MATH528 Lesson08: Higher-order linear ODEs

Definition. The general solution of the homogeneous ODE
Y+ o1 (2)y Y 4 pr(@)y” + po(a)y =0, (1)
is y(x)=cryi(x) + - + cpyn(x) with {y1(x), ..., yn(x)} linearly independent.
Definition. An initial value problem is defined by (1) and n initial conditions
y(x0) = Ko, y'(z0) = K1, ..., y'" (o) = K 1. (2)
Theorem. If p;(x) are continuous on I = (a,b), and xq € I, then the IVP (1-2) has an unique solution on |.

Theorem. {yi(x),...,yn(x)} are linearly dependent iff Jxq such that

hoomo
W(yt,..., Yn) = y:1 y:2 y:n =0
T ST
In[1] := Wronskian[{1,x,x"2,x"3},x]
12
In[2] := Wronskian[{Cos[x], Sin[x], x Cos[x], x Sin[x]},x]
4

In[3]:



Constant-coefficient higher-order ODEs

The characteristic polynomial of the constant-coefficient ODE

v +an 1y + o ai(@)y’ + ao(x)y =0

Pn(>\) :)\n+an_1)\n—1+ +a1)\‘|’a020

e If P,()\) has distinct roots, W (e, ... e*%) £ 0, and y; = e*® are linearly independent

e For any complex root A =~ + iw, basis functions are {e¢7*cos(wz), e"sin(wz)}

e For any m-repeated root m, {e*, wer®, ... 2™ e’} are linearly independent.

In[1]:= ODE = D[yl[x],{x,5}] - 5 D[y[x],{x,3}] + 4 y’[x] ==

y O (@) =5y (x) +4y'(x) =0

In[2]:= iCond = {y’[0]==-5, y’’[0]==11, y’>’’[0]==-23, Evaluate[D[y[x],{x,4}] /. x->0] == 47 }
{y/(0)=—5,y"(0) =11, y®)(0) = —23, yV)(0) = 47}

In[3]:= DSolve[Flatten[{0ODE,iCond}],y[x],x]

{{y(z) = e 2% (c5e®™ — e +3)}}

In[4]:=



Inhomogeneous higher-order ODEs

o vt p, 1(x)y"m Y 4 pi(2)y’ 4+ po(x)y =7(x), has solution y(x) = yu(z) + y,(x) with:
— yn(x) the general solution of the homogeneous ODE
— yp(x) is a particular solution of the inhomogeneous ODE

Particular solutions are found by:
e method of undetermined coefficients
e method of variation of parameters

In[4]:= rhs = x~3 y??°[x] - 3 x"2 y*°[x] + 6 x y’[x] - 6 y[x]
23y (2) - 322y (x) + 62y () — 6 y(z)

In[5]:= lhs = x~4 Log[x]

24 log ()

In[6] := DSolve[{rhs==1hs},y[x],x]

<{{y(x)—+03x34—02m24—clx%—é%(6aﬁlog(x)——11x4)}}

In[7]:= DSolve[{rhs==0},y[x],x]
Hy(x) > czx3 +cax?+c1z}}

In([8]:=



