MATH528 Lesson17: Convolution, integral equations

Recall that the Laplace transform is linear: o, € R, f, g:[0,00) > R
H=L(h)=L(af+Bg)=aLl(f)+BL(g)=aF+[(G.

e The linearity property allows solution of constant-coefficient ODEs, e.g. v” +ay’+ by =1r(t)
e What about variable-coefficient ODEs, e.g., v+ p(t) vy’ + q(t) y =17
e This question leads to consideration of £(fg), and L™1(FQG).

Theorem. Consider f, g: [0,00) — R, with Laplace transforms F'(s)=L(f)(s),G(s)=L(g)(s). The product
H(s)=F(s)G(s)=L(h) is the Laplace transform of h(t) = (f % g)(t), where the convolution product f * g is

A(t) = (f *g)(t /f g(t—7)d

Proof. — Write Laplace transforms as F'(s) = fo e=*Tf(1)dr, G(s) = [ e o ¢ Pg(p)dp

— Change integration variable p=t — 7, G(s ) = f:oe_s(t Tg(t — )dt =esT[™ e_Stg(t —7)dt
— (t,7) are independent hence

F(s)G(s) = F(s) / T emst=) g (¢ — 1)t = / TF(s)e =T g(t — 7)dt =

:/TOO(/OOOeSTf(T)dT)e_S(t_T)g(t—T)dt—/ tU f(r)g(t—r) dT]d



Inverse Laplace transforms of products

Example 1. H(s) ==y =F(s)G(s), F(s) =1, G(s) == h(t) = LT[H(s)] = (f * 9) (1)

s(s —a)

f(t)zc—l(l>:1,g(t):c—1( ! ) at h(t):/Otf(T)g(t—T)dT:/Otea(t_T)dT:%(eat—1)

S S—a

In[6] := InverselLaplaceTransform[1/s/(s-a),s,t] ‘

o
\
Example 2. H(s) = - — F(s)F(s), F(s) = () = £ [H(s)] = (/ * /)0
10 =275tz ) =22 h0) = [ 10 ste—ryar = [ sinforsinfute — 7)ar -
%l /) cos(2wr — wi)dr — L cos(wt)dT] 23}2”8m(w(22;_t))]:;:—tcos(wt)]:
L[

In[8] := InverselLaplaceTransform[1/(s~2+omega~2)~2,s,t]

sin (wt) —wtcos (wt)
2w3




Further examples

Example 3. Solve by Laplace transform

t t 2
t
)= [ uE = dr=y) = [ u(rglt—r)dr =2= G g(t) = ¢ (1)

0 0

Take £ (1):
V(s) - V(s)hofty(=2 12 1y 1) 251y 2]
s2 52 N 253 s s2) 83 s(s?2—1)

Separte into partial fractions

1 1 1 1 1

Y(s)== t)=1+-e "+5e' =1 h(t
=S oGy Tap o1 YT ge g =1acosh()
Let
252 —1 1
F = : = t)=.,qg(t)=
(9= 25 606) = oy = F0 =90

In[28] := InverselLaplaceTransform[1l,s,t]
o(t)
In[23] := Expand[InverselLaplaceTransform[Apart[Y /. SolvelY (1-1/s"2) == 2/s - 1/s~3, Y]1[[1,1]1]1],s,t]]
et et
- tgtl

In[24]:=Y /. SolvelY (1-1/s"2) == 2/s - 1/s~3, Y][[1,1]]

252 -1
s(s?2—1)



In[27] := LaplaceTransform[UnitStep[t-al,t,s]

e % 0(a)+0(—a)

S

In[30] := LaplaceTransform[Exp[-(t-a)~2],t,s]

%ﬁeis(s_zla) (erf(a — %) + 1)

In[31]:=



Further examples

Example 4.

¢ ¢
h(t) = /f f(t—r1) dT_/ eaTea(t_T)de/ etdr =te
0 0

InverselaplaceTransform[1/(s-a)"~2,s,t] ‘

In[32]:

t eCLt

In[33]:




