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Overview

• Differentiation at multiple grid points

• Differentiation matrix as the discrete version of the differentiation operator



Derivatives at multiple grid points 2/5

• Consider f :R→R, sampled at {x0, x1, ..., xn}, fj ≡ f(xj), f = [ f0 ... fn ]T

• Evaluate f ′ at points {x0
′ , x1

′ , ..., xm
′ }, fj

′

=∼ f ′(xj
′), f ′ = [ f0

′ ... fm
′ ]T

• Finite difference formulas: derivative approximations as linear combinations

f ′= Df ,D = [dij], dij =
lj
′(xi

′)

lj(xj)
, lj(t) =

∏

k=0

n ′

(t−xk)

p(t)=
∑

j=0

n

fj ℓj(t)⇒ p′(t)=
∑

j=0

n

fj ℓj
′(t)

f ′(xi
′)=∼

∑

j=0

n

fj ℓj
′(xi

′) =
∑

j=0

n

fj

lj
′(xi

′)

lj(xj)



Centered first order differentiation matrix on uniform grid 3/5

• f :R→R, sampled at {x0, x1, ..., xn}, fj ≡ f(xj), f = [ f0 ... fn ]T

• Evaluate f ′ at points {x1, ..., xn−1}, fj
′

=∼ f ′(xj), f ′= [ f1
′ ... fn−1

′ ]T

• Centered finite difference fj
′

=∼ (fj+1− fj−1)/(2h)

f ′ = D2h f ⇒
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• Sampling at half interval: {x0, x1/2, ..., xn}, fj ≡ f(xj), f = [ f0 ... fn ]T

f ′ = Dh f ⇒
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Differentiation matrix = discrete differentiation operator 4/5

• Calculus: differentiation operator D = d/dt, higher order derivatives:

f (k)(t)=
dk

dtk
f(t)= Dk f = D(D(...D(f)))

• Similar properties hold for differentation matrices, e.g., f ′′= DhDh f

DhDh =
1

h2









−1 0 1
−1 0 1

···
···

···
−1 0 1

















−1 0 1
−1 0 1

···
···

···
−1 0 1









⇒

Dh
2 =

1

h2





1 0 −2 0 1
1 0 −2 0 1

···
···

···
···

···



⇒

fn
′′

=∼
fn−1− 2fn + fn+1

h2



Order of accuracy verification 5/5

• Applying Dh
2 to f leads to

fn
′′

=∼
fn−1− 2fn + fn+1

h2

• Taylor series analysis

fn+1 = f(xn+1) = fn + fn
′ ·h +

1

2
fn

′′

·h2 +
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