MATH529: L20 Integration in C

Overview

e Review of Riemann integral
e Contour integrals in C

e Solved examples



Review of Riemann integral

Consider function f:|a,b] — R

Partition on interval [a,b] is P={x;[i=0,...n}, a=zo<x;<--<xp,=0b
Norm of partition |P|| = maxogi<n—_1|Tit1 — i

Tagged partition = partition and set 7 ={t;|i=1,....n}, t; € [x; 1, 2]
Riemann sum Sp r=>""_, f(t:)(xi—zi-1)

If limp| o Sp,7 exists, [ is said to be Riemann-integrable and



Review of path integral - parametric form

Consider a curve C' in IR?, i.e., a pair of univariate functions z, y: [a,b] — R

Crx(s), y(s),

s is the curvilinear parameter.

Partition the interval by P ={s;[i=0,...,n}, a=s9<s; <--<s,=>b, with
1P|l =maxocicn—1]si41— sil

Form tagged partition from P and 7 = {t;|i=1,....n}, t; € [s;_1, 5]
Consider F:IR?>— R a real, continuous, bivariate function

Form the sum Sp 7 =>5"" F(x(t;), y(t:))(s; — 5-1)

If limjp||—o Sp 7 exists, ' is said to be path-integrable, and

/CF(a:,y)ds:/F(x(s),y( ))ds= lim ZF ti))(s;— si—1)

IPl—0<



Review of path integral - explicit form

e An integral on the curve C:x(s),y(s),z, y: [a,b] — R, can also be stated by
explicit dependence on (z, y) € IR?

I:/CP(x,y)dx+LQ(x,y)dy:Lde+Qdy

e The curve C' is smooth if 2,y €C'(a,b) in which case dz=12"ds,dy=1y'ds

1= / P(a(s), y(s)) /() + Qa(s), y(5))y'(s)]ds

e Recall that the vector with components (2'(s), y'(s)) is tangent to C



C integral

Analogous to path integral in R?, let z(s) =xz(s) +iy(s), z: [a,b] — C define
a path or contour in C.

Partition C' by P={z0=2(s0),21=2(51), ..., 2n=2(8n) }, a=50< ... < 5, =0,
with HPH =maXi<k<n |Zk — Zk_1|, with Ck:Z(tk>, lr € [Sk—b Sk].

The path integral of f:C— C'is

[ 1) z—H;IHrEOchk 25— 7o)

With f(2)=u(x,y)+iv(z,y), z=2+1iy, dz=dz+idy

/Cf(z) dz:/cudx—vdy+i/cvd;c+udy=/abf(z(s))z’(s)ds



Examples

1L I=[,zdz, Cix(t)=3t, y(t)=t* 0<t <27, f(z)=Z=2—iy=u+iv

C—Ru,=1#—-1=u,

- /C 5 2/()dt = /O T w(t) — () (@ (0) + iy () dE =

1= / (@) (1) + y(0)y' () + il () (£) — 2/ (D)D) dt

2T 2T
I= / (9t + 2t2|dt + 1 / 612 — 3t?]dt = %47# + %8#3 + 787
0 0



Examples

1. I=¢.~dz, C:a(t) =cos(t), y(t) =sin(t), 0<t < 27

2. = ¢,2dz=0, C:z(t) =cos(t), y(t) =sin(t), 0<t < 27

z(t)=e" 2/ (t) =ie"

27 27 .
I= / et dt = z/ e2it dt = [e21]!=27 = ()
0 0 21



Properties of integration in C

o fca,f(z) dzzafc f(2)dz, a € C a constant

o fC dz—fc dz+fc z)dz

° fC z)dz = —f_ z)dz, —C' denotes contour in reverse direction

e If f continuous on smooth curve C and |f(z)| < M for Vz € C then

/C F(2)dz| < ML

with L the curve length



Example: bound on complex integral

e Example

Iz% C _d»
sl=a? F 1

|21 + 20| < 21| + | 22]

21| <|z1+ 20+ (—22)| <21+ 20| + |22 = | 21| — | 22| <21 + 29

e || |7 | le*e'Y| le*| e et 8met
z—|—1‘ ] ST =1 2 =1 Jz[—1 73 37T 3
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