LINEAR ALGEBRA EXERCISES 1
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Exercise 1. Prove that for U unitary |U| =1

Exercise 2. Compute the singular value decomposition of Ro(#) € R?*2, a rotation matrix in the x| x-plane.

Exercise 3. Compute the singular value decomposition of R3 1(6) € R3*3, the rotation matrix in R? around the x; -axis.

Exercise 4. Compute the singular value decomposition of R, ;(§) € R, the rotation matrix in R" around the x;-axis.

Exercise 5. Establish the geometric significance of the matrix A = QR,, ;(6), Q unitary, R, ;(§) from above.

Exercise 6. Compute the singular value decomposition of A = QR,, ;(6), Q unitary, R, ;(6) from above.

Exercise 7. Prove that the singular values of A hermitian are the absolute value of its eigenvalues.

Exercise 8. For A € C"" invertible with singular value decomposition A =UX V*, determine the SVD of A linterms of U, X, V.
Exercise 9. ForAe R"™", Be RP*Y, p<m, g <n, B a submatrix of A, prove |B]|, <|A[j, for any p, 1 <p < co.

Exercise 10. Consider u,veV, 7" = (V,R, +,-) a vector space with norm induced by a scalar product l|® = (w,u). Prove that |u] =|v| =
(u+v) L(u—-v). Is the converse true?

Exercise 11. Let B ={uj,...,u,,} be an orthonormal basis for 7" = (V,R, +,-) with norm induced by a scalar product. Forx = 2;11 &iu;, prove
m
D 1E =l
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Exercise 12. Let € ={u,...,u,} be an orthonormal set for 7" = (V, R, +,-) with norm induced by a scalar product. For x = Z:’;l &iuj, prove

n
D 1gi =1l
i=1

Exercise 13. For A € R"™*", rank(A) =n <m, prove the QR factorization QR =A is unique with Q orthogonal, R upper triangular.
Exercise 14. For A € R skew-symmetric prove that U= (I -A)(I-A)™'= (I-A)~"'(I-A), and U is unitary.

Exercise 15. Prove that if P is an orthogonal projector then I —2P is unitary.
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