
+� 2&үҬҳ� *=KKGFҪҮ
$AJKLӵGJ<=J �<Aɀ=J=FLA9D�=I M9LAGFK� Ԃ;GFLAFM=<ԃ

2@AK�>AF9D� - "#� J=NA=O�D=KKGF �HJ=K=FLK� LQHA;9D� E G<=DK� L@9L�D=9<� LG� KAF?D=�GJ � E MDLAHD=�<Aɀ=J=FLA9D�=I M9ӵ

LAGFKӡ� Ԃ8ADDӡ� ҬӠұӵҬӠҳԃ

*AF=9J �+G<=DK
'F� E 9FQ� E G<=DK� L@=� J9L=�G>� ?JGOL@�AK�HJGHGJLAGF9D� LG� L@=� ;MJJ=FL� KL9L=
uÎ "q#У huӡu "Ҫ#У uҪ

 9;L=JA9D� ?JGOL@

*=L�M"q#�<=FGL=� ;MJJ=FL�HGHMD9LAGFӡ� h � L@=� ?JGOL@� J9L=

In[65]:= $%) 0Ȫ,N- %E0,N- ˀ ȍȤ )# ) 0,ȍ- ˀ 0ȍȤ

MI F ) $3I FP?,1$%Ȣ)#3Ȣ0,N-ȢN-ǶȎȢȎǷ

Out[66]= 0-N. ˏ ˊE N 0ȍ

"=>AF=� KGE =� ;GE E GF�HDGL�GHLAGFK�>GJ � J=MK=

In[67]:= J FNI J N )

1' LC>, CH?Mʰ !ONI G;NC=Ȣ 0FI N, ; <?F ʰ NCNF?Ȣ &L;G? ʰ 4LO?Ȣ &L;G?, ; <?F ʰ RSF;<?F3Ȥ

. DGL� L@=� KGDMLAGF



In[68]:= 0FI N,0,N- 'ȡMI F 'ȡ 1E ʰ ȍȡȏȢ0ȍ ʰ Ȏ3Ȣ1NȢȍȢȎȍ3Ȣ

%P; FO;N?,J FNI J N 'ȡ 1NCNF? ʰ ȫ0I J OF;NCI HȫȢRSF;<?F ʰ 1ȫNȫȢ ȫ0ȫ33--

Out[68]=
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09<AG9;LAN=�<=;9Q

*=L�>"q#�<=FGL=� ;MJJ=FL� FME : =J �G>�AKGLGH=Kӡ� h � L@=�<=;9Q� J9L=

In[69]:= $%) !Ȫ,N- $ E! ,N- ˀ ȍȤ )# ) ! ,ȍ- ˀ !ȍȤ

MI F ) $3I FP?,1$%Ȣ)#3Ȣ! ,N-ȢN-ǶȎȢȎǷ

Out[70]= ! -N. ˏ ! ȍ ˊ&E N

In[71]:= 0FI Nȁ! ,N- 'ȡMI F 'ȡ ȎE ʰ ȍȡȏȢ!ȍ ʰ ȎȍȎȍșȢ1NȢȍȢȎȍ3Ȣ

%P; FO;N?,J FNI J N 'ȡ 1NCNF? ʰ ȫ. Lȡ CMI NI J ?MȫȢRSF;<?F ʰ 1ȫNȫȢ ȫ!ȫ33-ȇ

Out[71]=
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*0� ;AJ;MAL

� F�AFӵK=JA=K�=D=;LJA;9D� ;AJ;MAL�G>� KGMJ;=� b"q#ӡ� J=KAKLGJ �Oӡ� 9F<�AF<M;LGJ � I � ?AN=K� "#

I fÎ %Of У b"q#

0FI Nȁ! ,N- 'ȡMI F 'ȡ ȎE ʰ ȍȡȏȢ!ȍ ʰ ȎȍȎȍșȢ1NȢȍȢȎȍ3Ȣ

%P; FO;N?,J FNI J N 'ȡ 1NCNF? ʰ ȫ. Lȡ CMI NI J ?MȫȢRSF;<?F ʰ 1ȫNȫȢ ȫ!ȫ33-ȇ

In[52]:= $%) , CȪ,N- $ 2C,N- ˀ ?,N-Ȥ )# ) C,ȍ- ˀ ȍȤ

MI F ) $3I FP?,1$%Ȣ)#3 'ȡ ?,N- ʰ ȎȎȍ#IM,Ȏȍȍ­ N-ȢC,N-ȢN-ǶȎȢȎǷ

Out[53]= C-N. ˏ
ȎȎȍ ˊ&

2 N

, ȇ&2 %ˊ
2 N

, 2 #I M-Ȏȍȍ ­ N. %Ȏȍȍ ˊ
2 N

, , ­ 3CH-Ȏȍȍ ­ N.ȍ

Ȏȍȍȍȍ , ȏ ­ ȏ %2ȏ

MO>I ; J NCHMN; FFAP

In[64]:= 0FI NȁC,N- 'ȡMI F 'ȡ Ȏ2 ʰ ȎȍȒȢ, ʰ ȒȍȍșȢ1NȢȍȢȍȡȎ3Ȣ %P; FO;N?,

J FNI J N 'ȡ 1NCNF? ʰ ȫ2, =CL=OCN =OLL?HNȫȢRSF;<?F ʰ 1ȫNȫȢ ȫCȫ33-Ȣ0FI N2;HA? ʰ !FFȇ

Out[64]=
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� Ƀ=J �AFALA9D� LJ9FKA=FLӡ� L@=� ;AJ;MAL� KL9: ADAR=K� 9L� ;MJJ=FL�AE HGK=<� : Q� KGMJ;=Ӡ

, GFDAF=9J � E G<=DK

49JA9: D=�HGHMD9LAGF� ?JGOL@� J9L=� ԂDG?AKLA; �=I M9LAGFԃ

#FNAJGFE =FL9D� ;GFKLJ9AFLK �GF �HGHMD9LAGF � ?JGOL@� ;9F � : =� E G<=D=< � : Q � L@=�DG?AKLA; �=I M9ӵ

LAGF
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MÎ У o"ҫ&M(H#M

O@=J=� o�AK� L@=� ?JGOL@� J9L=�O@=F�Mŀ Hӡ� 9F<�H �AK� E 9PAE ME �HGHMD9LAGF

In[83]:= $%) 0Ȫ,N- ˀ L !Ȏ%0,N- ' +"0,N-Ȥ )# ) 0,ȍ- ˀ 0ȍȤ

MI F ) $3I FP?,1$%Ȣ)#3Ȣ0,N-ȢN-ǶȎȢȎǷ

Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for

complete solution information.

Out[84]= 0-N. ˏ
ˊL N +0ȍ

+&0ȍ%ˊL N 0ȍ

%JGOL@�>JGE �HGHMD9LAGF�D=KK� L@9F�=FNAJGFE =FL� ;9JJQAF?� ;9H9;ALQ

In[87]:= 0FI Nȁ0,N- 'ȡMI F 'ȡ Ȏ+ʰ ȎȍȒȢL ʰ ȏȢ0ȍ ʰ ȎȍȍșȢ1NȢȍȢȎȍ3Ȣ

%P; FO;N?,J FNI J N 'ȡ 1NCNF? ʰ ȫ, I ACMNC= J I J OF;NCI H GI >?FȫȢRSF;<?F ʰ 1ȫNȫȢ ȫ0ȫ33-Ȣ

0FI N2;HA? ʰ !FFȇ

MO>I ; J NCHMN; FFAP

"=; J=9K=�O@=F�HGHMD9LAGF�AK� ?J=9L=J � L@9F�H

In[88]:= 0FI Nȁ0,N- 'ȡMI F 'ȡ Ȏ+ʰ ȎȍȒȢL ʰ ȏȢ0ȍ ʰ ȎȍȓșȢ1NȢȍȢȎȍ3Ȣ

%P; FO;N?,J FNI J N 'ȡ 1NCNF? ʰ ȫ, I ACMNC= J I J OF;NCI H GI >?FȫȢRSF;<?F ʰ 1ȫNȫȢ ȫ0ȫ33-Ȣ

0FI N2;HA? ʰ !FFȇ

Out[88]=

0 2 4 6 8 10

200000

400000

600000

800000

1 E106

t

P

Logistic population model

+MDLAHD=�AFALA9D� ;GF<ALAGFK� J=F<=J=<�GF� K9E =�HDGL
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In[91]:= 0FI Nȁ4;<F?ȁ0,N- 'ȡMI F 'ȡ Ȏ+ʰ ȎȍȒȢL ʰ ȏȢ0ȍ ʰ ȎȍJ șȢ1JȢȎȢȓ3ȇȢ1NȢȍȢȎȍ3Ȣ

%P; FO;N?,J FNI J N 'ȡ 1NCNF? ʰ ȫ, I ACMNC= J I J OF;NCI H GI >?FȫȢRSF;<?F ʰ 1ȫNȫȢ ȫ0ȫ33-Ȣ

0FI N2;HA? ʰ !FFȇ

Out[91]=
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Logistic population model

1QKL=E K�G>�>AJKLӵGJ<=J �<Aɀ=J=FLA9D�=I M9LAGFK

. J=<9LGJӵHJ=Q� E G<=D

$GP=K� c"q#�HJ=Q�GF� J9: : ALK� o"q#ӡ� : ML�D9;CAF?�HJ=Q� L@=�>GP�HGHMD9LAGF�OGMD<�<=;J=9K=Ӡ� 2@=� J9: : AL�HGHMD9ӵ

LAGF �AF; J=9K=K� ԂN=?=L9LAGF �AK�>J==DQ� 9N9AD9: D=ԃ�AF � 9: K=F;=�G>�>GP=KӠ� 2@=� E 9PAE ME � FME : =J �G>� J9: : ALӵ�>GP

=F;GMFL=JK�AK� c "q#o"q#Ӡ� 2@=� J=KMDLAF?� Ԃ*GLC9ӵ4GDL=JJ9ԃ� E G<=D�AK

cÎ У &̂ c%_ c oӡoÎ У ` o&a c o

In[114]:= $%) 1@Ȫ,N- ˀ %; @,N- $ <@,N-EL,N-Ȣ LȪ,N- ˀ =L,N- %>@,N-EL,N-3Ȥ

)# ) 1@,ȍ- ˀ ȑȢ L,ȍ- ˀ ȑ3Ȥ

)60 ) &F;NN?H,1$%Ȣ)#3-Ȥ

J ; L; GM) 1; ʰ ȍȡȎȓȢ < ʰ ȍȡȍȕȢ = ʰ ȑȡȒȢ > ʰ ȍȡȖ3Ȥ

� F � 9F9DQLA;9D� KGDMLAGF �G>� L@=� 9: GN=� FGFӵDAF=9J � KQKL=E �AK� L=<AGMK� LG�G: L9AFӠ� ! GE HML=� 9� FME =JA;9D

9HHJGPAE 9LAGF

l04.nb  ĢĢĢ5



In[122]:= MI F ) . $3I FP?,)60 'ȡ J ; L; GMȢ1@,N-ȢL,N-3Ȣ1NȢȍȢȏȍ3-ǶȎǷ

Out[122]= ȣ@-N. ˏ ) HN?LJ I F; NCHA&OH=NCI Hȕ Domain: 220., 20.33

Output: scalar
ț-N.Ȣ

L-N. ˏ ) HN?LJ I F; NCHA&OH=NCI Hȕ Domain: 220., 20.33

Output: scalar
ț-N.Ȯ

In[127]:= 0FI N,1@,N- 'ȡMI FȢL,N- 'ȡMI F3Ȣ1NȢȍȢȏȍ3Ȣ

%P; FO;N?,J FNI J N 'ȡ 1NCNF? ʰ ȫ, I NE;%6I FN?LL; GI >?FȫȢRSF;<?F ʰ 1ȫNȫȢ ȫ@ȢLȫ33-Ȣ

0FI N, ?A?H>Mʰ 1ȫ&I R?MȫȢȫ2;<<CNMȫ3-

Out[127]=
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