MATHS529L02: Heat equation

One-dimensional heat equation

Solve ut = kuyxwith u (@, t)=0, u(L, t)=0, u(x, 0) =100 for®<x<L, k=1 (1)
In[1]:= NnT = 40; (» Number of terms in sine series %)
T
In[2]:= a = Table[n —,{n, 1, nT}];
L
2
In[3]:= b= Table[— Integrate[100 Sin[a[[n]] x], {x, @, L}, {n, 1, nT}];
L
In[4]:= ListPlot [b]
20
[ ]
15 -
[ ]
[
Out[4]= 10l .
[ J
]
[ ]
[ ] ° .
50
© o 4 e W,
10 20 20 a0
In[5]:= ulx_, t_, L_]=Sum[ b{[n]] Sin[alln]]l x ] Exp[ - alln]l® t], {n, 1, nT}];
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n- - | Plot[Table[ulx, t, 1], {t, 0, 0.02, 0.0025}, {x, 0, 1},
PlotRange -» All, Frame - True, PlotLabel -» "Heat equation solution",

FrameLabel - {"x", "u(x,t)"}, GridLines - Automatic]
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Inf+ )= Manipulate [Plot[u[x, t, 1], {x, 0, 1}, PlotRange - All,
Frame - True, PlotLabel - "Heat equation solution",
FrameLabel - {"x", "u(x,t)"}, GridLines - Automatic], {t, 0, 0.02, 0.0025}]
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Inf+ Ji= Manipulate [Plot[u[x, t, 1], {x, 0, 1}, PlotRange - All,
Frame - True, PlotLabel - "Heat equation solution",
FrameLabel - {"x", "u(x,t)"}, GridLines - Automatic], {t, 0, 0.002, 0.0001}]
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Neumann boundary conditions

Solve u¢ = k uyy Exercise 2 : u(@, t)=0, u(L, t)=0, u(x, 0)=x(L-x)for@<x<L, k=1 2)

Inf « J= nT = 40; (x Number of terms in sine series x)

In[7]:

.~
i

T
a = Table[n —, {n, 1, nT}];
L

In[13]:= bF[a_] = Integrate[x (L - x) Sin[a x], {x, 0, L}]

2-2Cos[al]-alSin[al]

Out[13]=

a3

In[15]:= b = Table[bF[a[[n]]], {n, 1, nT}];
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In[16]:= ListPlot[b /. L » 1, PlotRange -» All]
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In{17):= ufx_, t_, L_]=Sum[ b[[n]] Sin[al[n]] x ] Exp[ - al[n]l? t], {n, 1, nT}];
we- | Plot[Tableulx, t, 1], {t, ©, 0.02, 0.0025}], {x, 0, 1},

PlotRange -» All, Frame -» True, PlotLabel -» "Heat equation solution",

FrameLabel - {"x", "u(x,t)"}, GridLines - Automatic]

Heat equation solution

u(x,t)
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In[23]:= Manipulate [Plot[u[x, t, 1], {x, ©, 1}, Frame > True,
PlotLabel —» "Heat equation solution", FrameLabel - {"x", "u(x,t)"},
GridLines - Automatic, PlotRange - {{06, 1}, {6, 0.15}], {t, 6, 0.25, 0.005}]
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Heat equation solution
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Two-dimensional heat equation

Ut = K (Uxx + Uyy), U(X, y, t =0)=100 on the [0, 1]« x[0, 1]unit square ,
(3)
with zero temperature on edges
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Dirichlet boundary conditions

In[26]:=

Out[44]=

Out[45]=

In[52]:=

nT = 40; (x Number of terms in sine series x)

a = Table[mm, {m, 1, nT}]; B = Table[ n m, {n, 1, nT}];

bF[u_, v_] = 4 Integrate[100 Sin[u x] Sin[v y]l, {x, 0, 1}, {y, 0, 1}]

1600 Sin[2]* sin[>]*

uv

bF[u_] = Limit[bF[u, v], {v > u}]

1600 Sin[+]*

uZ

b = Table[If[m == n, bF[a[[m]]], bF[allm]], BIn]ll, {m, 1, nT}, {n, 1, nT}];

ListPlot3D[b, PlotRange -» All]
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In[56]:=
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ufx_, y_, t.]=

Sum[ blim, nll Sin[afim]x1Sin[BIN]] y 1 Exp[ -( almi®+ BInI’) t], {m, 1, nT}, {n, 1, nT};

Manipulate [Plot3D[u[x, vy, t], {x, 0, 1}, {y, O, 1},
PlotRange -» All, Axes -» True, PlotLabel - "Heat equation solution",
AxesLabel - {"x", "y", "u"}, {t, 0, 0.02, 0.0025}]
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Manipulate [ContourPlot [u[x, vy, t], {x, 0, 1}, {y, 0, 1}, PlotRange -» All, Axes - True,

PlotLabel —» "Heat equation solution", AxesLabel - {"x", "y", "u"},
Contours - Table[temp, {temp, 0, 100, 10}]], {t, 0, 0.02, 0.0025}]
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Heat equation solution
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Questions to investigate

Dirichlet BVP with no edge discontinuity

Ut = K (Uxx + Uyy), U(X, Yy, t=0)=xy(1-x)(1-y)onthe[d, 1]~ x[0, 1]unit square ,

(4

with zero temperature on edges

Neumann BVP with edge discontinuity

Ut = Kk (Uxx + Uyy), U(X, Yy, t =0)=100 on the [0, 1] - x[0, 1]unit square,

. . (5)
with zero temperature onx =0, x = 1lvertical edges, uy(x, y=0, t)=0, uy(x,y=1,1t)=0
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Neumann BVP with no edge discontinuity

Ug = K (Uxx + Uyy), U(X, y, t=0)=xy(l-x)(1-y)onthe[0, 1]~ x[0, 1]unit square, ,

(6)
UX(X=0, Y t)=0’ Uy (X =1,Yy, t)=91 uy(X’y=0’ t)=0) uy(X’y=1) t)=10




