MATH529: LO5 Boundary Value Problems in Rectangular Coordinates

Overview

e Separable partial differential equations (PDEs)
e (lassical PDEs and BVPs
— Heat equation u; = kg,
2

— Wave equation u;; = a* .,

— Laplace equation ., + 1, =0



Partial Differential Equations (PDEs)

Recall that an n'" — order ODE is stated as
Explicit: y™ = f(z,y,y’,...,y"Y) Implicit: F(x,y,v’,...,y™)=0

A partial differential equation (PDE) arises for multiple independent variables

Linear PDE for u(x, y)

0*u 0*u 0*u ou Ou

with A, ..., G functions of z, ¥y

General solution of (1) is quite difficult, but there exist particular solution procedures of wide
utility



Separation of Variables

e Assume that u(x,y) can be written as a product u(z,y) = X ()Y (y)

ou -, ou , Pu ., *u s OPu .,
Ge= XY, GE=XY! SR= XY, o= XY S = XY

e Useful notation

il B B o
oo Y oy T o Y oxoy” Y oy

e Example: u,, =4u,. Assuming u(z,y)=X(2)Y (y) leads to X"Y =4 XY’

X// Y/
IX Y

—\,

with )\ a constant



ODEs from PDEs and separation of variables

X// Y/
= = A= X" 4+4AX=0and Y+ \Y =0

Cases:
— A=0. X"=0=X(@)=c1+cx, Y =0=Y(y) =c3

— A=—0a*<0. X"—4a*X =0= X (z) =cycosh(2ax) + cssinh(2ax). Y —a?Y =0&
Y'=0a%Y =Y (y) = csexp(a?y)

— A=0a*>0. X"+ 4a*X =0= X (x) = crcos(2ax) + cgsin(2ax).
Y4+4a?Y =0Y'=—a?Y = Y(y) =coexp(—a?y)

Form u(x,y)= X (x)Y (y) for each case:

— A=0. u(x,y) =cs(c1+ cox) = by + box

— A=—-a?<0. u(z,y) = [bscosh(2ax) + bs sinh(2ax)] exp(a?y)

— A=a*>0. u(z,y) = [brcos(2azx) + bgsin(2ax)] exp(—a?y)

Linear PDE, multiple solutions from u(z, y) =X (2)Y (y), u=>",_ u



Classification of linear second-order PDEs

e The PDE

0%u 0%u 0%u ou ou

IS:

— hyperbolic if B?—4AC >0
— parabolic if B> —4AC =0
— elliptic if B?—4AC <0

e The above terms arise from classification of quadratic forms

A  B/2 || 0, ou ou B

(40 27)431))



Classical PDEs

— Heat equation u; = k., parabolic, s = —¢&?

— Wave equation 1y = a” 1,4, hyperbolic, s =a? % & 52 —a?¢?> =0

— Laplace equation wu,, + u,, =0, elliptic, &*+ n*=0

£u=/ u(t)e stdt=U(s), Luy=sU, Luy=s*U
0

Fru :/ w(z)e % dr =0(&), Fuy, = —1€0, Fug, = —E21

— 00

Fyu= / u(x)e "™ dx =0(n), Fuy=—int, Fuy,=—n*4

— 00



Boundary conditions

e Initial conditions: given at a single point, typically for time variable
— ODE: y™(t) = f(t, 5,3/ sy ), 5(0) = yor sy "V (0) = "
— Time component of PDE: u; = u,,, u(z,t=0)=wuy(x)

e Boundary conditions: given at multiple points, typically for space variables
— ODE (Dirichlet): y"(x) = f(x,y, "), y(a) = ya, y(b) = s
— ODE (Neumann): y"(x) = f(z,y,y), y'(a) = ya, y'(0) = y;
— ODE (Robin): y"(z)= f(x,vy,y"), Awy(a)+ B1y'(a)=C, ...
— PDE space component (Dirichlet): u; = .., u(a,t) = f(t),u(b,t) = g(t)

f(t), .

— PDE space component (Neumann): w; = ty,, uz(a,t)=
— PDE space component (Robin): u; = .., Aju(a,t)+ Byu'(a,t) = f(1),...
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