Vandermonde matrix

Mathematica

In[29] := V[n_] :=Table[Subscript[x, i]~j,{i, 0, n},{j, 0, n}];
n=3; nl=n+1; M=V [n]

1 xg 23 2
1z 2% 23
1 xo 23 23
1

Ty 3 23

In[30] := LU=Simplify[LUDecomposition[M]] [[1]]

1 To x? 3
1 x1—x 3 — a3 3 —ad

Xro—XT
SCE—SC? (xo_x2)(x1_x2) (x0_$2)($1—$2)(I0+I1+$2)

Xro— I3 (xo—xg)($3—$1)
To—T1 (560—562) ($2—$1)

—((wo — x3) (v3 — 1) (¥3 — 72))

In[31]:= L=Table[ If[i<j,LU[[j,i]1], Ifli==j, 1, 01]1,{j,1,n1},{i,1,n1}]

1 0 0 0

1 1 0 0

R 1 0
To— T1

ro—x3 (xo—x3) (r3— 1) |
To— T1 ($0—$2)(l'2—l'1)

In[32]:= U=Table[ If[i>=j,LU[[j,il1], 01,{j,1,n1},{i,1,n1}]

1 To 23 3

0 x1—x9 3 — 8 3 —

0 0 ($0—$2) (1'1—1'2) (1'0—1'2) ($1—$2) (l’o+l’1+l’2)
0 0 0 —((zo—x3) (v3 — 1) (T3 — 72))

In[33]:= Simplify[Expand[L.U]]
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In[36] := Linv=Simplify[Inverse[L]]

1 0 0 0
-1 1 0 0
xr1— T2 Tro — X0 1 0
To— 1 To—T1
(r1—ws) (v3—22) (ro—w3)(r2—23) (vo—w3)(21—-23) |
(o —71) (o —2) (w0—21) (T1—72) (20— 72) (12— T1)
In[37] := Uinv=Simplify[Inverse[U]]
1 dy) _ To X1 ToT1T2
To—T1 (930—172) (582—!131) (930—173) (553—!131) (933—172)
0 1 20+ 21  mxa+xo(r1+22)
1 — 2o (xo—xz) (Sﬂz—xl) ($0—$3) ($3—$1) ($3—$2)
0 0 1 To+ 11+ 22
(z0— 72) (71— 22) (zo — x3) (¥3 — 1) (73 — T2)
0 0 0 —

(zo — 23) (x3 — 1) (T3 — 22)
In[43]:= Simplify[{1,x,x~2,x~3}.Uinv]

{1 vo—x  (x—wx0)(x—11)  (v—m0) (v —m1) (7 —22) }

Txo— 1 (!L"o —582) (552 - 931)’ (550 - !133) (933 —551) (553 - !132)

In[44]:= Simplify[{1,x,x~2,x~3}.Uinv.Linv]

{ (z—x)(x—x2) (x—w3)  (x—wo)(®—x2)(x—w3)  (z—wo)(x—x1)(x—w3)
(w0 — 1) (T0—2) (o —13)" (w0 — 1) (71— 22) (v1—73)"  (T0— T2) (T2 — T1) (W2 — 73)’

_(@—a) (@ —a) (e~ ) }

(zo— 3) (23— 71) (T3 — 72)

In[45]:=

Transpose Vandermonde matrix

MT=(LU)"

In[2] := MT=Transpose [M]

1 1 1 1

To T1 T2 T3
23 22 23 23
3 .3 .3 .3

1 T I3



In[7]:= LUT=Simplify[LUDecomposition[MT]] [[1]]

1 1 1
i r1— 2o T2 — X T3 — X
xd To+ 11 (ro— x2) (x1 — x2) (ro—x3) (11 — x3)
3 2 2
0 $0+SII1SII0+$1 To+T1+ X9 —((xo—ilig) (5113—%1) (xg—ilig))

In[8]:= LT=Table[ If[i<j,LUT[[j,il]], If[i==j, 1, 0]1,{j,1,n1},{i,1,n1}]

0 0 0
1 0 0
To+ T 1 0

x4 $0+$1$0+I1 To+T1+T2 1

In[9] := UT=Table[ If[i>=j,LUT[[j,i]], 0],{j,1,n1},{i,1,n1}]

1 1
0 1 — X o — X T3 — X
0 0 ($0—$2) (1'1—1'2) (l’o—zg) ($1-l’3)
0 —((wo — x3) (w3 — 1) (¥3 — 22))

In[12] := Simplify[Expand[LT.UT]]

1 1 1 1
Tog T1 T2 T3
23 2?2 23 23

xy 27 w3 3

In[13]:= LTinv=Simplify[Inverse[LT]]

0 0
1 0
xoil?l —Xo— I 1

—ToX1 T2 $1$2+$0($1+$2> —Xog— T1— T2 1

o O O

In[14] := Factor /@ Evaluate[LTinv.{1,x,x"2,x"3}]
{1, 2 — o, (x — o) (x — 21), (x — w0) (¥ — 1) (x —22) }

In[15]:=

Compare factorizations of M, M7

In[17]:=
1 0 0 0
1 1 0 0
R — 1 0
To— T1

xo—x3 (wo—x3) (r3— 1)
To— T1 ($o—$2)($2—$1)




In[18]:= LT

1 0 0 0
i 1 0 0
SII% To+ 11 1 0

2 2
oy wd+tzivo+al vot+a+ag 1

In[19]:= U
L i 3
0 z1—x0 x4 — a8 x—
0 0 (SC() — 5112) (xl — $2> (xo — $2> (5121 — 5112) (xo + x4+ $2>
0 0 0 —((wo — 3) (w3 — 11) (23 — T2))

In[20] := Transpose [U]

(17 07 07 0* Lo, L1 — Xo, 07 0* .fl:%, I‘% - x%? ('rO - x2> (1‘1 - x2>> 0~ x%a xi{’ - I‘%, (.1:0 - .1:2) (.1:1 - .1:2) ($0+
21+ 22), —((zo — 23) (13— 21) (T3 — 12)))

In[21]:= L
1 0 0 0
1 1 0 0
R 0
To— T1
| To— 13 (xo—x3) (€3 —11) |
To— 1 (110—112)(1‘2—,1‘1)
In[22]:=
1 0 0 0
1z 2§ 3 11 0 0f1 = 5
1z 22 o3 |1 To— T2 1 0 0 z1—x 3 — g :
© 2 .3 |~ _ _ _ _ .
1 29 a3 x5 Zo—T1 0 0 (xo—x2) (11— m3)  (xo— 22) (71
1 x5 23 23 ] To— 3 (o — w3) (13— 21) 1 0 0 0 —((xog—3) (
ro—x1 (09— 12) (T2 —17)
Mathematica

In[22] := V[n_]:=Table[Subscript[x, i]~j,{i, 0, n},{j, O, n}]l;
n=1; nl=n+1; B=V[n]

15(20
15(21



In[24] := GaussJordan[B_] :=Module [{BI,m=Length[B],I},
BI = Transpose[Catenate[{Transpose[B],IdentityMatrix[m]}]];
For [k=1, k<m, k++,
For[i=k+1, i<=m, i++,
lik = -BI[[i,k]]1/BI[[k,k]];
For[j=1, j<=2m, j++,
BI[[i,j]] = Simplify[BI[[i,j]] + 1lik BI[[k,jl]]
15
15
15
For [k=m, k>1, k--,
For[i=1, i<k, i++,
lik = -BI[[i,k]]1/BI[[k,k]];
For[j=1, j<=2m, j++,
BI[[i,jl] = Simplify[BI[[i,jl] + 1lik BI[[k,jl]1]
15
15
15
Return[BI]
15
GaussJordan [B]
In[16]:= I=2

Set::wrsym: Symbol I is Protected.2
In[25] := V[3]

o v8 x}

X1 x% x?
Ty 73 T3

X3 f% f%

—_ = =

In[26]:= V[2]

1 29 23
1 x 22
1 xo 23

In[28] := Inversel[V[1]]

X1 Xo
xr1— Xo T1— o
1 1
T1—xop T1—Tg
In[29]:=

e The observations that lead to the Newton basis are also recovered by symbolic computa-
tion software that readily carries out the requisite LU calculations, exemplified here for



1 0 0 0
1wy a5 11 0 0lf1 = 3
1 2 22 o3 | g zo—® 1 0 z1—xo xi—
1 xy 23 23 To—T1 0 0 (xo— x3) (1 — 2)
1 w3 a3 a3 | To—xs (mo—wy)(zs—w) [\ 0 0 0

To— T1 (1'0—1'2) (1'2—1'1)

In[77]:= V[n_] :=Table[Subscript[x, i]~j,{i, 0, n},{j, 0, n}];
n=3; nl=n+1; M=V[n]; MT=Transpose[V[n]]

1 1 1 1
To T1 T2 T3
xg ol a3 a3

xy 27 w3 3

In[78] := LU=Simplify[LUDecomposition[M]] [[1]]

1 o 23 3
1 z1—x9 3 — a3 3 — x}

xro—XT
xz _ xj (SIIO — 5112) («Tl — $2) (xo — xQ) (:(;1 — ;(;2) (xo +x+ x2>

ro—w3 (w0—x3) (13— 71)

Tom1 (w0 m) (e m) (07T (@ m) (@)

In[79]:= L=Table[ If[i<j,LU[[j,i]1], Ifli==j, 1, 011,{j,1,n1},{i,1,n1}]

1 0 0 0

1 1 0 0

i 1 0
To— T1

| To— 3 (w0 — x3) (x3 — 1)

1
To— 1 ($0 — $2) (1'2 — 1'1)

In[80] := U=Table[ If[i>=j,LU[[j,i]1], 0],{j,1,n1},{i,1,n1}]

1 o 23 3

0 x1—x9 3 — 2 3 —ad

0 0 ($0—$2) (1'1—1'2) (1'0—1'2) ($1—$2) (l’o+l’1+l’2)
0 0 0 —((1'0—1'3) ($3—$1) (1'3—1'2))

In[81] := Simplify[Expand[L.U]]

1 zy 23
1 2 22 23
1 2o 23 23
1 ]

T3 T3 T

(z0 — 2) (21-

—((l’o—xza)(



In[59] := Linv=Simplify[Inverse[L]]

1 0 0 0
—Z 1 0 0
ToXq —Xo— T1 1 0

—ToX1T2 T1X2 + i) (1131 + 1'2) —Tog— T1— T2 1
In[74] := n=Factor /@ Evaluate[Linv.{1,x,x"2,x"3}]
{1,z — xo, (x — o) (x — 1), (x — x0) (x — 1) (x — 22) }

In[73] := Uinv=Simplify[Inverse[U]]

1 1 1 1
To— 71 (170—171) (930—172) (930—171) (550—!132) (930—173)
0 L 1 B 1
1 — Xo (Zlfo—l’l) (1'1—1132) (1'0—1131) (Zlfl—l'g) (1'1—1133)
0 0 1 B 1
(20— m2) (11— 22) (20 — 2) (x2 — 1) (T2 — 23)
1
0 0 0 —
(xo - 563) (563 - $1) ($3 - 562)
In[76] := Together /@ Evaluate[Uinv . n]

B (x — o) (. — x2)

—

T —I3)

{((:c—:cl) (x —x2) (x — x3)

To— 551) (550 - !132) (!L"o - 553) ’

_ (x — o) (x — 1) (x — x3)

(20— 21) (11— 2)

(@) (- )

—~

551—553)’

—~

(zo — x2) (T2 — 1) (T2 — 23)

In[77]:=

(zo—x3) (v3 — 1)

=

~—~



