MATH529: L19 Complex functions

Overview

e Cauchy-Riemann equations
e Exponential and logarithmic functions

e Trigonometric & hyperbolic functions



Cauchy-Riemann conditions

e wC—C, w(z)=u+iv, z=x+1iy, w is differentiable at z, iff
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Proof: w differentiable implies existence of limit lim, . ., w(z;:Z‘;(ZO> = w’(2p),

irrespective of path z— z;. Choose two paths x — g, vy = vy, =20, Y— Yo
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Logarithmic function in C

e Defined as inverse of exponential w=1Inz, if z=¢"

eW — 6ln|z|—|—7,(9—|—21<:7r) _ 6ln|z|—|—z0 _ 61n|z| el — 6ln|z|(COS 0 + i sin (9)

wrk2T — e implies multiple possible values for In z

e However: ¢ periodic, ¢
Inz=1In|z|+i(0 +2k7) (In |z| =log.|z|)
e Principal value Ln z in terms of Argz € (—m, 7]

keZ,Inz=log|z|+1Argz

e Lnz analyticin D= C\(—o0, 0], i.e., the complex plane with a branch cut






Properties of logarithmic function in C

In (21 29) =1Inz; +1n 29

21 =11 25 = 19€"%2, In(2125) = In (7”1T26i<01+02)> =In (ryry) + (01 + 02 +

2k m)=1Inry+Inro+i(0y 4+ 2lm) + (02 +2mm) =Inz; +In 20, [+ m=k

In(z1/22)=Inz; —In 2

Inz*=«alnz

z=re? Inz¥=1In (re?)*=Inr*e® =Inr*+i(ad + 2km) = aflnr +

i(0+2km)=alnz
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Trigonometric & hyperbolic functions in C

e Defined through exponential function

+ : : — . :
COs 2 = = cosh(iz),sin z = —— = —isinh(iz2)
2 21
iz =2 peil = pei0+7/2)
e*+e? . : e —e ~? S
cosh z = 5 = cos(12), Sll’th:T: —isin(iz)

e Cosz, sin z, cosh z, sinh 2 are entire functions (analytic over C)

e Many identities, most remarkable
sin z=sin(x +iy)=sinx cos(iy) 4+ cosx sin(iy) =sinx cosh y +icosrsinh y

cos z = cos(x + iy) = cos x cos(iy) — sin(x) sin(iy) = cos x cosh y —

2 sin x sinh y






Inverse trigonometric & hyperbolic functions in C

e w=sin"'z=—ilnfiz+ (1— 2?2 if z=sinw

—eTtw - t2—1
201

tlz—zz:l:\/—z +1,t=iz++/1—2? —ezwézw—ln{zzqt 1—2}

=1t?—2iz2t—1=0

w:—iln{iz—l— 1—22}

o w=cos 'z=—iln[z+ (1 —2>)Y?if z=cosw

e w=sinh'z=In[z+ (22+ 1) if z=sinhw

e w=cosh 'z=In[z+ (22— 1)? if z=coshw
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