Lesson 3: Matrix products, transpose
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New concepts:

Matrix-matrix product
Matrix transpose
Transpose of matrix sums, products

Scalar product of two vectors




Matrix-matrix product 2/7

Definition. Consider matrices A=(a; ... a, )eR™ ", and X =z ... x, )eR"*P.

The matrix product B= A X is a matrix B = ( bi ... b, ) e R™*P with column vectors
given by the matrix vector products

bk:Amk,fork: 1, 2...,p.

e A matrix-matrix product is simply a set of matrix-vector products, and hence expresses
multiple linear combinations in a concise way.

e The dimensions of the matrices must be compatible, the number of rows of X must equal
the number of columns of A.

e A matrix-vector product is a special case of a matrix-matrix product when p=1,

e We often write B= A X in terms of columns as

(b1 bp):A( Ty ... :l:p):(A:cl A:L'p)



Matrix transpose expressed through components

1234567

Definition. Given a matrix A €¢ R™*",

aix aiz - aln\

a a e a
A=| 02 0o o

Am1 Am2 *** Amn

the transpose of A, denoted as AT c¢ R"*™ js

air a1 - anpil \
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Intuitively: “rows become columns, columns become rows”



Matrix transpose expressed through vectors 4/7

Recall that a vector is the special case of a matrix with a single column, v € R"*!. The
transpose of a vector is v € R ¥ a matrix with a single row, known as a row vector.

Given a matrix A € R *" expressed through its column vectors

A=(ay az ... ay,),

its transpose can be expressed as



Transpose of vector sums, matrix sums
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e Foru,veR™, (u+v)" =u’ +v’. Proof: by direct computation

T

U1 U1 Uy +v1
(u+v)t'= o+ = : =(ur+v1 oo U+ Vm )
Um, Um, Um, + Um,
=(uy .. Up )+ (V1 oo V) =ul +oT

e For A, BeR™ " (A+ B)T = AT + B”. Proof: by direct computation using column
vectors of A, B

(A+B)T:( a;+b; ...
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Transpose of matrix-vector, matrix-matrix products

Consider A € R™*", & € R™. What is (Ax)?? Recall that Ax is a linear combination
of columns of A

Ax=(ai ... a, )x=z101+ ... + THay

Take transpose of vector sum to obtain

, (o)

(Azx)'=zad +... 420l =( 21 .. xn)k : )szAT (1)
a

Now consider A € R™*" B € R"*P. Obtain (AB)T = BTA” by applying (1)

((abyr) (efar) (o)

(AB)'=( Ab;, ... Ab, )T:k (Ab) ) kaAT):kbsg )AT:BTAT



Scalar product of two real-valued vectors 7/7

e A special case of a matrix-matrix product occurs when the two factors correspond to a
row multiplying a column vector. The result is in this case a single scalar.

Definition. Given two real-valued (column) vectors w, v € R™ the scalar product is the

matrix-matrix multiplication
()
™m

wlv=_u uy ... Up) U:Q :Z Uiv;

i=1
Um

Note the compatibility of number of components, u € R™*! = u” ¢ R'*™ v € R™*!,
uTv e RIXI=R.

e The scalar product can be viewed as function taking two vectors as arguments and pro-
ducing a single scalar as a result. The usual notation in this case is

(,):VxV—=R, (u,fv>:quv:Z U;;
i=1

with V=R,



