MATH529: L11 BVPs in curved coordinate systems

Overview

e Polar coordinates

e Cylindrical coordinates



Polar coordinates

o r=rcosl, y=rsinf, r=+/2*+y* 6 =arctan(y/z)

e Lamé (metric) coefficients:

— In Cartesian coordinates dx, dy correspond to actual traversed distances

ds*=dz* +dy"=| dz dy][o 1] dy

— In Polar coordinates traversed distances are dr, rd6
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e Nabla operator:
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Differential operators in polar coordinates

e Gradient of scalar function f(r,0)
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e Laplacian of scalar function f(r,0)
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Laplace equation in polar coordinates

Dirichlet problem: find (7, 6) in a disk of radius a
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57 T T g =0forr <a,u(a,d)= f(0)

Separation of variables: u(r,0)= R(r)O(0) =
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Solution is periodic w.r.t 6, ©(0) =c; cosal + cysinaf iff a« €N, say a=n
Along r: r? R” +rR'—n* R =0 with solution R(r)=c3r"+cyr " fornec N,
— asr—0,r "—o00=c,=0

— atr=a, R(r)=cr”

For n=0: 7> R” +rR’'=0 with solution R(r)=c5-1+cglnr= R(r)=cs



Series solution for Laplace equation in polar coordinates

e Construct series
u(r,0) = Ay + Z r"[ Ay cos(nf) + By, sin(nd)]
e Find constants Ay, Ay, ..., By, Bs, ... from Dirichlet B.C. u(a, )= f(0)

=Ap+ Z " A, cos(nf)+ B,sin(nb)]

e Apply orthogonal Fourier series formulas A zifo%f(@)dH

A= T r0)cosn)ds, =1 [ f(@)sin(nd)do

n
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Cylindrical coordinates

e Gradient of scalar function f(r,0, 2)
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e Divergence of vector function V (1,0, z) = (u(r, 0, z),v(r,0, z),w(r,0, z))
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e Laplacian of scalar function f(r,0)
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Af=Vif=V.Vf= Oor? 7“87“ r2 00?2 022




Laplace equation in cylindrical coordinates

e Dirichlet problem: find u(r, 0, z) in a cylinder of radius a, height H

Pu 10u 10%u 0%

or? +'r87“ _l_'r? 002 + 022 =0forr <a,

uw(a,0,2)=f(0,2),u(r,0,0)=g(r,0),u(r,0,H)="h(r,0)
e Separation of variables: u(r,0,2) = R(r)0(0)Z(z) =

R// 1 R/ 1 (,_)// Z// B
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Two stages of separation of variables

e Separation of variables: u(r,0,2)=R(r)0(0)Z(2) =

R// 1R/ 1@//_ Z// 5
R +7“R+fr2@ -z

7" —a*Z =0= Z(z) =cicoshaz + cysinh az = ¢y e** + cge™**

a=0=2Z(z)=co+cip2

e Remaining equation
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O"+n’0=0=0(0)=c3cosnb +cysinnbh,nec N,

*R"+rR + (a®r* —n*)R=0= R(r) =c5 J,(ar) + cs Yo (ar)



Series solution

e Series solution for finite length cylinder with constant Dirichlet conditions on
cylinder faces

(A, cosnb + B, sinnb)J,(ar)(1+ C, 2)
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u(r,d,z)=

I
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e Series solution for infinite cylinder
u(r, ) :Z (A, cosnf + B, sinn@)J,(ar)
n=1

e General series solution for finite length cylinder

(r, 0, z) Z Z n.a cosnl + B, ,sinnb)J,(ar)(cosh az +

Ch o sinh a2)
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