MATHS529 Lab04:
Heat transfer in cylinder head fins

1 Theory

Reciprocating, internal combustion engines dissipate heat into the environment through
specific systems to eliminate thermal stress in the engine.

Figure 1. Aircraft engine schematic showing cooling flow [7]



2 Methods

Figure 2. Model system

2.1 Dirichlet boundary conditions

Mathematical problem

U= kg, + q(z,t) O<x<L
u(0,t) =ugp(t) =Us+ U cos(2t), u(L,t)=0 (ambient temperature)
u(z,0) =0, q(z,t)= % V' [1+ W cos(wt)] (convective cooling)

The homogeneous problem

wi=kwzy, 0<z<L
w(0,t) =0, w(L,t)=0 (ambient temperature)

has eigenfunctions

Yn(x) =sin(nmrx)



Expand u(z,t) and ¢(x,t) in terms of these eigenfunctions with time-dependent coefficients

u(t,x :Z up(t) sin(nm) Z qn(t) sin(nmx) (2)
n=1

Replacing (2) into (1) obtain

S un(t)sin(nmx) | =k N t)sin(nmx w(t) sin(nmx)
[ inonn ) - winorn) 500
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n=1

U (t) sin(nmz) = —km? Z n?u,(t) sin(nmx) + Z qn(t) sin(nma)

n=1 n=1
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Since {sin(7x),sin(27rz),...} is linearly independent
Z t) + km*nu,(t) — gu(t)] sin(nmx) = 0= 4, + k7*nu, — ¢, =0,
n=1

an inhomogeneous system of ODEs

Obtain ¢,(t) by Fourier coeflicients of

i gn(t) sin(nmx) =q(z,t) = % V [1+W cos(wt)] =

2V L _sin(mLn)—mLncos(mLn)
qn(t) = 7z [1+W Cos(wt)]/o rsin(nrz)dr= A, = 2 '
Gz, t)=A, i‘Q/[l + W cos(wt)]

A[n_]=Integrate[x Sin[n Pi x],{x,0,L}]

sin (mLn)—m Lncos(mLn)
w2 n?

o The system to solve is

Uy + kT2nu, = A, i‘;[l + W cos(wt)] = B,



sol=DSolve[{D[un[t],t]+k Pi~2 n~2 un[t] == B[n] (1+ Cos[omega t]),
un[0]==U0},un(t],t] [[1,1]]

un(t) — e k't (B5 L2 120002 — 3 ek |A L 19V cos (Ln ) nd +
Sk*LmV cos (Lnm)n®— 4k ™ kA L0V cos (Lnw) cos (wt) nd —
T EAL 10V cos (Ln ) cos (2wt) nd + 5 k3 L2w2 18 U0n® +
3k Tt A S Vsin (Lnm) n® — 8 k*a® Vsin (Lnm)n®+
4 ek’ mt | A 78V cos (wt) sin (L n w) n® 4+ eF° T kA 78V cos (2w t) sin (L n w) n® —
43 L wnTV cos (Lnm)sin (wt)n” — 2" ™3 Lwn™V cos (Lnw)sin (2wt) n’ +
4 ebn* w3 ) 76V osin (L n ) sin (w t) n® + 2 k"™ k3 w 78 V sin (L n ) sin (2w t) nb —
15 ™2 2 15V cos (L) nd + 32 k2 Lw?7® V cos (Lnm)nd —
16 eF"* ™ |2 [ w2 18V cos (Ln ) cos (wt) nd —
T2 L2 78V cos (Lnw) cos (2wt) nd + 4k L2w* 74 UOn* +
15 eF* |2 2 14 Vsin (Lnw) n — 32 k2w 7 V sin (Ln ) nt +
16 P k2 2 74V cos (wt) sin (L n 7)) n + "™ k2 w? 74 V cos (2w t) sin (L n 7) n* —
16 F* ™tk LwP w3V cos (Ln ) sin (wt) nd — 2 ek ™1k Lw3 73V cos (Ln ) sin (2wt) n® +
16 F* 7t kw3 72 Vosin (L n ) sin (wt) n? + 2 "™ kw3 72V sin (L n ) sin (2 w t) n® —
12eM ™1 Lt nVcos (Lnm)n+12 Lw*nV cos (Lnm)n+ 12 ™t w4 Vsin (Ln ) —
120 Vsin (Lnn))/(kL?n* 7t (K> 7int +w?) (K2 1int+ 4w?))

ulx_,t_,nT_] := Sum[ un[t] Sin[n Pi x] /. sol, {n,1,nT}]

ulx,t,1]

e” Rtgin (rx) (n12 k5 L2U0—4 79 k* L Ve™kt cos ( L) cos (wt) —
kYL Ve ¥ cos (m L) cos (2wt) + 478 k* Ve™ M sin (7 L) cos (wt) +
8k Ve F sin (1 L) cos (2wt) + 378 k* Ve ¥ sin (w L) — 37 k* L Ve * cos (w L) —
8m8ktVsin(n L) +87°k* LV cos (n L) +
578 k3 L2 U044 70 kP w Ve™ ¥ sin (7 L) sin (wt) + 270 k3w Ve™ M sin (7 L) sin (2wt) —
47"k Lw Ve cos (r L) sin (wt) — 277 k3 L w Ve cos (m L) sin (2 w t) +
157 k2w Ve Msin (L) — 151 k2 Lw? Ve™ ¥ cos (m L) —
16 70 k2 L w2 Ve™* cos (m L) cos (wt) — 7 k2 L w? Ve  cos (w L) cos (2w t) +
16 14 k2 w? Ve *sin (L) cos (wt) + 7 k*w? Ve™ *sin (1 L) cos (2wt) —
3274 k2w Vsin (m L) +327° k2 Lw? V cos (1 L) + 4 7% k L2 w*U04+12w* Ve™ ¥ sin (r L) —
127 Lw* Ve ¥ cos (L) + 16 72 kw? Ve™ * sin (7 L) sin (wt) +
2712 kw3 Ve *sin (r L) sin (2wt) — 16 78k Lw? Ve™ ¥ cos (7 L) sin (wt) —
23k LwdVe™ M cos (m L) sin (2wt) — 12w Vsin (7 L) +
127 Lw?V cos (7 L))/ (7t k L? (7" k? + w?) (7 k* + 4 w?))

ulx,t,1] /. {k->1,L->1,omega->1,0MEGA->5,V->1,U0->2,U->1}

e ™tsin (ma) (370 e™t+ 1570 ™t + 12 mem 4+ 477 e tsin (t) + 16 7 €™ ' sin (£) +
27T e tsin (21) + 273 ™ tsin (21) + 471%™ cos (t) + 16 7% et cos (t) + w0 ™t cos (21) +



T emcos (2t) + 212 — 80 + 1078 — 320 + 87t — 127) /(m* (1 4+ 7%) (4 +74))
Plot[Evaluate[Table[u[x,t,3] /. {k->0.001,L->1,omega->180,0MEGA-
>30,V->10,00->1,U->1},{t,0,1,0.1}]1],{x,0,1},PlotRange->{A11,{-1,
15}}]

0.2 0.4 0.6 0.8 1.0

Evaluate[Table[u[x,t,5] /. {k->1,L->1,omega->1,Cn->1/n"2,c[1]->0},
{t,0,0.01,0.05}]]

{(0.2012613 s Cl) sin (7 2) + <O.05026443 s cl) sin (27 2) + (0.0225144 N
n n

2
1. cl> sin (37 x) + (Omfbw-k 1. cl> sin (47 z) + (oooiw+ 1. cl) sin (57rx)}
ulx,t,3] /. {k->1,L->1,0omega->1,Cn->1/n"2,c[1]->0}
e ™ tsin () (™t +mtem 4 12em  sin (t) + e teos () — 27t — 1)
w2 (14+7*)n?

e 1™t sin (2 x) (e 4 16 7t ™t + 4 w2 e sin (¢) + 16 7t ™t cos () — 32 7t —

/(472 (141674 n?) + e 9 tsin (37 a) (27 + 81 7t 9™t + 9 w2 97 sin (t) +
8174 e tcos (t) — 16274 — 1)/ (972 (1 + 81 7%) n?)

_|_

Introduce
U(x,t) =wuo(t) q(z,1),
that satisfies
Ve =0
and v =u — 1 leads to the problem
Uy =kvg, + q(x, t) — Uy O<z<L

v(0,t) =up(t) =Uy+ U cos(2t), u(L,t)=0 (ambient temperature)

u(z,0)=0, q(z,t)= % V' [1+ W cos(wt)] (convective cooling)



2.2 Robin boundary condition

up = kg, + q(z,t) O<z<L
afu(0,t) — ug) = kuy(0,t), u(L,t)=0 (ambient temperature) (3)
u(z,0)=0, q(z,t)= % V [1+ W cos(wt)] (convective cooling)
3 Results
[
Figure 3.

fig=Plot[Cos[x],{x,0,2Pi}];

SetDirectory["/Users/mitran/courses/MATH529L"]
/Users/mitran/courses/MATH529L
Export["fig.png",fig]
fig.png

fig=Plot[Cos[x],{x,0,2Pi},GridLines->Automatic];
Export["fig.png",fig];

4 Conclusion
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