MATHS529 Lesson02

First-order differential equations

Exact equations

The equation z(x, y) = cis an implicit definition of a curve C and the differential dz= Mdx+Ndy
evaluates to zero on the curve C (M = 8,2, N = 9, z). This implies that z(x, y) = cis a solution to the
ODE

T=- % ory'(x) =-N/M = f(x, y).Asolution to the ODE exists if f is continuous and differen-

tiable, hence z (x, y) has continuous second derivatives, in which case z, = z, .

Criterion for an exact differential

In general, the differential form M(x, y) dx + N(x, y) dy is said to be exact if there exists some z(x, y)
such that z, = M(x, ), z, = N(x, y). When z(x, y) is twice differentiable, the condition for an exact

differential formis
M, = Nyoro,M = o,N.

Example 1: Exact differential corresponds to ODE solution

Curves defined by z(x, y) = c.

mll= | z[x_,y_ 1 = x3—5xy—y2
outfs]=

x3—5xy—y2

m[-1:= | cplt = ContourPlot([z[x, y], {x, 0, 2}, {y, -1, 5},
Contours - Table[c, {c, 0, 2, 0.2}], ContourShading - None]

y'()=-N/M=f(xy)

Construct the ODE y' (x) = =N /M = f(x, y), choose an initial condition and superimpose on the
above contours
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nf-1:= | ZM[X_, y_] =0xZ[X, Y]

Out[+]=

3x2-5y

inf-1:= | ZN[X_, y_] =0yZ[X, Y]
Out[+]=

-5x-2y

y'x)==N/M=1£(x,y)

nf-1= | FIx_, y_1 = -zM[x, y] / zN[x, y]

Out[+]=
-3x%2+5y
-5x-2y

i 1= | sol =DSolve[{y'[x] = f[x, y[x]], y[8.5] = -1}, y[x], x][1, 1]

-+ DSolve : For some branches of the general solution, the given boundary conditions lead to an empty solution.

Out[+]=

25 x?
2

+2 %3

yix] - —
2

“5x+4/2 \/3.25+

ml-1:= | splt =Plot[y[x] /. sol, {x, 0.5, 2}, PlotStyle - Red]

Out[e]=




In[e]:=

Out[+]=

In[+]:=

In[+]:=

Out[+]=
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Show[{cplt, splt}]
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Example 2: Verification of exact differential form

Consider the differential form (aa2 Y—ycosxy)dx+(2x e?Y —XcosXy+2 y)dy

zZM[x_, y_] = ezy—yCos[xy]; ZN[x_, y_] = 2x«e2y—xCos[xy] +2Y;

Verify that it is exact

ayZM[X, y] == axZN[X’ Y]

True

Solving exact differential equations

Given M(x, y) dx+N(x, y) dy = O, the function z(x, y) that satisfies z, = M(x, y), z, = N(x, y), is

recovered by:

1. Integration with respect to x holding y constant
z(x, y) = [M(x, y) dx + g(y)
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In[e]:=

In[e]:=

Out[+]=

In[e]:=

Out[e]=

In[e]:=

Out[s]=

In[+]:=

Out[e]=

2. To find g(y), differentiate result with respect to y, and set equal to N(x, y)
dyz=N(x,y) = £ [M(x,y) dx+g'(¥)

Integrating the result gives g(y)
g(y) =[N(x, y) dy - [M(x, y) d

Example 3: Solving an exact differential equation

Consider the differential equation (02 Y—ycosxy)dx+(2x %Y - XCcosXy +2 y)dy =0

ZM[x_,y_ ] =e*Y-yCos[xy]; zN[X_,y_ ] =2xe?Y-xCos[xy] +2V;

Itis exact

ayZM[X’ Y] = 0xzZN[X, Y]

True

1. Integration with respect to x holding y constant
z(x, y) = [M(x, y) dx + g(y)

z[x_, y_ ] = Integrate[zM[x, y], x] +g[y]

e?Y x+gly] -Sin[xy]

2.Find g(y) = [N(x, y) dy - [M(x, y) dx

gly_] = Integrate[zN[x, y], Y] - Integrate[zM[x, y], X]

Since g(y) is now defined, it will be substituted in the definition of z(x, y)

Z[x, y]

e?Y x+y?-Sin[xy]

Verify



In[e]:=

Out[+]=
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{D[z[x, y], x] =2zM[x, y], D[z[x, Y], Y] = zN[Xx, y]}

{True, True}

Solution by substitutions

Iny' = f(x, y) the dependent variable y(x) may be replaced by y = g(x, u).

In[e]:=

Infs]:=

Out[e]=

Infs]:=

Out[+]=

Homogeneous functions

A function f(x, y) is homogeneous if f(s x, sy) = s" f(x, y) with n the degree of the homogeneous
function. A differential equation M(x, y) dx + N(x, y) dy = O where M(x, y), N(x, y) are homoge-
neous functions of the same degree can be reduced to a separable equation by the substitution
y=Uux

M(x, y) dx+N(x, y)dy = M(x, ux) dx + N(x, ux) d(ux) = x"[M(1, u)ydx+N(1, u)dux)] =0 =
[M(l u) +UuN(L u)ldx+xNA,u)du=0=

N(1,u) du dx
. —M(lu)+uN(1u) = +Fu)du = 0= Inx+ [F(u)du = Inc = x = cexp[- [F(u) du] = G(u)

Solve (x? +y?)dx+(x*-xy)dy =0

ZM[x_, y_ ] =x*+y*; zZN[x_, y_] =X’ - xy;

zN[1, u]

Flu_] = Simplify
zZM[1, u] +uzN[1, u]

1l+u

Integrate[F[u], u]

-u+2Log[l+u]




6 | lesson02.nb

mli-]:= | G[u_] = Exp[Integrate[-F[u], u]]
out[~]=

eU

(l+u)2

mf-]= | sol = x= cG[y/Xx]

out[~]=

y
C ex
X ==

(l aF ; ) 2
Bernoulli’s equation

Iny'+p(X)y = f(x) y", replace u = y'™" to obtain a linear ODE

Solve xy'+y = x? y?

mip= | DE = xy'[x] + y[x] = x* (y[x])?
outfs]=

yIx] +xy [x] = x*y[x]?

Substitute u = y = y1-2 = y-1

in[-1:= | sub = y[x] - 1/u[x]

out[e]=

Differentiate on both sides of substitution

mn[-1:= | dsub = Simplify[D[sub, x]]

out[~]=

Use substitution in original equation
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in[-]1:= | UDE = Assuming[{n > 1, u[x] >0}, FullSimplify[DE /. {sub, dsub}]]

Out[+]=

U[X] =X (Xx+U'[x])

The DE is now linear

mm[-1:= | usol = DSolve[uDE, u[x], x][1, 1]

Out[s]=
U[X] » -x%+X ¢
Verify original equation
mi1= | y[x_] = 1/u[x] /. usol
Out[+]=
1
-x2+X ¢

mnf-1:= | Simplify[DE]
Out[+]=

True

Linear Models

In many models the rate of growth is proportional to the current state
X' (t) = kx, x(0) = xg

Let P(¢r) denote current population, k the growth rate

Bacterial growth

mf-]:= | DE = P'[t] - kP[t] = 0; IC = P[O] = PO;
sol = DSolve[{DE, IC}, P[t], t][1, 1]
Out[+]=

P[t] - et PO

Define some common plot options for reuse
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inl-1:= | pltopt =
{GridLines - Automatic, PlotLabel - title, Frame - True, FramelLabel - xylabel};

Plot the solution

il - | Plot[P[t] /. sol /. {k->0.2,P0 -1}, {t, 0, 10},

Evaluate[pltopt /. {title » "Population", xylabel - {"t", "P"}}]]
Out[+]=
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Radioactive decay

Let A(r) denote current number of isotopes, k the decay rate

)= | DE = A'[t] + KA[t] = 0; IC = A[0] = A@;
sol = DSolve[{DE, IC}, A[t], t][1, 1]

Out[+]=

Alt] > AQ et




In[e]:=

Out[+]=
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Plot[A[t] /. sol /. {k-0.2, A0 10"}, (t, 0, 10},
Evaluate[pltopt /. {title - "Nr. isotopes", xylabel -» {"t", "A"}}]]

‘ ‘Nr.‘ isqtopes‘
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An in-series electrical circuit of source e(r), resistor R, and inductor L gives DE

In[+]:=

In[e]:=

Out[s]=

Li'+Ri=e(t)

Plot[A[t] /. sol /. {k-0.2, A0 10"}, (t, 0, 10},

Evaluate[pltopt /. {title - "Nr. isotopes", xylabel - {"t", "A"}}]]

DE = Li'[t] + Ri[t]

= e[t]; IC = i[0] = 0;

sol = DSolve[{DE, IC} /. e[t] - 110 Cos[l0Ot], i[t], t][1, 1]

Rt Rt Rt
110e ¢ [-R+et RCos[100rt] +100 et LwSin[100 i t]

ift] »

10 000 L2 72 + R?
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mir= | Plot[i[t] /. sol /. {R-106°, L 500}, {t, 0, 0.1},
Evaluate[pltopt /. {title - "RL circuit current", xylabel » {"t", "i"}}],
PlotRange - Al1]

Out[e]=

RL circuit current
= T
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After initial transient, the circuit stabilizes at current imposed by source.

Nonlinear models

Variable population growth rate (logistic equation)

Environmental constraints on population growth can be modeled by the logistic equa-
tion

P =r(1-PIK)P

where r is the growth rate when P «< K, and K is maximum population

mf]= | DE = P'[t] = r (1-P[t] /K) P[t]; IC = P[O] == PO;
sol = DSolve[{DE, IC}, P[t], t][1, 1]

-+« Solve : Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete

solution information.
Out[+]=
e"t K PO

P[t] - ———
K-PO+e"tPO

Growth from population less than environment carrying capacity
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Out[e]=

In[e]:=

Out[e]=
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Plot[P[t] /. sol /. {K-10°, r—2, PO 100}, {t, 0, 10},

PlotRange - Al1]

R ‘ [_ogistif: p‘opglat‘ion‘mo‘de‘l ‘ S
100000 - 5

80000 - ]
60000 - ]
40000 - ]

20000 - ]

Evaluate[pltopt /. {title - "Logistic population model", xylabel -» {"t", "P"}}],

Decrease when population is greater than K

Plot[P[t] /. sol /. {K-10°, r-2,P0-10°}, (t, 0, 10},
Evaluate[pltopt /. {title - "Logistic population model", xylabel - {"t"
PlotRange - All]

R [_ogistip p‘opL‘JIat‘ion‘que‘I ‘ o
1x10° |- ]
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200000 *

> "P"}1T,

Multiple initial conditions rendered on same plot
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In[e]:=

Out[e]=

Plot[Table[P[t] /. sol /. {K-10°, r -2, P0-10°}, {p, 1, 6}], {t, 0, 10},
Evaluate[pltopt /. {title - "Logistic population model", xylabel -» {"t", "P"}}],
PlotRange - Al1]

___ Logistic population model S
1% 108 - 1

800000

600000 - ]

400000 - ]

200000 - ]

Systems of first-order differential equations

Predator-prey model

Foxes f(t) prey on rabbits r(¢), but lacking prey the fox population would decrease. The rabbit

Infe]:=

population increases (vegetation is freely available) in absence of foxes. The maximum number of
rabbit- fox encounters is f (¢) r (z). The resulting (Lotka-Volterra) model is

ff=-af+bfr,ry=cr-dfr

DE = {f'[t] =-af[t] + bf[t] ~r[t], r'[t] = cr[t] - df[t] ~r[t]};
IC = {f[0] =4, r[0] =4};

IVP = Flatten[{DE, IC}];

params = {a—>0.16, b -0.08, c - 4.5, d - 0.9};

An analytical solution of the above non-linear system is tedious to obtain. Compute a numerical
approximation
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Out[+]=

In[+]:=

Out[+]=
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sol = NDSolve [IVP /. params, {f[t], r[t]}, {t, O, 20}][1]

Domain: {{0., 20. }}

{f[t} - Interpolat‘ingFunct‘ion[ Sl Geelt ] [t1,

Domain: {{0., 20. }} ] [t]}

rit] -» Interpolat‘mgFunchon[ Output: scalar

Plot[{f[t] /. sol, r[t] /. sol}, {t, 0, 20},

Evaluate[pltopt /. {title - "Lotka-Volterra model", xylabel - {"t", "f,r"}}],

PlotLegends » {"Foxes", "Rabbits"}]

Lotka-Volterra model
S A

INUANA

1 — Foxes
Rabbits

f,r
w




