
MATH528 Lesson15: Laplace transform of derivatives, integrals, ODEs

De�nition. The Laplace transform of f : [0;1)!R is

F (s)=L(f)(s)=
Z
0

1
f(t) e¡stdt; F =L(f);

and f(t)=L¡1(F )(t), f =L¡1(F ) is the inverse Laplace transform.

Theorem. L(f 0)= sL(f)¡ f(0), L(f 00)= s2L(f)¡ sf(0)¡ f 0(0),

L(f (n))= snL(f)¡
X
j=0

n¡1

sj f (n¡1¡j)(0)
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Solving ODEs, IVPs through Laplace transforms

y 00+ ay 0+ by= r(t); y(0)=K0; y
0(0)=K1

1. Apply Laplace transform: s2Y ¡ sy(0)¡ y 0(0)+ a[sY ¡ y(0)]+ bY =R(s))

(s2+ as+ b)Y =(s+ a)K0+K1+R(s)

2. De�ne the transfer function Q(s)

Q(s)=
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and �nd solution

Y = [(s+ a)K0+K1]Q(s)+R(s)Q(s)

If K0=K1=0 then

Q(s)=
Y (s)
R(s)

=
L(output)
L(input) :

3. Invert Y to �nd y=L¡1(Y )

Advantages
� Directly �nds solution to nonhomogeneous problems
� Accounts for initial values
� E�cient representation of rhs inputs r(t)


