MATHb529: L08 Laplace Equation

Overview

Problem statement
Separation of variables
General solution

Boundary value problems:

— Mixed Neumann-Dirichlet
— Dirichlet

— Inhomogeneous Dirichlet



Problem statement

e Steady-state temperature or static deformation in a plate of size a X b

Ut = k(Ugpy + Uyy) U= a* (U + Uyy)

Ugg + Uyy =0 Ugg + Uyy =0
e Laplace equation
2
0% 8 0
Ox? 8y

e Boundary conditions: thermally isolated at x =0, x = a. Fixed temperature at y=0, y=2>.

uz(0,y)=0,u.(a,y)=0,u(x,0)=0,u(z,b)= f(x)

Y U=
T
u=0




Separation of variables

® Uy, + Uy, =0, u(xr,0)=0, u(x,b)= f(x), u.(0,y) =0, uy(a,y)=0.
e u(z,y)=X)Y(y) = X"Y+XY"=0

X// Y//

X Y_A

e Implications of separation of variables on boundary conditions

u(z,0) = X(x) Y(0)=0=Y(0) =0,
u(0,7)=X"(0)Y (y)=0= X"(0) =0,
uz(a,y)=X"(a)Y(y)=0=X'(a) =0

— A=0=X"=0=>X=c+czx. X'(0)=c=0, X'(a)=c=0. X(z)=c. u(z,
y)=c1Y(y). Y'=0=Y(y)=cs+cqy, Y(0)=c3=0.
clc4b:f(a:)



Separation of variables

® Uy, + Uy, =0, u(xr,0)=0, u(x,b)= f(x), u.(0,y) =0, uy(a,y)=0.
e u(z,y)=X)Y(y) = X"Y+XY"=0

X// Y//

X Y_A

e Consider Sturm-Liouville problem X"+ X =0, X'(0)=0, X'(a) =0

— A=a’>0= X(z) =cicos(azx) + csin(ax). X' (0)=ac=0=c=0. X'(a)=
—acysin(aa) =0=a,a=nnm= a,=nn/a.

Y"—a?Y =0=Y (y) =c3cosh(ay) + cysinh(ay).Y (0) =c3=0.
u(z,b) =X (2)Y(b) = f(z) = > Ancos(==x)sinh(~= b) = f(x)



Separation of variables

® Uy, + Uy, =0, u(xr,0)=0, u(x,b)= f(x), u.(0,y) =0, uy(a,y)=0.
e u(z,y)=X)Y(y) = X"Y+XY"=0

X// Y//

X Y_A

e Implications of separation of variables on boundary conditions

u(z,0) = X(x) Y(0)=0=Y(0) =0,
ue(0,y) = X'(0)Y (y) =0= X"(0) =0,
ug(a,y) = X'(a)Y (y) =0= X"(a) =0

e Consider Sturm-Liouville problem X"+ A\ X =0, X'(0)=0, X'(a) =0

— A=—a’<0= X(z)=cicosh(az)+cysinh(az). X'(0)=acs=0=0c3=0, X'(a)=
acysinh(aa)=0. No non-trivial solution. "



Solution to mixed-BC problem

® Uy, + Uy, =0, u(xr,0)=0, u(x,b)= f(x), u.(0,y) =0, uy(a,y)=0.

u(x,y)= Z A, cos(ay, ) sinh(a, y)

n=1

_ Z A, cos(ay, ) sinh(a, b) = f(x)

n=1

A, sinh(a,h)

(f(x),cos(a,z)) / f(x cos )dgg:>

An= a sinhQ(oanh) /Oaf(x) COS(% $) de.



Dirichlet problem

® Uy + Uy, =0, u(xr,0)=0, u(x,b)= f(x), u(0,y)=0, u(a,y) =0.
e u(z,y)=X)Y(y) = X"Y+XY"=0

X// Y//

X Y_A

e Implications of separation of variables on boundary conditions

u(x,0)=X(z)Y(0)=0=Y(0)=0,
u(0, ) = X(0)Y () = 0= X(0) =0
u(a,y)=X(@)Y(y)=0=X(a)=0

e Consider Sturm-Liouville problem X"+ A X =0, X(0)=0, X (a)=0
— A=0=2X"=0=>X(@)=c+cx. X(0)=c1=0. X(a)=cpa=0=c2=0



Dirichlet problem (cont)

® Uy + Uy, =0, u(xr,0)=0, u(x,b)= f(x), u(0,y)=0, u(a,y) =0.
e u(z,y)=X)Y(y) = X"Y+XY"=0

X// Y//

X Y_A

e Implications of separation of variables on boundary conditions

u(x,0)=X(z)Y(0)=0=Y(0)=0,
u(0, ) = X(0)Y () = 0= X(0) =0
u(a,y)=X(@)Y(y)=0=X(a)=0

e Consider Sturm-Liouville problem X"+ A X =0, X(0) =0, X(a)=0

— A=—a?’<0= X(x)=cicosh(ax)+cysinh(az). X(0)=c;=0. X (a)=cysinh(aa)=
0= cy 5



Dirichlet problem (cont)

® Uy + Uy, =0, u(xr,0)=0, u(x,b)= f(x), u(0,y)=0, u(a,y) =0.
e Consider Sturm-Liouville problem X"+ A X =0, X(0)=0, X (a)=0

— A=a*>0= X(z)=cicos(az)+czsin(azx). X(0)=c;=0. X(a)=cysin(aa)=0=
Qpa=mn T.

Y"—a?Y =0=Y(y)=c3cosh(ay) + cssinh(ay).
u(x,0)=X(x)Y(0)=X(z)c3=0=c3=0
u(x,b)= f(x)=X(z)Y (b) = X (x) cysinh (ab)

2 “ :
A, = Zsimh(aD) /0 f(x)sin(ay, x) dx

u(x,y)= Z A, sin(a, x)sinh(a, y)

n=1



Dirichlet problem with inhomogeneous conditions on all sides

o Uttty =0, u(w,0) = f(x), u(z,b) = F(x), u(0, y) = g(y), ula, y) = C(y).
e Superposition of solution to two problems:

— Upy + Uy =0, u(x,0) =0, u(x,b) =0, u(0,y)=g(y), ula,y) =G(y) has solution
u1<ZC, y)

— Upy + Uy =0, u(x,0)= f(x), u(z,b) =F(z), u0,y)=0, u(a, y) =0 has solution
u2(x7 y)

o The u(z,y)=ui(z,y)+us(x,y)

Au= Auy+ Augs =0

u(x,0)=wui(x,0)+us(x,0) =us(x,0) = f(z)
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