MATH528 Lesson09: ODE Systems

Definition. The implicit form of a first-order ODE system is

F(t,y,y)=0,withF:RxR"xR"—>R", y:R—R"™

Definition. The explicit form of a first-order ODE system is

y'= f(t,y),with f: R x R" - R", y: R— R".

Definition. A linear system of first-order ODEs has form
y=At)y+g(t),A:R—-R"*" g:R—R"
Remark. An n'"-order ODE
uw™ = g(t,u,u, ..., u""Y)

can be rewritten as a system of first-order ODEs
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Definition. The initial value problem for a first-order ODE system is

y'=f(t,y),with f RxR"—>R" y: R—>R", y(ts) = K € R™



Wronskian

Theorem. If f € CY(R), then the initial value problem for y' = f(t,vy),with f: R x R" - R", y: R — R",
y(to) = K € R", has a unique solution over some subset of R.

Definition. A fundamental solution (basis) of the ODE system y' = f(t,vy) is an independent set of n. solutions

{y D), ...,y (1)},

that can be written in matrix form as Y (1) :( y () ... y™M@) )

Theorem. Solutions Y (t) constitute a fundamental solution if the wronskian W =detY # 0 for any t.

e A solution of the homogeneous equation is written as a linear combination of the basis, y = Yc¢, with c€ R".

In[34]:= ODE = {u’[t] == 2 v[t], v’[t] == 8 ultl};
y[t_] = {ult]l,v[t]} /. DSolve[ODE,{ult],v[t]1},t][[1]]

{% cre 4 (e84 1) +%CQ e~ 4t (e8t —1),cre 4t (e3t — 1) +%C2 et (e84 1)}

In[31]:= Y = Transpose[Map[Coefficient[y[t],C[#]11&,{1,2}]]; MatrixForm[Y]
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Y . {C[1],C[2]} == yl[t]
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Example: Car suspension

Figure 1. Half-vehicle model with rigid body.

e Terrain modeled by known functions z¢(t), z,.(t)
e Car suspension described by: i ¢(%), g2 (%), q1-(t), q2r(t)
e Dynamics described by Newton's law for linear and angular momentum (assume a; = as =a)

mar .q.27’ — klr(er - QQT) - k27’(Q27’ - Zr) + dlr(dlr - q.27’) - d2r(d2r - Zr)

mayrgoy = kip(qry — qoy) —kay(qey — 2r) +dip(Gqry — doy) — day(Gay — 2y)

my w = —kir(qir — q2r) = k1y(q1y — G25) — dir(qur — dor) — di1f(G17 — G2y)

Iéjlf_éjlr

5 = alkir(qir — q2r) + dir(qir — Gor)) — alkis(qiy — q2f) +dip(drs — Goy)]



