[x] - 6 y[x]

x3 y(3)(x)¡ 3x2 y 00(x)+ 6x y 0(x)¡ 6 y(x)

In[5]:= lhs = x^4 Log[x]

x4 log (x)

In[6]:= DSolve[{rhs==lhs},y[x],x]��
y(x)! c3x

3+ c2x
2+ c1x+

1
36

(6x4 log (x)¡ 11x4)
��

In[7]:= DSolve[{rhs==0},y[x],x]

ffy(x)! c3x
3+ c2x

2+ c1xgg

In[8]:=


