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Overview

• Problem statement

• Separation of variables

• General solution

• Boundary value problems:

− Mixed Neumann-Dirichlet

− Dirichlet

− Inhomogeneous Dirichlet
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• Steady-state temperature or static deformation in a plate of size a× b

ut = k(uxx + uyy) utt = a2(uxx + uyy)
uxx + uyy = 0 uxx + uyy = 0

• Laplace equation

∂2u

∂x2
+

∂2u

∂y2
= 0

• Boundary conditions: thermally isolated at x=0, x= a. Fixed temperature at y =0, y = b.

ux(0, y) = 0, ux(a, y) = 0, u(x, 0)= 0, u(x, b)= f(x)

x

y

u = 0

u= f
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• uxx + uyy = 0, u(x, 0)= 0, u(x, b) = f(x), ux(0, y)= 0, ux(a, y)= 0.

• u(x, y) = X(x)Y (y)⇒ X ′′Y + XY ′′ = 0

X ′′

X
=−

Y ′′

Y
=−λ

• Implications of separation of variables on boundary conditions

u(x, 0) =X(x)Y (0)= 0⇒Y (0) = 0,
ux(0, y)= X ′(0)Y (y) = 0⇒X ′(0) = 0,
ux(a, y)= X ′(a)Y (y)= 0⇒X ′(a) = 0

• Consider Sturm-Liouville problem X ′′+ λX = 0, X ′(0)= 0, X ′(a) = 0

− λ = 0⇒ X ′′ = 0⇒X = c1 + c2 x. X ′(0) = c2 = 0, X ′(a) = c2 = 0. X(x) = c1. u(x,

y)= c1Y (y). Y ′′=0⇒Y (y)= c3+ c4y, Y (0)= c3=0. Y (y)= c4y. u(x, b)= c1Y (b)=
c1c4b = f(x)
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• uxx + uyy = 0, u(x, 0)= 0, u(x, b) = f(x), ux(0, y)= 0, ux(a, y)= 0.

• u(x, y) = X(x)Y (y)⇒ X ′′Y + XY ′′ = 0

X ′′

X
=−

Y ′′

Y
=−λ

• Consider Sturm-Liouville problem X ′′+ λX = 0, X ′(0)= 0, X ′(a) = 0

− λ = α2 > 0 ⇒ X(x) = c1 cos(αx) + c2 sin(αx). X ′(0) = αc2 = 0⇒ c2 = 0. X ′(a) =
−αc1 sin(αa) = 0⇒αn a = nπ⇒αn = nπ/a.

Y ′′
−α2Y = 0⇒Y (y)= c3 cosh(αy) + c4 sinh(αy).Y (0) = c3 = 0.

u(x, b)= X(x)Y (b)= f(x)⇒
∑

n=1

∞

Ancos
(

nπ

a
x
)

sinh
(

nπ

a
b
)

= f(x)
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• uxx + uyy = 0, u(x, 0)= 0, u(x, b) = f(x), ux(0, y)= 0, ux(a, y)= 0.

• u(x, y) = X(x)Y (y)⇒ X ′′Y + XY ′′ = 0

X ′′

X
=−

Y ′′

Y
=−λ

• Implications of separation of variables on boundary conditions

u(x, 0) =X(x)Y (0)= 0⇒Y (0) = 0,
ux(0, y)= X ′(0)Y (y) = 0⇒X ′(0) = 0,
ux(a, y)= X ′(a)Y (y)= 0⇒X ′(a) = 0

• Consider Sturm-Liouville problem X ′′+ λX = 0, X ′(0)= 0, X ′(a) = 0

− λ=−α2 <0⇒X(x)= c1 cosh(αx)+ c2 sinh(αx). X ′(0)=αc2 =0⇒ c2 =0, X ′(a)=
αc1 sinh(αa)= 0. No non-trivial solution. z
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• uxx + uyy = 0, u(x, 0)= 0, u(x, b) = f(x), ux(0, y)= 0, ux(a, y)= 0.

u(x, y) =
∑

n=1

∞

An cos(αn x) sinh(αn y)

u(x, b) =
∑

n=1

∞

An cos(αn x) sinh(αn b)= f(x)

An sinh(αnh)= (f(x), cos(αnx)) =
2

a

∫

0

a

f(x) cos
(

nπ

a
x
)

dx⇒

An =
2

a sinh(αnh)

∫

0

a

f(x) cos
(

nπ

a
x
)

dx.
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• uxx + uyy = 0, u(x, 0)= 0, u(x, b) = f(x), u(0, y) = 0, u(a, y) = 0.

• u(x, y) = X(x)Y (y)⇒ X ′′Y + XY ′′ = 0

X ′′

X
=−

Y ′′

Y
=−λ

• Implications of separation of variables on boundary conditions

u(x, 0)= X(x)Y (0) = 0⇒Y (0) = 0,
u(0, y)= X(0)Y (y) = 0⇒X(0) = 0,
u(a, y) = X(a)Y (y)= 0⇒X(a)= 0

• Consider Sturm-Liouville problem X ′′+ λX = 0, X(0) = 0, X(a)= 0

− λ= 0⇒X ′′= 0⇒X(x) = c1 + c2x. X(0) = c1 = 0. X(a) = c2 a = 0⇒ c2 = 0
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• uxx + uyy = 0, u(x, 0)= 0, u(x, b) = f(x), u(0, y) = 0, u(a, y) = 0.

• u(x, y) = X(x)Y (y)⇒ X ′′Y + XY ′′ = 0

X ′′

X
=−

Y ′′

Y
=−λ

• Implications of separation of variables on boundary conditions

u(x, 0)= X(x)Y (0) = 0⇒Y (0) = 0,
u(0, y)= X(0)Y (y) = 0⇒X(0) = 0,
u(a, y) = X(a)Y (y)= 0⇒X(a)= 0

• Consider Sturm-Liouville problem X ′′+ λX = 0, X(0) = 0, X(a)= 0

− λ=−α2<0⇒X(x)=c1cosh(αx)+c2sinh(αx). X(0)=c1=0. X(a)=c2sinh(αa)=
0⇒ c2 z
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• uxx + uyy = 0, u(x, 0)= 0, u(x, b) = f(x), u(0, y) = 0, u(a, y) = 0.

• Consider Sturm-Liouville problem X ′′+ λX = 0, X(0) = 0, X(a)= 0

− λ=α2>0⇒X(x)= c1cos(αx)+ c2 sin(αx). X(0)= c1=0. X(a)= c2 sin(αa)=0⇒
αn a = n π.

Y ′′
−α2 Y = 0⇒Y (y)= c3 cosh(αy)+ c4 sinh(αy).

u(x, 0) =X(x)Y (0)= X(x) c3 = 0⇒ c3 = 0

u(x, b)= f(x) = X(x)Y (b) = X(x) c4 sinh (αb)

An =
2

a sinh(αnb)

∫

0

a

f(x) sin(αn x) dx

u(x, y) =
∑

n=1

∞

An sin(αn x)sinh(αn y)
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• uxx + uyy = 0, u(x, 0)= f(x), u(x, b)= F (x), u(0, y)= g(y), u(a, y)= G(y).

• Superposition of solution to two problems:

− uxx + uyy = 0, u(x, 0) = 0, u(x, b) = 0, u(0, y) = g(y), u(a, y) = G(y) has solution

u1(x, y)

− uxx + uyy = 0, u(x, 0) = f(x), u(x, b) = F (x), u(0, y) = 0, u(a, y) = 0 has solution

u2(x, y)

• The u(x, y) = u1(x, y) + u2(x, y)

△u = △u1 + △u2 = 0

u(x, 0)=u1(x, 0)+ u2(x, 0) =u2(x, 0)= f(x)
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