MATH547: Linear algebra for applications February 9, 2017
HOMEWORK 2

Due date: Feb 17, 2017, 11:55PM.
Bibliography: Course lecture notes Lessons 8-11.

Note: Save this file as Homework2Solution.tm in your /home/student/courses/MATH547/homework
directory. Then carry out your work on solving the problems in TeXmacs. Submit your final version through
Sakai. If you've understood the theoretical concepts reviewed in the Background section and lecture notes,
each problem should require about 30 minutes to complete, hence the entire homework can be completed
within 4 hours.

1 Background

1.1 Objectives, basic concepts

In Homework 2 you apply the Fundamental Theorem of Linear Algebra, and the Gram-Schmidt procedure

to solve the problem

wmin b - Az| (1)
for A€ R™*", beR™, and 2-norm |||: R™— Ry, ||y||*=y"y. If the solution to (1) leads to ||b — Az|| =0,
then @ is a solution of the linear system Ax =b, often denoted as £ = A~'b, where A~! is the inverse of A.
If the solution to (1) is such that ||b — Ax|| > 0, then @ is a least-squares solution, or a generalized solution of
the linear system, denoted as © = A™b, where A™ is the pseudoinverse of A. Least-squares solutions appear
in many contexts, and in this homework we study data fitting as an example.

Least-squares solutions are found through projection onto the approximation space C'(A). The projection
is found by orthonormalization of A, through the Gram-Schmidt algorithm that furnishes a factorization
of A = QR. The projection operator is subsequently expressed as P = QQ7, and the least-squares best
approximation is given by the solution of the system Rx = Qb (Figure 1).

\ C(A)

Az=QRz=Pb=QQ"b= Rx=Q"b
Figure 1. Projection solution of least squares problem

2 Theory problems

2.1 Orthogonal projection

Solve exercises 5.1.27-28. from the textbook, p.217. Solution to exercise 5.1.26 is presented as an example.
Complete the rest.



Fx5.1.26 Solution. Place the vectors defining the matrix in matrix A
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Apply Gram-Schmidt to construct an orthonormal basis set for C'(A)
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The projector is P=QQ” with Q=(q, q»)
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Compute the projection of b onto C'(A)

19
projcab=Pb=1| 39
64

After carrying out the procedure by hand, check the result of the calculation in Octave

octave> A=[2 3; 3 -6; 6 2]; [Q,R]=qr(A,’0’); format rat; Q
Q =

-2/7 3/7
-3/7 -6/7
-6/7 2/7

octave> P=Qx*Q’

P =
13/49 -12/49 18/49
-12/49 45/49 6/49
18/49 6/49 40/49

octave> b=[49; 49; 49]; Pxb

ans =

19
39



64

octave>

Ex5.1.27 Solution.

Ex5.1.28 Solution.

2.2 Working with transposes

Products involving a matrix and its transpose arise very often, and succintly express groupoings of scalar
products. Solve exercises 5.3.22-5.3.26 to gain facility in working with transposes. Solution to 5.3.21 is pre-
sented as an example

Ex5.5.21 Solution. Denote M = AT A, and compute M? = (AT A)T= AT A, hence M = M".

Fx5.3.22 Solution.

Fx5.3.23 Solution.

Fx5.3.24 Solution.

Ex5.5.25 Solution.

Ex5.5.26 Solution.

2.3 Pseudoinverse matrix

The following exercises introduce the basic properties of pseudoinverses
FEx5.4.8 Solution.

Fx5.4.11 Solution.
2.4 Data fitting

Solve exercises 5.4.31-5.4.34. Solution to 5.4.30 is presented as an example.

FEx5.4.30 Solution. State the problem in matrix form as
10 0 .
min |[Ac—b|,A=| 1 0 |,b=| 1 ,c:( 0 )
ceR? 11

Compute the Q R factorization of A, and the best fit coefficients are the solution of Re= Q”b
octave> A=[1 0; 1 0; 1 1]; format rat; [Q,R]=qr(A,’0’)
Q =
-780/1351 -881/2158

-780/1351 -881/2158
-780/1351 3920/4801



-1351/780 -780/1351
0 3920/4801

octave> b=[0; 1; 1]; c=R\(Q’*b)

C:

1/2
1/2

octave>

The linear best fit is f(t) = % +ét. Sketch the solution

Figure 2.

Fx5.4.31 Solution.
Fx5.4.32 Solution.
FEx5.4.33 Solution.

FEx5.4.34 Solution.

3 Computational problems

We reinforce the theoretical concepts on least squares procedures by consideration of data from electroen-
cephalograms (EEGs). Consult the EEG.tm tutorial.



octave> load /home/student/courses/MATH547/lessons/eeg/eeg;
octave> data=EEG.data’; [md nd]=size(data)
md = 30504
nd = 32
octave> pdata=data./max(data)+meshgrid(0:nd-1,0:md-1);
octave> hold on;
for j=1:nd
plot(pdata(:,j));
end;
hold off;

octave> cd /home/student/courses/MATH547/homework; print -mono -deps eeg.eps;
octave>

Divide the overall time recording into nt=30 segments of length m=1000 fron ns=32 sensors.
octave> A=reshape (data(1:30000,1:32),1000,30,32); [m nt ns]=size(A)

m = 1000

nt = 30

ns = 32
octave>

3.1 Orthogonal projection

Ask the question: are any of the sensors redundant? To answer the question, choose a time slice i, and
consider the projection of each sensor j, s=A(:,1,j) onto the space spanned by all the others. Form a matrix
of all sensors except sensor j by first copying all the signals into a new matrix B=A(:,1,:), and then deleting
column j through B(:,1i,j)=[]. Here’s a simple example of the syntax:

octave> D=[1 2 3; 4 5 6; 7 8 9]

D =
1 2 3
4 5 6
7 8 9

octave> D(:,2)=[]

D =
1 3
4 6
7 9
octave>

Compute the projection through the same procedure as in the theory question 1
QR:Ba P = QQT7prOstj:PSj7

and then compute the ratio of the norm of the projection to that of the original sensor signal




Are any of the sensors redundant? Quantitatively state your criterion for determining whether a sensor is
redundant.
Solution. Choose segment nt=10

octave> nt=10; f=zeros(ns,1);
for j=1:32
B=squeeze (A(:,nt,1:ns)); sj=B(:,j); B(:,j)=I[1;
[Q,R]=qr(B,’07);
Psj=Q*(Q’*sj);
f(j)=norm(Psj)/norm(sj);
end;
octave> f’

ans =
Columns 1 through 8:

0.99219 0.88476 0.99645 0.99723 0.99062  0.94841 0.99612  0.99762
Columns 9 through 16:

0.98421 0.98850 0.98824 0.99333 0.99297 0.99643 0.96538 0.99403
Columns 17 through 24:

0.99611  0.99522 0.99293 0.98735 0.99133 0.99539 0.99449  0.98404
Columns 25 through 32:

0.98973 0.98920 0.99469 0.99455 0.99559 0.99393 0.99587  0.99718

octave>

Since the norm of the projections are very close to those of the sensors, there is significant redundancy in
the sensors.

3.2 Fourier analysis

Carry out a practical example of the procedure outlined in Exercise 5.4.35. For some time slice, fit a sum of
trigonometric functions to the available sensor data

s(t) = 7y Z [ak cos<—kt) + b7 sin(%kt)},forj =1,...,32.

[heﬂmsamepﬂmahueasmmhmnyqu%ﬁon4.ChmmeﬁnwstﬂkaNThequmwﬁypg%:vq(]} Mu}

is the power of frequency k in the signal. Present a table of p,(f ). Which frequency is dominant in each sensor?
Do all sensors show the same dominant frequency, i.e., are waves in different regions of the brain synchronous?

Note: Both questions in this section are direct applications of the procedures from theory questions 1 and
4. Be sure you understood the theory completely if you find the applications difficult.

Solution. Construct the basis matrix
octave> t=(0:m-1)’; n=16; C=cos(2*pi/m*t*(0:n)); S=sin(2*pi/m*t*(1:n)); nt=10;
octave> A=[C S]; [Q,R]l=qr(A,’0’);

octave> p=zeros(n,ns);



octave> for j=1l:ns
sj=squeeze(A(:,nt,j));
z= R \ (Q’*s]j);
p(1:n,j) = sqrt(z(2:2:2%n) .72 + z(3:2:2*n+1).72);
end;

Here are the coefficients, with the dominant frequencies highlighted in red.
octave> p(2:n,:)

ans =

Columns 1 through 6:

3.385829 3.512932 3.938362 4.788229 4.712053 6.052134
2.041424 2.583519 3.730623 4.358617 2.511297 5.901449
2.326054 1.095990 2.972172 3.329133 3.963077 2.659259
1.916121 1.431260 1.700780 1.793587 1.515036 2.160005
2.698193 0.562068 3.407050 2.687060 2.847781 2.358570
3.047287 1.300233 2.839402 3.198663 4.919784 1.759881
1.467578 1.555786 3.568845 4.109287 4.671020 1.372273
3.390874 5.855754 4.790523 6.185735 5.768621 6.706492
7.351085 5.373560 8.536994 7.203941 9.831869 1.556655
4.190962 2.911175 4.320714 5.386419 5.576068 6.685381
3.689668 3.013456 2.450047 1.700951 1.369181 2.139071
3.417671 2.142941 3.571329 4.312477 4.038239 2.131686
4.071911 1.524634 6.008049 5.330609 7.482077 1.336425
1.495739 3.031494 2.929193 4.160038 4.563489 2.942970
1.792802 1.636978 1.766593 1.687056 1.513687 2.737277
Columns 7 through 12:
3.383502 4.064362 4.352572 1.614491 1.973126 2.270387
2.095744 4.340575 3.994171 2.468842 1.164103 2.454087
1.014249 1.811229 1.756124 2.979619 0.831464 1.786064
2.666170 2.676755 3.441579 2.339732 1.152615 3.577486
3.099317 3.152720 3.409131 3.224078 1.463637 4.553453
1.682376 2.069358 2.950026 4.485660 0.990179 1.652520
2.456330 4.469542 4.620050 2.986154 1.190040 3.645396
6.546956 5.537658 5.743766 7.423859 2.535459 7.362908
6.084157 6.454594 3.276919 3.183277 1.384937 3.505219
3.812382 6.123256 7.703939 4.935555 2.109631 5.587941
3.000686 2.805395 2.906185 0.498030 3.043887 4.044790
2.831369 3.580770 3.150613 2.777720 1.019530 3.014420
4.348924 5.147579 4.418805 2.802189 2.690310 3.952818
1.655047 3.321340 3.701618 2.761254 1.702199 1.391228
1.692378 1.716154 2.351432 1.864366 1.906024 2.130255

Columns 13 through 18:

1.825208 2.854321 1.346304 .893114 1.719693 1.904653
3.006968 3.1568281 2.623663 0.543120 . 792412 2.094930
2.940685 2.651106 1.535837 1.971298 3.425724 3.746358

[ES
[ES



.889621
.045852
.708898
.256600
.559443
.328587
.071747
.581818
.834039
.824702
.422143
.333529

NDNWNFHOTWO P WwOow

N WP W wo 0o g N & b

.095029
.092632
.407368
.031471
.831725
.5156916
.450434
.486714
.164587
.393587
.111028
.385736

Columns 19 through 24:

.900626
.888489
.248270
.215850
.191895
.112907
.277093
.057825
. 771951
.488455
.100938
.973905
.273199
.436902
.345728

N, NEFE, P, WOWONDPPOWPdPLWDDDDNDO

P DN WEFRLR NP, PP NRPR, P OO

.980854
.301232
.619103
.365186
.479326
.209182
. 768448
.952465
.522675
.644379
.289420
.126869
.022710
.546449
.730102

Columns 25 through 30:

.304596
.059963
.099129
.094973
.085345
.982335
.081631
.335401
. 789439
.159846
.811730
.028937
.058406
.968355
. 745811

N WL, WL NDNNMNMNDNOWWNDEF -

NNWOPPOPFR,ROODWERFL PP WDNDPR

.166725
. 729853
. 724458
.297495
.248177
.879484
.351854
.642374
.641167
.841823
.057554
.699953
.256772
.438667
.069317

Columns 31 and 32:

N ONOWOOUF~r WL N

R P, WO WNFP,NWFRL, P& WWwWE~L,DN

R R, NP NN =D O -, O

.079409
.676517
.060830
.490224
.9856557
.026862
.384626
.5956621
.468177
.862341
.478900
.450953

.239996
.065156
.899724
.662154
.2564491
.617977
.644019
.282938
.451296
.681562
.991178
.940736
.633235
. 744651
.932451

.443346
.920614
.313140
.153889
.312774
.585191
.060262
.312723
.644029
.047623
. 773654
.181139
.661542
.317405
.896726

N =, WL, WONEFE, OONEFE WN

NOWRrRLr PdPPERLrERL,LrDPNNDDOHOF, W

P O WO ONWOPNDOIOWREE-

.434066
.353172
.646694
.693343
.941530
.549357
.561555
.229612
.842723
.104067
.862625
.152162

.907275
.986359
.258543
.295579
. 722228
. 744618
.971516
.490685
.959519
.527445
.524898
.519625
.368733
.970624
.281533

.470013
.845671
.918240
.162141
.848846
.166288
.375640
.305570
.230162
.467309
.266858
.570143
. 785981
.878074
.970001

N, WO, PEPNWNIPENDOOPE O N~ WONWPLEDNNPENDP®

H O WO O N WO WNWWELDNE-

.997601
.269879
.520927
.547715
.894655
.663007
.295465
.640110
.249329
.916231
.310660
.261601

.361175
.818033
. 748158
.816002
.157737
.961338
.698192
.719140
.361363
.855998
.700829
.014616
.248475
.281697
.431477

.109012
.604476
.998831
.909232
.815848
.024930
.296136
.629899
.478679
.545328
.374324
.549679
.333217
. 784298
.631433

P O F, P NP NONNDMNDNDNEDNDE- NN WNWONO O W o

P NN, WOFELEDNDNONWNE = O

.849845
.315482
.335666
.096896
.341709
.874203
.294645
.637172
.062515
.871709
.037491
.633923

.122684
.584749
.898978
.864794
.845121
.126350
.201484
.544904
. 723482
.276404
.872990
.141949
.482327
.902038
.857498

.237318
.939423
.595212
.756142
.016859
.659053
.631950
.829062
.401976
.004066
.953757
. 700917
.517267
.705464
.278395



octave>

N NN PONDNOANDNONNRFE B~ O

.611427
.812778
.459595
.893748
.982241
.899315
.924750
.564510
. 767807
.8963565
.188623
.039203
.449262
.118301
.184350

=, NP, PR, NDOOWOWEE WWER = O

.874824
.108600
.959702
.504127
.678044
.378567
.390665
. 734402
.390250
.324601
.929705
.250771
.995079
.533394
.581750
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