
MATH547 Midterm Examination

Spring 2017 Semester, March 10, 2017

Instructions. Answer the following questions. Provide a motivation of your approach and
the reasoning underlying successive steps in your solution. Write neatly and avoid erasures.
Use scratch paper to sketch out your answer for yourself, and then transcribe your solution to
the examination you turn in for grading. Illegible answers are not awarded any credit. Pre-
sentation of calculations without mention of the motivation and reasoning are not awarded
any credit. Each complete, correct solution to an examination question is awarded 4 course
grade points. Your primary goal should be to demonstrate understanding of course topics and
skill in precise mathematical formulation and solution procedures.

1. Find bases for C(A) (column space of A) and N(A) (null space of A) with

A=

0BB@
1 3 1 3 4
0 0 1 1 1
0 0 2 2 2
0 0 3 3 3

1CCA:
Solution. Denote A=( a1 a2 a3 a4 a5 )2R4�5=Rm�n, m=4; n=5. Observe that

a2=3a1;a4=2a1+a3;a5=3a1+a3; (1)

and �a1 + �a3 = 0 implies (2nd component) � �0 + � � 1 = 0, hence � = 0, and then
(1st component) � � 1 + 0 � 1 = 0, hence � = 0, and a1; a3 linearly independent. Deduce
r = rank(A) = 2. By de�nition C(A) = fb 2 R4j 9x 2 R5s:t:b = Axg � R4, N(A) =
fx 2 R5j Ax = 0g � R5. By rank-nullity theorem dim(C(A)) = dim(C(AT)) = r, and
dim(C(AT))+dim(N(A))=5)din(N(A))=3. A basis for C(A) is fa1;a3g. Rewrite (1) as

8<: 3a1¡a2=0
2a1+a3¡a4= 0
3a1+a3¡a5= 0

)AX =A

0BBBB@
3 2 3
¡1 0 0
0 1 1
0 ¡1 0
0 0 ¡5

1CCCCA=02R4�3;

and columns of X are a basis for N(A).

2. De�ne �4=
�
aTb(x):a2R5;b(x)=

¡
1 x x2 x3 x4

�
T
	
, the linear space of polynomials

of degree at most 4. Determine if the following are subspaces of �4:

Solution. Check whether �p+ �q 2S, 8�; � 2R, 8p; q 2S.

a) Sa, set of polynomials in �4 of even degree.
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No, counterexample, x4+x3;¡x4+12Sa, but (x4+x3)+ (¡x4+1)=x3+12/ Sa.

b) Sb, set of polynomials in �4 of degree 3.

No, counterexample: x3;¡x3+ 12 Sb, x3+ (¡x3+ 1) = 12/ Sb: Also, 0 2/ Sb, hence Sb
cannot be a subspace.

c) Sc, set of polynomials p2�4 such that p(0)= 0.

Yes, since �(a1x+ a2x2+ a3x3+ a4x4) + �(b1x+ b2x2+ b3x3+ b4x4) = (�a1+ �b1)x+
(�a2+ �b2)x

2+(�a3+ �b3)x
3+(�a4+ �b4)x

42Sc for any �; � 2R.

d) Sd, set of polynomials in �4 having at least one real root.

No, counterexample: x2¡ x; x+ 1 2 Sd, but x2¡ x+ x+ 1 = x2+ 1 2/ Sd (imaginary
roots).

3. Consider C[¡�; �] the vector space of continuous functions de�ned on [¡�; �], the inner
product

hf ; gi= 1
�

Z
¡�

�

f(x) g(x) dx; (2)

and the induced norm kf k= hf ; f i1/2, f ; g 2C[¡�; �].

a) Are cosx and sin x orthogonal unit vectors with respect to the inner product (2)?

True if kcos xk= ksin xk=1, and hcosx; sinxi=0. Compute

kcos xk2= 1
�

Z
¡�

�

cos2xdx=
1
2�

Z
¡�

�

(1+ cos 2x) dx=1;

ksinxk2= 1
�

Z
¡�

�

cos2xdx=
1
2�

Z
¡�

�

(1¡ cos 2x) dx=1;

hcosx; sin xi= 1
�

Z
¡�

�

cosx sin xdx=
1
2�

Z
¡�

�

sin 2xdx=0:

Yes, properties are veri�ed.

b) What are the angles between x and cosx, sin x?

By de�nition the angles are

�= arccos
hx; cosxi
kxk kcosxk ; '= arccos

hx; sinxi
kxk ksinxk :
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Compute

kxk=
�
1
�

Z
¡�

�

x2 dx

�
1/2

=

�
1
�

Z
¡�

�

x2 dx

�
1/2

= �

�
2
3

�
1/2

hx; cos xi= 1
�

Z
¡�

�

x cos xdx=0; hx; sinxi= 1
�

Z
¡�

�

x cosxdx=2;

hence �= �/2, and '= arccos
¡

6
p

/�
�
:
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