MATH528 Lessonl4: Laplace transform

e Recall:

— )\, e are eigenvalues, eigenfunctions of the differentiation operator D :%

Delt = )\t
— Constant coefficient ODEs
D"y + an_lD”_ly +--+a1Dy+agy=0
have a general solution

y(t) =cre™ + -+ cpe™,
a linear combination of eigenfunctions of D with rq, ..., r, solutions of the algebraic, characteristic eq.

PP+, e+ ar +ag=0.

—st

e Idea: seek a more general linear combination of eigenfunctions e~ *" with a continuous range of eigenvalues

— denote the coefficients of the linear combination as f(?)
— choose s >0, and e~ %! to avoid exponentially increasing functions
— replace summation of e” for a finite linear combination with integration over s values

Definition. The Laplace transform of f:]0,00) — R is
F(s)=£()0) = [ f0etat, F=L(P)

and f(t)=L"YF)(t), f=L1(F) is the inverse Laplace transform.



Integral transforms

Definition. The integral transform of f: D — R with kernel k(s,t) is

F(s)= | f(t)k(s,t)dr

Example 1. f(¢)=1 for t >0,

o0 T e—St T 1
L(F)(s)= / e=stdt— lim | e—stdt— lim [_ ] 1
0
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In[2] := LaplaceTransform([1,t,s]

S

Example 2. f(t)=¢ for t >0,

00 T
L(f)(s) = / oG- Digt— lim [ e G-0tdt— Tim [_e

T— Jo T— o0

In[3]:

LaplaceTransform[Exp[a t],t,s] ‘

sS—a

In[4]:= ‘




Linearity of Laplace transform
Theorem. L(af+bg)=aLl(f)+bL(g)

Example 3. f(t) =cosh(at) = %(e“t +e7%%), g(t) =sinh(at) = %(eat — e~ %),

£(f):%< LI )zLﬁ(g):%(gia_sia):s?iaQ

s—a s+a s2 —q?’

In[4] := LaplaceTransform[{Cosh[a t],Sinh[a t]},t,s]

S a
s2 g2’ s2 -2

Example 4. f(t) =cos(wt) = %(e“"t +e ), g(t) =sin(at) = 2%.(6“‘”5 — e,

1 1 1 S 1 1 1 W
L(f)_E(S—iw+s+iw)_s2+w2’£(g)_2_i(s—a_ s+a)_32+w2

In[5] := LaplaceTransform[{Cos[omega t],Sin[omega t]},t,s] ‘

S w
w2+ 527 w2+ 52

In[6]:= ‘




Laplace argument shifting (s-shifting), Existence of Laplace transform

Theorem. F=L(f)= F(s—a)=L[e f(t)], e* f(t)=LYF(s —a)]

Example 5. Inverse Laplace transform of

£f) = 3s—137  3(s+1)—140 s+1 B 20
524254401 (s+1)24+400 T (s+1)2+202  (s+1)2+ 202
o1 s+1 e 20 L o
f=3L [(s+1)2+202] L [(s—|—1)2+202 = e~ "[3 cos(20t) — 7 sin(20t)].

In[8] := Simplify[ComplexExpand[InverseLaplaceTransform[(3s-137)/(s~2+2s+401),s,t]]]

et (3cos (20t) — 7sin (20t))

Theorem. f:[0,00) — IR, piecewise continuous and IM , k such that | f(t)| < MeFt, then L(f) exists.



