
MATH564 L09: Diffusion equation solutions 1/4

• Fundamental solution

• Diffusion of momentum and viscous flow



Fundamental solution of diffusion equation 2/4

• Diffusion equation ∂c/∂t= α∂2 c/∂x2

• Rewrite as an operator applied to the dependent variable

Dc= 0,D=
∂

∂t
−α

∂ 2

∂x2

• Similar to Fourier, Laplace transforms FLDc= 0⇒ iω ĉ + αk2 ĉ = (iω + k2)ĉ = 0

• The solution to Dc = δ (Dirac delta) is called the fundamental solution G

G =
1

2παt
√ Exp

[

− x2

4αt

]

, σ2 = 2αt

• The solution to Dc = f is c = G ∗ f =
∫∫

G(t− τ , x− y) f(τ , y) dτ dy



Diffusion and biology 3/4

• Spherical cell of radius a consumes O2 at rate R per unit volume and is supplied by diffusion
through surface of area A

αA
dc

dr
= V R⇒ dc

dr
=

Rr

3α

• Concetration of O2 at center of sphere is zero, and CO2
at r = a

∫

0

CO2

dc=

∫

0

aRr

3α
dr⇒CO2

=
Ra2

6α

• Biological values R = 0.3 µl/g/s, CO2
= 7 µl/cm3, α = 2× 10−5 cm/s

a2
=∼ 0.003 cm2⇒ a =∼ 0.5mm



Viscosity or diffusion of momentum 4/4

• Fick’s law describes diffusive transport of mass J =−α∂c/∂x

• Microscopic diffusion transports momentum and energy in addition to mass:

→ momentum diffusion: Stokes’ law τ = µ ∂u/∂y = ρν∂u/∂y = ν∂(ρu)/∂y

→ energy diffusion: Fourier’s law q =−k ∂T /∂x

• Resistance to flow in a pipe

Driving force= ∆pπr2 = τ 2πrl =Friction force

∆pπr2 =−µ
du

dr
2πrl⇒ u(r)=−∆p

4 lµ
r2 + C

at r = R, u(R) = 0⇒C =
∆p

4lµ
R2 (Poiseuille flow)⇒

u(r)=
∆p

4lµ
(R2− r2), Q=

∫

0

R

u(r) dS =
π∆pR4

8lµ


