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Overview

� Spatial discretization of heat equation IBVP

� Choice of numerical scheme

¡ Forward Euler

¡ Backward Euler

¡ Trapezoid



Numerical PDE example: leap-frog in time, centered in space 2/4

� Consider the heat equation ut=uxx with initial, boundary conditions

u(0; x)= 1; u(t; 0)= 0; u(t; �)= 0:

This models a rod of length L=� at initial temperature u=1 which is cooled at its endpoints
to a temperature of u=0.

� Construct a numerical method by introducing a centered derivative approximation in space,
xj= jh, h=�/m

uxx(t; jh)=�
uj+1(t)¡ 2uj(t)+uj¡1(t)

h2
; j=1; :::;m¡ 1

� Replace above approximation in heat equation at x=xj

duj(t)
dt

=
uj+1(t)¡ 2uj(t)+uj¡1(t)

h2
; j=1; :::;m¡ 1



Numerical PDE example: leap-frog in time, centered in space 3/4

� Obtain a system of ODEs

du
dt

=Du;u=

24 u1
���
um¡1

35
� The differentiation matrix is

D=
1
h2

2666666664
¡2 1
1 ¡2 1

��� ��� ���
1 ¡2 1

1 ¡2

37777777752R(m¡1)�(m¡1)

has eigenvalues

�l=¡
4
h2

sin2
�
lh
2

�
; l=1; 2; :::;m¡ 1; h=�/m:

All eigenvalues are negative �l< 0.



Stability considerations 4/4

� Recall the stability regions of common ODE schemes

Figure 1. Common ODE scheme stability regions

� Based �l< 0 stable numerical solutions can be found for all the above schemes except leap-
frog
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