MATH529: L15 Fourier transform PDE solution

Overview

e Fourier integral

e Fourier transforms:
— General Fourier transform
— Sine and cosine transforms
— Finite Fourier transform
— Fast Fourier transform

e Fourier analysis of PDE solutions



Fourier transform

e Often used for steady-state problems

e Recall f(t+1T)=f(t)
f(t)= AO — i [Ak COS(Q?T]C T) + By, sin(ZWkT

e The Fourier coefficients A;., B). are obtained as scalar products

7]

—%/Tf(t) COS(QT(‘:ZC%) dt,Bkz%/Tf(t) sin(27rk%> dt
0 0

e By analogy define a Fourier transform

F(a):]:{f(x)}:/_wf(a:)emxdx,f(x):]:_l(F(O‘)):/_oo

0.0

F(a)e "“*da



Fourier transform of derivatives

o Fla)=F{f(0)}=[*_f(@)e s, f()=F- (F(a) = [_F(a)e="*da
e Evaluate 7{f'(x)}

F{f(x)}= /_Oof’(:c) e dx = [f(x) e )25 — zoz/_oof(:c) el dy

oo

e Impose condition of f to allow Fourier transform
L2:/ f?(x) dxisfinite = [f(x) e"**)222, =0

o F{f'(x)}=—iaF(a), F{f"(z)} =—a’F(a), F{f"(z)} =ia’ F(a)



Cosine, Sine transforms

e Cosine transform, inverse cosine transform

Fia)=FAf}= [ @) eosaads,

fx)=F YE)} = %/ F.(a) cosaxda
0
e Sine transform, inverse sine transform

Flo)=FAf}= [ f@sinasds,

flx)=F,YE} :%/0 Fy(a)sinaxda



Cosine transform of derivatives

o Fa)=FAf(x)}=[f(x)cosaxdx
e Evaluate 7.{ f'(x)}

Fc{f’(x)}zﬁwf’(a:)cosozxd:z::[f( ) sin a.x

r— 00

:l:O"’Oé

Fed[(2)} =aF{ f(2)}

e Evaluate F.{f'(x)}

FAf"(x }/f” Jeosaxdr=|[f'(r)sinax

$—>OO

:BO_I_a

/oof(x) sin axdx
0

/ f'(z)sinaxdx

FAf"(x)}=|f"(x)cosax];=5° —a / f(x)cosaxdr=—f'(0) —a* F.(x)



Sine transform of derivatives

o Fa)=FAf(x)}= [ f(z)sinazds
e Evaluate F.{f/(z }:fo (z)sinaxdr= [~ sinoxdf(z)

FAf(x)}=[sinaz f(x) ﬁ_boo—oz/ f(x)cosaxdr=—aF.{f(x)}

e Evaluate 7.{f"(z)}

FAS"}=—aF A f'(x)}
F{f"}=af(0) = a’F{f}



Heat equation BVP solved by Fourier transform

Heat equation

k

0*u  Ou B Jouwe |z <1
ax2—&,—oo<:c<oo,t>0,u(:c,0)—f(a:)—{0 2> 1

Fourier transform F{u} = ffooou(x, t)e**de=U(a,t),
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Heat equation solution given by inverse Fourier transform

Inverse Fourier transform

u(e 1) = F U0, 1)} = o OOU(oz,t)e_iO‘f”doz:>
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