
MATH529 L04: Orthogonal function series

Overview

• Complex Fourier series

• Sturm-Liouville problem

• Orthogonal function series



Complex Fourier series

• For f : [−p, p]→C, f , f ′ piecewise continuous

f(x) =
1

2
A0 +

∑

k=1

∞
(

Ak cos
[

k
π

p
x
]

+ Bksin
[

k
π

p
x
])

,

Ak =
1

p

∫

−p

p

f(x)cos
(

k
π

p
x
)

∈C, Bk =
1

p

∫

−p

p

f(x)sin
(

k
π

p
x
)

.

• Use θk = k
π

p
x, cos θk =

1

2
(eiθk + e−iθk), sin θk =

1

2i
(eiθk − e−iθk) to obtain

f(x) =
∑

n=−∞

∞

cn e
n

iπ

p
x
,

Ck =
1

2
(Ak − iBk), C−k =

1

2
(Ak + iBk), k ∈N,

Cn =
1

2p

∫

−p

p

f(x) exp

(

−
inπ

p
x

)

.



Sturm-Liouville problems

• Fourier series expresses f : [−π, π] as a linear combination of sin(kx), cos(kx).
• The set {1, cos(x), sin(x), cos(2x), sin(2x), ...} form an orthogonal basis
• Question: are there other basis sets? Answer: Yes, solutions of Sturm-Liouville
• Regular Sturm-Liouville problem for y: [a, b]→R, r, q, p, r ′∈C[a, b], λ∈R,

d

dx
[r(x)y ′] + [q(x) + λp(x)] y = 0,

A1 y(a)+ B1 y ′(a)= 0, A2 y(b) + B2 y ′(b) = 0,
A1B1 =/ 0, A2B2 =/ 0.

• Sturm-Liouville scalar product

(f , g)p =

∫
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p(x) f(x)g(x)dx

• The regular Sturm-Liouville problem has non-zero eigensolutions (λn, yn)

∃λn∈R, λ1 <λ2 < ···, λn→∞ asn→∞, ∀λn,∃! solution yn,

{y1, y2, ...} linearly independent, (yj , yk)p = δjk.



Non-regular Sturm-Liouville problems

• Sturm-Liouville problem for y: [a, b]→R, r, q, p, r ′∈C[a, b], r, p > 0, λ∈R,

d

dx
[r(x)y ′] + [q(x) + λp(x)] y = 0,

A1 y(a)+ B1 y ′(a)= 0, A2 y(b) + B2 y ′(b) = 0,
A1B1 =/ 0, A2B2 =/ 0.

• Singular Sturm-Liouville problem

r(a) = 0 and A1 y(a)+ B1 y ′(a) = 0, r(b) = 0 and A2 y(b)+ B2 y ′(b)= 0.

• Periodic Sturm-Liouville problem

r(a) = r(b) = 0 and noBC′s, r(a)= r(b) and y(a)= y(b), y ′(a)= y ′(b)



Self-adjoint form

• For x, y ∈Rm (x, y) = xT y. Consider operator A∈Rm×m

(Ax, y) = xT AT y = (x,ATy)

If A= AT (symmetric) then (Ax, y)= (x,Ay), same operator is either slot.

• Consider now u, v: [a, b]→R, the Sturm-Liouville operator
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satisfies (Lu, v)p = (u,Lv)p and is said to be self-adjoint.

• Any ODE a(x)y ′′+ b(x)y ′ + [c(x) + λd(x)]y = 0 can be made self-adjoint
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Examples: Bessel, Legendre equations

• Bessel equation

xy ′′ + y ′+
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with solutions Jn(ax), Yn(ax).

• Legendre equation

(1−x2)y ′′− 2xy ′ + n(n + 1)y = 0⇔
d

dx
[(1−x2)y ′] + n(n + 1)y = 0,

with solutions Pn(x).



Bessel, Legendre series

• Similar to Fourier series f(x) can be expressed as a linear combination of other basis sets,
e.g., Bessel, Legendre functions

f(x)=
∑

n=1

∞

cn J(an x)

f(x)=
∑

n=1

∞

cn Pn( x)


	Overview

