MATHO547 Final Examination Preparation

Instructions. Answer the following questions. Provide a motivation of your approach and
the reasoning underlying successive steps in your solution. Write neatly and avoid erasures.
Use scratch paper to sketch out your answer for yourself, and then transcribe your solution to
the examination you turn in for grading. Illegible answers are not awarded any credit. Pre-
sentation of calculations without mention of the motivation and reasoning are not awarded
any credit. The last, seventh question is optional and offered to enable raising your score
on the midterm examination. Fach complete, correct solution to an examination question is
awarded 4 course grade points. Your primary goal should be to demonstrate understanding
of course topics and skill in precise mathematical formulation and solution procedures.

Note: The final exam will contain 6 questions and a midterm makeup question. Correct solutions to a question
can be drafted in 10 minutes, and 20 minutes are allocated. This practice exam contains 4 questions. Choose

2 for your solution.

1. Consider the matrix V € R3*3 and cubic polynomial p(t) defined by
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(a) Compute det V.
(b) What are the roots of p(t)?
(a) Compute det V.

Solution. Use determinant calculation rules shown above/below equal sign (R1, C1 denotes row 1,
column 1 etc.) to obtain
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(b) What are the roots of p(t)?

Solution. Use rule that a determinant with repeated lines is null to obtain roots {a,b, ¢}

2. Compute the singular value decomposition of



Solution. The singular value decomposition is given by A = UXV7T, with U € R3*3 V € R?*?
orthogonal matrices and X € Ri“, ¥ =diag(o1,02), 01 2 02>0. Since in A=(a; az), a1 =—as
deduce r =rank(A) =1, o2 =0, and an orthonormal basis for C'(A) is u; =a;/||a;]] and SVD must
be of form
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Form ATA=(UZVTTUSZVT=V¥2V T and find that the squared singular values are eigenvalues
of ATA. Compute the characteristic polynomial
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and by inspection deduce v; = 7

(1 —1). Now complete U,V to form bases for R?, IR? respectively.
By observation
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leading to
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. Consider the ordinary differential equation system x’(t) = Az(t) with z(t): R — R?, A € R?*? with
eigenvalues Ay = —3, Ao =—1, and corresponding eigenvectors
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Compute solution at t =1, x(1) given the initial condition at ¢ =0,

am=<§)

Solution. A has distinct eigenvalues, hence is diagonalizable, A=V AV ~!, such that the ODE system
becomes x'(t) =V AV tz(t). Let y(t)=V ~lz(t). Compute V!
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and find
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Expressed in terms of y(t) the ODE system becomes y'(t) = Ay(¢) with solution
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. Consider A € R™*" with the property that ATA is nonsingular. Prove that the columns of A are
linearly independent.

whence

Solution. By definition, A has linearly independent columns if the only solution of Az =0, is x =0.
Multiply Az = 0 on the left by AT, to obtain (ATA) x = 0. Since ATA is non-singular the only
solution is indeed =0 (q.e.d.)



