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Preface

Linear algebra is an important gateway connecting elementary mathematics
to more advanced subjects, such as multivariable calculus, systems of dif-
ferential equations, differential geometry, and group representations. The
purpose of this work is to provide a treatment of this subject in sufficient
depth to prepare the reader to tackle such further material.

In Chapter 1 we define the class of vector spaces (real or complex) and
discuss some basic examples, including R™ and C", or, as we denote them,
F™, with F = R or C. We then consider linear transformations between
such spaces. In particular, we look at an m x n matrix A as defining a
linear transformation A : F* — F™. We define the range R(7) and null
space N(T') of a linear transformation 7' : V' — W. In §1.3 we define the
notion of basis of a vector space. Vector spaces with finite bases are called
finite dimensional. We establish the crucial property that any two bases of
such a vector space V' have the same number of elements (denoted dim V).
We apply this to other results on bases of vector spaces, culminating in the
“fundamental theorem of linear algebra,” that if T : V' — W is linear and
V is finite dimensional, then dim N (T) 4+ dim R(7") = dim V, and discuss
some of its important consequences.

A linear transformation T : V — V is said to be invertible provided it
is one-to-one and onto, i.e., provided N(T) = 0 and R(T) = V. In §1.5 we
define the determinant of such 7', det T' (when V is finite dimensional), and
show that T is invertible if and only if det 7" # 0. One useful tool in the study
of determinants consists of row operations and column operations. In §1.6
we pursue these operations further, and show how applying row reduction to
an m X n matrix A works to display a basis of its null space, while applying
column reduction to A works to display a basis of its range.

X1



xii Preface

In Chapter 2 we study eigenvalues \; and eigenvectors v; of a linear
transformation T : V' — V, satisfying Tv; = A\jv;. Results of §1.5 imply
that A; is a root of the “characteristic polynomial” det(Al — T). Section
2.2 extends the scope of this study to a treatment of generalized eigen-
vectors of T, which are shown to always form a basis of V', when V is a
finite-dimensional complex vector space. This ties in with a treatment of
properties of nilpotent matrices and triangular matrices, in §2.3. Combining
the results on generalized eigenvectors with a closer look at the structure
of nilpotent matrices leads to the presentation of the Jordan canonical form
for an n X n complex matrix, in §2.4.

In Chapter 3 we introduce inner products on vector spaces and endow
them with a Euclidean geometry, in particular with a distance and a norm.
In §3.2 we discuss two types of norms on linear transformations, the “opera-
tor norm” and the “Hilbert-Schmidt norm.” Then, in §§3.3-3.4, we discuss
some special classes on linear transformations on inner product spaces: self-
adjoint, skew-adjoint, unitary, and orthogonal transformations. In §3.5 we
establish a theorem of Schur that for each n x n matrix A, there is an or-
thonormal basis of C™ with respect to which A takes an upper triangular
form. Section 3.6 establishes a polar decomposition result, that each n x n
complex matrix can be written as K P, with K unitary and P positive semi-
definite, and a related result known as the singular value decomposition of
a complex matrix (square or rectangular).

In §3.7 we define the matrix exponential e*4, for A € M(n,C), so that
z(t) = e!tv solves the differential equation dx/dt = Az, x(0) = v. We
produce a power series for e!4 and establish some basic properties. The
matrix exponential is fundamental to applications of linear algebra to ODE.
Here, we use this connection to produce another proof that if Aisann xn
complex matrix, then C™ has a basis consisting of generalized eigenvectors
of A. The proof given here is completely different from that of §2.2.

Section 3.8 takes up the discrete Fourier transform (DFT), acting on
functions f : Z — C that are periodic, of period n. This transform diag-
onalizes an important class of operators known as convolution operators.
This section also treats a fast implementation of the DFT, known as the
Fast Fourier Transform (FFT).

Chapter 4 introduces some further basic concepts in the study of linear
algebra on real and complex vector spaces. In §4.1 we define the dual space
V' to a vector space. We associate to a linear map A : V' — W its transpose
At : W’ — V' and establish a natural isomorphism V ~ (V’)’ when dim V' <
00. Section 4.2 looks at convex subsets of a finite-dimensional vector space.
Section 4.3 deals with quotient spaces V/W when W is a linear subspace of
V.
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In §4.4 we study positive matrices, including the important class of sto-
chastic matrices. We establish the Perron-Frobenius theorem, which states
that, under a further hypothesis called irreducibility, a positive matrix has a
positive eigenvector, unique up to scalar multiple, and draw useful corollaries
for the behavior of irreducible stochastic matrices.

Chapter 5 deals with multilinear maps and related constructions, includ-
ing tensor products in §5.2 and exterior algebra in §5.3, which we approach
as a further development of the theory of determinants, initiated in §1.5.
Results of this chapter are particularly useful in the development of differ-
ential geometry and manifold theory, involving studies of tensor fields and
differential forms.

In Chapter 6 we extend the scope of our study of vector spaces, adding
to R and C more general fields F. We define the notion of a field, give
a number of additional examples, and describe how results of Chapters 1,
2, 4, and 5 extend to vector spaces over a general field F. Specific fields
considered include both finite fields, such as Z/(p), and fields of algebraic
numbers. In §6.2 we show that the set A of algebraic numbers, which are
roots of polynomials with rational coefficients, are precisely the eigenvalues
of square matrices with rational entries. We use this, together with some
results of §5.2, to obtain a proof that A is a field, different from that given
in §6.1. This line is carried forward in the next chapter, where we identify
the ring of algebraic integers with the set of eigenvalues of square matrices
with integer entries.

In Chapter 7 we extend the scope of linear algebra further, from vector
spaces over fields to modules over rings. Specific rings considered include
the ring Z of integers, rings of polynomials, and matrix rings. We discuss R-
linear maps between two R-modules, for various rings R, with an emphasis
on commutative rings with unit. We pay particular interest, in §7.2, to
modules over principal ideal domains (PIDs). Examples of PIDs include
both Z and polynomial rings F[t]. In §7.3 we revisit results obtained in
§2.2 and §2.4 on generalized eigenspaces and the Jordan canonical form for
A € L(V), and show how they follow from results on the structure of R-
modules in §7.2, when R = F[t].

Section 7.5 introduces the class of Noetherian rings and the associated
class of Noetherian modules. This class of rings, defined by a certain finite-
ness condition, contains the class of PIDs. It also contains other important
classes of rings, in particular polynomial rings in several variables, thanks to
a fundamental result known as the Hilbert basis theorem. Section 7.6 treats
unique factorization domains (UFDs), and shows that this class of rings
shares with the class of Noetherian rings the property of being preserved
under passing from R to R[z].
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In Chapter 8 we encounter a sample of special structures in linear alge-
bra. Section 8.1 deals with quaternions, objects of the form a + bi + ¢j + dk
with a,b,c,d € R, which form a noncommutative ring H, with a number
of interesting properties. In particular, the quaternion product captures
both the dot product and the cross product of vectors in R3. We also dis-
cuss matrices with entries in H, with special attention to a family of groups
Sp(n) C M(n,H).

Section 8.2 discusses the general concept of an algebra, an object that is
simultaneously a vector space over a field IF and a ring, such that the product
is F-bilinear. Many of the rings introduced earlier, such as £(V') and H, are
algebras, but some, such as Z and Z][t], are not. We introduce some new
ones, such as the tensor algebra ®*V associated to a vector space, and the
tensor product A ® B of two algebras. Properly speaking, these algebras are
associative algebras. We briefly mention a class of nonassociative algebras
known as Lie algebras, and another class, known as Jordan algebras.

Section 8.3 treats an important class of algebras called Clifford algebras.
These are intimately related to the construction of a class of differential
operators known as Dirac operators. Section 8.4 treats an intriguing nonas-
sociative algebra called the algebra of octonions (or Cayley numbers). We
discuss similarities and differences with the algebra of quaternions, and also
examine its particularly intriguing group of automorphisms.

We end with some appendices, treating some background material as well
as complementary topics. Appendix A.1 gives a proof of the Fundamental
Theorem of Algebra, that every nonconstant polynomial with complex co-
efficients has complex roots. This result has several applications in §2.1 and
§2.2. Appendix A.2 takes up the notion of averaging a set of rotations. We
produce the “average” as a solution to a minimization problem.

Appendix A.3 brings up another algebraic structure, that of a group.
It describes how various groups have arisen in the text, and presents some
general results on these objects, with emphasis on two classes of groups:
infinite matrix groups like G¢(n,R) on the one hand, and groups like the
permutation groups S,, which are finite groups, on the other. We cap our
treatment of basic results on groups with a discussion of an application to a
popular encryption scheme, based on a choice of two large prime numbers.

Appendix A.4 produces new fields F from old fields, constructed so that
a polynomial P € F[z] without roots in F will have roots in F. In particular,
we obtain all finite fields in this fashion, proceeding from the fields Z/(p).
Material in this appendix provides a further arsenal of fields to which the
results of Chapter 6 apply, and also puts the reader in a position to tackle
treatments of Galois theory.
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The material presented in this text could serve for a two semester course
in linear algebra. For a one semester course, I recommend a straight shot
through Chapters 1-4, with attention to Appendices A.1 and A.3. Material
in Chapters 5—7 and a selection from Chapter 8 and the appendices could
work well in a second semester course. To be sure, there is considerable
flexibility in the presentation of this material. For example, one might move
the treatment of vector spaces over general fields way up, to follow Chapter
2 directly. In any case, I encourage the student/reader to sample all the
sections, as an encounter with the wonderful mathematical subject that is
linear algebra.

We point out some distinctive features of this treatment of linear algebra.

1) Basics first. We start with vector spaces over the set R of real numbers
or the set C of complex numbers, and linear transformations between such
vector spaces. Thus the reader who has seen multivariable calculus should
be comfortable with the setting of the early chapters. We treat the two
cases simultaneously, and use the label F to apply either to R or to C, as
the occasion warrents. This is a forward-looking strategy, since we will later
on consider vector spaces over general fields, denoted F, and the reader can
appreciate the early material on this more general level with minimal effort.

2) Development of determinants. The determinant is a fundamental tool
in linear algebra. Many treatments of this topic start with a complicated
formula, involving a sum of products of matrix entries, as a proposed defi-
nition of the determinant, and this is rightly seen as off-putting. However,
there is a better way. Section 1.5 establishes that there is a unique function
¥ M(n,F) — F, satisfying three simple rules, and this defines the deter-
minant. A straightforward application of these rules leads to the formula
mentioned above, but one does not have to remember this formula, just the
3 simple rules. They lead directly to essential results, such as multiplicativ-
ity, det AB = (det A)(det B), and also invariance of the determinant under
certain column operations. That nasty formula does have one simple, useful
consequence, namely det A = det A?, which also allows one to bring in row
operations.

3) Contact with geometry and analysis. We get into metric properties of
linear spaces in Chapter 3, and associate norms both to elements of a vec-
tor space and to linear transformations. We draw parallels between metric
properties of inner product spaces and n-dimensional Euclidean geometry.
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One use of norms is to be able to treat infinite series of linear transforma-
tions, in particular the matrix exponential, which ties in with systems of
differential equations.

4) Going beyond basics. After Chapter 4 we start to extend the scope of
linear algebra beyond the study of linear transformations between a pair of
real or complex vector spaces.

We look at multilinear algebra, the study of multilinear maps on an n-
tuple of vector spaces, i.e., maps that are linear in each of the n arguments.
Actually such an object arose in §1.5, the determinant, which, acting on an
n X n matrix, was analyzed as acting on an n-tuple of column vectors. In
Chapter 5 we take this further, and tie in theories of multilinear maps with
tensor products and exterior algebras, the latter topic directly extending the
theory of the determinant.

Next, we look at vector spaces over general fields, a concept defined
in Chapter 6. The way we set up the earlier chapters, once we define the
concept of a field, F, most of the material of Chapters 1, 2, 4, and 5 extends
in a straightforward fashion to this more general setting.

The next step extends the theory of vector spaces over a field to that of
modules over a ring, taken up in Chapter 7. Substantially new phenomena
arise in this expanded setting. Some of the constructions here feed back to
material of Chapter 6, in that the theory of rings provides further material
on the theory of fields.

Acknowledgments. Thanks to Robert Bryant for useful conversations
related to various topics treated here, particularly regarding octonions.

During the preparation of this book, my research has been supported by a
number of NSF grants, most recently DMS-1500817.



Some basic notation

R is the set of real numbers.

C is the set of complex numbers.

7Z is the set of integers.

77 is the set of integers > 0.

N is the set of integers > 1 (the “natural numbers”).

Q is the set of rational numbers.

r € R means x is an element of R, i.e., = is a real number.
(a,b) denotes the set of z € R such that a < x < b.

[a, b] denotes the set of = € R such that a <z <b.

{z € R:a <z < b} denotes the set of z in R such that a <z <b.
[a,b) ={z € R:a <z <b}and (a,b) ={r € R:a <z <b}.

xvil



xviii Some basic notation

z=x—iyifz=ax+iyeC, z,y eR.

f : A — B denotes that the function f takes points in the set A to points
in B. One also says f maps A to B.

T — xo means the variable z tends to the limit xg.



Chapter 1

Vector spaces, linear
transformations, and
matrices

This chapter introduces the principal objects of linear algebra and develops
some basic properties. These objects are linear transformations, acting on
vector spaces. A vector space V possesses the operations of vector addition
and multiplication by a scalar (a number, real or complex); that is, one has

u,v€eEV, a€eF=u+wv, aveV.

Here, F stands for either R (the set of real numbers) or C (the set of complex
numbers). In Chapter 6 we will bring in more general classes of scalars. A
linear transformation is a map 7' : V — W between two vector spaces that
preserves these vector operations.

Basic cases of vector spaces are the familiar Euclidean spaces R™ and
their complex counterparts. In these cases a vector is uniquely specified by
its components. More generally, vector spaces have bases, in terms of which
one can uniquely expand a vector. We show in §1.3 that any two bases of
a vector space V have the same number of elements. This number is called
the dimension of V', and denoted dim V.

Two basic objects associated to a linear transformation 7' : V. — W are
its null space,

N(T)={veV:Tv=0}
and its range,
R(T)={Tv:veV}

’AI



2 1. Vector spaces, linear transformations, and matrices

These subspaces of V' and W, respectively, are also vector spaces. The
“fundamental theorem of linear algebra” is an identity connecting dim N'(T),
dimR(T), and dim V.

Matrices provide a convenient representation of linear transformations.
A matrix is a rectangular array of numbers,

ailr -+ Qln

A=
Gm1 °° amn

We say A is an m x n matrix and write A € M(m x n,F), if the entries a,
of A are elements of F. In case m = n, we say A € M(n,F). Horizontal
arrays in A are called rows, and vertical arrays are called columns. The
composition of linear transformations can be expressed in terms of matrix
products.

One fundamental question is how to determine whether an n xn matrix is
invertible. In §1.5 we introduce the determinant, and show that A € M (n,F)
is invertible if and only if det A # 0. We introduce the determinant by three
simple rules. We show that these rules uniquely specify the determinant,
and lead to a formula for det A as a sum of products of the entries aj;
of A. An important ingredient in our development of the determinant is
an investigation of how det A transforms when we apply to A a class of
operations called row operations and column operations.

Use of these operations is explored further in §1.6. One application
is to a computation of the inverse A~!, via a sequence of row operations.
This is called the method of Gaussian elimination. Going further, for A €
M(m x n,F), we show that the null space N(A) is invariant under row
operations and the range R(A) is invariant under column operations. This
can be used to construct bases of N'(A) and of R(A).

The process of applying a sequence of row operations to an invertible
n X n matrix A to compute its inverse has the effect of representing A as a
product of matrices of certain particularly simple forms (cf. (1.6.12)). We
also make use of this in §1.6 to derive the following geometrical interpretation
of the determinant of an invertible matrix A € M (n,R). Namely, if O C R"
is a bounded open set,

Vol(A(Q2)) = | det A| Vol(€2).
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1.1. Vector spaces

Vector spaces arise as a natural setting in which to make a mathematical
study of multidimensional phenomena. The first case is the Euclidean plane,
which, in the Cartesian system, consists of points that are specified by pairs
of real numbers,

(1.1.1) v = (v1,v2).

We denote the Cartesian plane by R2. Similarly, the three-dimensional
space of common experience can be identified with R3, the set of triples
v = (v1, v2,v3) of real numbers.

More generally we have n-space R™, whose elements consist of n-tuples
of real numbers:

(1.1.2) v=(v1,...,0p).
There is vector addition; if also w = (wy,...,w,) € R™,
(1.1.3) v+w=(vy +wi,..., 0+ wy).

There is also multiplication by scalars; if a is a real number (a scalar),
(1.1.4) av = (avy, ..., avy).
Figure 1.1.1 illustrates these vector operations on the Euclidean plane R2.

We could also use complex numbers, replacing R™ by C", and allowing
a € Cin (1.1.4). Recall that a complex number z € C has the form z =
r+ 1y, z,y € R. If also w = u + iv, we have
(1.1.5) z+w=(x+u)+ily +v),
similar to vector addition on R?. In addition, there is complex multiplica-
tion,

2w = (z +iy)(u + iv)

(1.1.6) ,
= (zu — yv) +i(zv + yu),

governed by the rule
(1.1.7) it = —1.
See Figure 1.1.2 for an illustration of the operation z + iz in the complex
plane C.
We will use F to denote R or C.

Above we represented elements of F™ as row vectors. Often we represent
elements of F™ as column vectors. We write

U1 avy + wy
(1.1.8) v=1| |, avt+w=

Un avy, + Wy,
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(3/2)w V4w

Figure 1.1.1. Vector operations on R?

There are other mathematical objects that have natural analogues of
the vector operations (1.1.3)—(1.1.4). For example, let I = [a,b] denote an
interval in R and let C(I) denote the set of functions f : I — F that are
continuous. We can define addition and multiplication by a scalar on C(I)
by
(1.1.9) (f +9)(x) = f(z) +9(z), (af)(zx)=af(x).

Similarly, if k& is a positive integer, let C*(I) denote the set of functions
f : I — F whose derivatives up ot order k exist and are continuous on I.
Again we have the “vector operations” (1.1.9). Other examples include P,
the set of polynomials in z, and P,, the set of polynomials in x of degree

< n. These sets also have vector operations given by (1.1.9). In the case of
polynomials in P,,,

f(x) = apz" +--- + a12 + aop,
9(z) = baa™ + -+ + by + b,
the formulas (1.1.9) also yield
(f +9)(@) = (an +bp)2" + - + (a1 + br)x + (a0 + bo),
(cf)(x) = canz™ + - - - + ca1z + cap,
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%3

Figure 1.1.2. Multiplication by i in C

closely parallel to (1.1.3)—(1.1.4).
The spaces just described are all examples of vector spaces.

We define this general notion now. A wvector space over F is a set V,
endowed with two operations, that of vector addition and multiplication
by scalars. That is, given v,w € V and a € F, then v + w and av are
defined in V. Furthermore, the following properties are to hold, for all
u,v,w €V, a,b € F. First there are laws for vector addition:

(1.1.10)  Commutative law : u+v=10v+u,

(1.1.11) Associative law  : (u4v)+w=u+ (v+w),
(1.1.12) Zero vector J0eV, v+0=nw,
(1.1.13) Negative : I —wv, v+ (—v) =0.

Next there are laws for multiplication by scalars:

(1.1.14) Associative law  : a(bv) = (ab)v,
(1.1.15) Unit 1-v=w.
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Finally there are two distributive laws:

(1.1.16) alu+v) = au+av,
(1.1.17) (a+bu = au+ bu.

The eight rules just set down are rules that, first of all, apply to the cases
V =R and V = C, and as such are familiar rules of algebra in that setting.
One can readily verify these rules also for R” and C”, and for the various
function spaces such as C*(I) and P,, with vector operations defined by
(1.1.9),

A number of other simple identities are automatic consequences of the
rules given above. Here are some, which the reader is invited to verify:

v4+w=v=w=0,
v+0-v=(140)v =m0,
0-v=0,
v4+w=0=w= -0,
v+ (-1)v=0-v=0,

(1.1.18)

We mention some other ways to produce vector spaces. For one, we say
a subset W of a vector space V is a linear subspace provided

(1.1.19) w; € W, a; € F = ajwy + aswo € W.

Then W inherits the structure of a vector space. For example, C*(I) is a
linear subspace of C*(I) if k > ¢, and P,, is a linear subspace of P, if n < m.
Further examples of linear subspaces will arise in subsequent sections. This
notion will be seen to be a fundamental part of linear algebra.

A further class of vector spaces arises as follows, extending the construc-
tion of F™ as n-tuples of elements of F. To begin, let Vi,...,V, be vector
spaces (over F). Then we define the direct sum

(1.1.20) Vie---aV,
to consist of n-tuples
(1.1.21) v=(vi,...,0), v; €V

If also w = (w1, ..., wy) with w; € Vj, we define vector addition as in (1.1.3)
and multiplication by a € F as in (1.1.4). The reader can verify that the
direct sum V so defined satisfies the conditions for being a vector space.
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Exercises

1. Show that the results in (1.1.18) follow from the basic rules (1.1.10)—
(1.1.17).

Hint. To start, add —v to both sides of the identity v + w = v, and take
account first of the associative law (1.1.11), and then of the rest of (1.1.10)—
(1.1.13). For the second line of (1.1.18), use the rules (1.1.15) and (1.1.17).
Then use the first two lines of (1.1.18) to justify the third line...

2. Demonstrate that the following results hold for every vector space V.
Takea e F, veV.
a-0=0¢€V,

a(—v) = —av.
Hint. Feel free to use the results of (1.1.18).

Let V' be a vector space (over F) and W, X C V linear subspaces. We say

(1.1.22) V=W+X
provided each v € V' can be written

(1.1.23) v=w+z, weW, zelX.
We say

(1.1.24) V=WaolX

provided each v € V' has a unique representation (1.1.23).

3. Show that
V=WopX<V=W+X and WNX=0.

4. Take V = R3. Specify in each case below whether V = W + X and
whether V =W ¢ X.

W={(z,y,2): 2=0}, X ={(z,y,2): 2 =0},
W:{(xvyvz):z:()}a X:{(xvyaz):x:y:0}>
W ={(z,y,2) : 2=0}, X ={(z,y,2):y=2z=0}.

5. If Vi,...,V, are linear subspaces of V, extend (1.1.22) to the notion
(1.1.25) V=Vit+- - +Vy
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and extend (1.1.24) to the notion that
(1.1.26) V=V - & V.

6. Compare the notion of Vi @ --- @V, in Exercise 5 with that in (1.1.20)-
(1.1.21).
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1.2. Linear transformations and matrices

If V and W are vector spaces over F (R or C), a map

(1.2.1) T:V—W

is said to be a linear transformation provided

(1.2.2) T(aivi + agv2) = a1Tvr + agTve, Vaj; €F, v; € V.

We also write T € L(V,W). In case V = W, we also use the notation
LV)=L(V,V).
Linear transformations arise in a number of ways. For example, an mxn
matrix, i.e., a rectangular array
ail - Qip
(1.2.3) A= : I
Gm1 *°° amn

with entries in F, defines a linear transformation

(1.2.4) A:F" — F™,
by
ap o aip by Ya1eby
(1.2.5) : : = :
Gml - Qmn bn, Yiameby

We say A € M(m x n,F) when A is given by (1.2.3). If m = n, we say
A e M(n,F).

See Figure 1.2.1 for an illustration of the action of the transformation

(1.2.6) AR R2 A= (_31 _31> ,

showing the distinguished vectors e; = (1,0)! and es = (0,1)!, and their
images Aei, Aey. We also display the circle 2 + y?> = 1 and its image
under A. A further examination of the structure of linear transformations
in Chapter 2 will lead to Figure 2.1.1, displaying additional information on
the behavior of this transformation.

We also have linear transformations on function spaces, such as multi-
plication operators

(1.2.7) My : C*(I) — Ck(I), Myg(z) = f(z)g(2),
given f € C¥(I), I = [a,b], and the operation of differentiation:
(1.2.8) D:CMYI) — C*(I), Df(z) = f'(z).
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A€2

€2

By
N

Figure 1.2.1. Action of the linear transformation A in (1.2.6)

We also have integration:

(1.2.9) Z:CHI)— C*(1), If(x)= / f(y) dy.
Note also that
(1.2.10) D :Pyi1 — Pry I:Pr— Prti,

where Py denotes the space of polynomials in = of degree < k.

Two linear transformations T; € L(V, W) can be added:

(1211) TW+Tr:V— W, (Tl + TQ)U =Thv+ Thv.
Also T € L(V,W) can be multiplied by a scalar:
(1.2.12) al' : V. — W, (aT)v = a(Tv).

This makes L(V, W) a vector space.

We can also compose linear transformations S € L(W, X), T € L(V,W):
(1.2.13) ST:V — X, (ST)v=S(Tv).
For example, we have

(1.2.14) MD : C**H(I) — C*(I), M;Dg(z) = f(z)d (z),
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given f € C¥(I). When two transformations

(1.2.15) A:F"—TF™, B:F* —F"
are represented by matrices, e.g., A as in (1.2.3)—(1.2.5) and
buin - b
(1.2.16) B=1]: I
bot o bk
then
(1.2.17) AB:FF — ™
is given by matrix multiplication:
Yaibe -+ Naiebe
(1.2.18) AB = : :
Yameber 0 Xameber

For example,

a1 a1z (b1n b2 _ [a11bi1 + aizba1r  aiibiz + a12b22
(1.2.19) - .
a1 a ) \ba1 bao a21b11 + a22b21  a21b12 + az2bar

Another way of writing (1.2.18) is to represent A and B as

(1.2.20) A= (aij), B=(by),

and then we have

(1221) AB = (dij)a dij = Zaiﬁbﬁj-
(=1

To establish the identity (1.2.18), we note that it suffices to show the two
sides have the same effect on each e; € F* 1 < j < k, where ej is the
column vector in F* whose jth entry is 1 and whose other entries are 0.
First note that
blj
(1.2.22) Bej=| : |,
bnj
which is the jth column in B, as one can see via (1.2.5). Similarly, if D
denotes the right side of (1.2.18), De; is the jth column of this matrix, i.e.,
Yayebej
(1.2.23) De;j = :
Zamgbgj
On the other hand, applying A to (1.2.22), via (1.2.5), gives the same result,
so (1.2.18) holds.
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Associated with a linear transformation as in (1.2.1) there are two special
linear spaces, the null space of T" and the range of T. The null space of T is

(1.2.24) N(T)={veV:Tv=0},
and the range of T' is
(1.2.25) R(T)={Tv:veV}.

Note that N(T) is a linear subspace of V and R(T) is a linear subspace of
W. If N(T') = 0 we say T is injective; if R(T) = W we say T is surjective.
Note that T is injective if and only if T is one-to-one, i.e.,

(1.2.26) Tvy = Tvy — v1 = .

If T is surjective, we also say T is onto. If T is one-to-one and onto, we say
it is an isomorphism. In such a case the inverse

(1.2.27) VW —V
is well defined, and it is a linear transformation. We also say T is invertible,
in such a case.

We illustrate the notions of surjectivity and injectivity with the following
example. Take P, the space of polynomials of degree < n (with coefficients
in F). Pick distinct points a; € F, 1 < j <n+1, and define

P(a1)
(1.2.28) Es: P, —F"" Egp= :
p(an+1)
Here S = {ai,...,an+1}. Here is our surjectivity result.

Proposition 1.2.1. The map Es in (1.2.28) is surjective.
Proof. For j € {1,...,n+ 1}, define ¢; € P, by
(1.2.29) g;(t) =[]t - an).

U£j

Then
(1.2.30) gjlag) =0 <=k # j.
We can define
(1.2.31) Fg:F"tl — p,
by

b1 n+1 b,
(1.2.32) Fs| : | = —qj,

]Z;: gj(aj) ™
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and see from (1.2.30) that

by
(1.2.33) p=Fs| = p(ag) =bk, Vk € {1,...,n+1}.
bp+1
In other words,
(1.2.34) EqFg =1 on F"i
This establishes surjectivity. O

The formula (1.2.32) for Fg, satisfying (1.2.33), is called the Lagrange
interpolation formula.

As a companion to Proposition 1.2.1, we have
Proposition 1.2.2. The map Eg in (1.2.28) is injective.
Proof. A polynomial p € P,, belongs to N(FEg) if and only if
(1.2.35) pla;) =0, Vjie{l,...,n+1}.

Now we can divide t — a; into p(t), obtaining p; € P,—1 and r1 € Py such
that

(1.2.36) p(t) = (t —a1)pi(t) + 71,

and plugging in ¢t = ay yields r; = 0, so in fact

(1.2.37) p(t) = (t— a)pi(t), p1€ Py,

Proceeding inductively, we have

(1.2.38) p(t) = (t—a1) - (t = an)pn, pn € Po,

SO

(1.2.39) plant1) =0=p,=0=p=0,

and we have injectivity. O

REMARK. In §1.3 we will see that P, and F"*! both have dimension n + 1,
and hence, as a consequence of the fundamental theorem of linear algebra,
injectivity of Fg and surjectivity of Fg are equivalent. At present, we have
from Propositions 1.2.1-1.2.2 that E§1 = Fg, hence

(1.2.40) FsEs =1 on Pn
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Exercises

1. Using the definitions given in this section, show that the linear system of

equations
ax + by = u,

cx+dy=wv
is equivalent to the matrix equation

(¢ ) G)=C)

2. Consider A, B : R? — R3, given by

010 000
A=[0 0 1|, B=|[1 0 0
000 010

Compute AB and BA.

3. In the context of Exercise 2, specify

N(A), N(B), R(A), R(B).

4. We say two n x n matrices A and B commute provided AB = BA. Note
that AB # BA in Exercise 2. Pick out the pair of commuting matrices from

this list:
0 -1 1 0 1 -1
1 0)° 0o -1/’ 1 1)

5. Let A € M(n,F). Define A* for k € Z* by
AV=7, Al=A, A= AAF
Show that A commutes with A for each k. (Hint. Use associativity.)

6. Show that (1.2.5) is a special case of matrix multiplication, as defined by
the right side of (1.2.18).

7. Show, without using the formula (1.2.18) identifying compositions of
linear transformations and matrix multiplication, that matrix multiplication
is associative, i.e.,

(1.2.41) A(BC) = (AB)C,
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where C : F¢ — F¥ is given by a k x ¢ matrix and the products in (1.2.41)
are defined as matrix products, as in (1.2.21).

8. Show that the asserted identity (1.2.18) identifying compositions of linear
transformations with matrix products follows from the result of Exercise 7.
Hint. (1.2.5), defining the action of A on F”, is a matrix product.

9. Define the transpose of an m x n matrix A = (a;) to be the n xm matrix
A" = (ay;). Thus, if A is as in (1.2.3)—(1.2.5),

ail o Gml
(1.2.42) Al =
Qln " Omn

For example,

1 2
a-(aa) mao(L30)
5 6

Suppose also B is an n X k matrix, as in (1.2.16), so AB is defined, as in
(1.2.17). Show that

(1.2.43) (AB)! = B'A".

10. Let

2
A=(1 2 3), B=|0
2

Compute AB and BA. Then compute A'B! and B! A’

11. Let A, B,C' be matrices satisfying C = AB. Denote by by the kth
column of B, cf. (1.2.22), and similarly let aj, and ¢; denote the kth columns
of A and C, respectively. Using the identity cjr = ), ajebe, verify the
following formulas for the kth column of C"
(1.2.44) cp, = Abp, ¢ = Zb@kag.

‘

Note that the second identity represents the kth column of C as a linear
combination of the columns of A, with coefficients coming from the kth
column of B.

12. With D and Z given by (1.2.8)—(1.2.9), compute DZ and ZD. Specify
N(D), N(I), R(D), R(I).
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NoTE. Calculations of DZ and ZD bring in the fundamental theorem of
calculus.

13. As a variant of Exercise 12, define
T:C(I)eCl(I) — C(I)eC(I), T(g,f)=(DfTg).

Here the direct sum C(I)@C(I) is defined as in (1.1.20)—(1.1.21). Compute
T2. Also, specify

N(T), N(T?), R(T), R(T?).
14. For another variant, define
E.CYI)—C)®F, Ef=(f,f(a)),

t
J:C(I)eF — CYI), JT(g,c)(t) = c+/ g(s)ds.
(Here I = [a,b].) Compute JE and EJ.

15. As an illustration of Propositions 1.2.1-1.2.2, specify the unique poly-
nomial p € P4 such that

p(]) = ) ] € {_2a_1707172}'
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1.3. Basis and dimension

Given a finite set S = {v1,...,v;} in a vector space V, the span of S,
denoted Span S, is the set of vectors in V' of the form

(1.3.1) c1v1 + -+ + CkUk,

with ¢; arbitrary scalars, ranging over F = R or C. This set, denoted
Span(S) is a linear subspace of V. The set S is said to be linearly dependent
if and only if there exist scalars ¢y, ...,cg, not all zero, such that (1.3.1)
vanishes. Otherwise we say S is linearly independent.

If {v1,..., v} is linearly independent, we say S is a basis of Span(95),
and that k is the dimension of Span(S). In particular, if this holds and
Span(S) =V, we say k = dim V. We also say V has a finite basis, and that
V is finite dimensional.

By convention, if V' has only one element, the zero element, we say V = 0
and dim V = 0.

It is easy to see that any finite set S = {v1,...,v,} C V has a maximal
subset that is linearly independent, and such a subset has the same span
as S, so Span(S) has a basis. To take a complementary perspective, S will
have a minimal subset Sy with the same span, and any such minimal subset
will be a basis of Span(.S). Soon we will show that any two bases of a finite-
dimensional vector space V have the same number of elements (so dim V' is
well defined). First, let us relate V to F¥.

So say V has a basis S = {v1,...,vr}. We define a linear transformation

Js:FF — v, by

(1.3.2) “
Ts =11+t CRUE.
Ck
Equivalently,
(1.3.3) Js(crer + -+ +ckeg) = crv1 + -+ - + cpvg,
where
1 0
(1.3.4) ! :
.. €1 — . yesesas , € = :
: 0
0 1
We say {e1,...,ex} is the standard basis of F¥. The linear independence of

S is equivalent to the injectivity of Jg and the statement that S spans V is
equivalent to the surjectivity of Jg. Hence the statement that S is a basis
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of V is equivalent to the statement that Jg is an isomorphism, with inverse
uniquely specified by

(1.3.5) js_l(clvl + - 4 cgug) = creg + - - + cpep.

We begin our demonstration that dim V' is well defined, with the follow-
ing concrete result.

Lemma 1.3.1. Ifvy,...,vpqq are vectors in F¥, then they are linearly de-
pendent.

Proof. We use induction on k. The result is obvious if &k = 1. We can
suppose the last component of some v; is nonzero, since otherwise we can
regard these vectors as elements of F¥~1 and use the inductive hypothe-
sis. Reordering these vectors, we can assume the last component of v, is
nonzero, and it can be assumed to be 1. Form

Wi = Vj — VU1, 1< J <k,

where v; = (vij, ... ,fukj)t. Then the last component of each of the vectors
wi,...,ws is 0, so we can regard these as k vectors in FF~!. By induction,
there exist scalars a1, ..., ax, not all zero, such that

awy + -+ apwy =0,
so we have
aivi + -+ apvp = (@1vp + - -+ ApULE) Vit 1,

the desired linear dependence relation on {vy, ..., vg41}. O

With this result in hand, we proceed.

Proposition 1.3.2. IfV has a basis {v1,...,vx} with k elements and if the
set {wy,...,we} CV is linearly independent, then ¢ < k.

Proof. Take the isomorphism Js : F¥ — V described in (3.2)-(3.3). The
hypotheses imply that {Jg L, ..., Jg Ywy} is linearly independent in F*,
so Lemma 1.3.1 implies ¢ < k. O

Corollary 1.3.3. If V is finite-dimensional, any two bases of V' have the
same number of elements. If V is isomorphic to W, these spaces have the
same dimension.

Proof. If S (with #5S elements) and 1" are bases of V', we have #S < #T
and #1" < #S5, hence #S = #T. For the latter part, an isomorphism of V'
onto W takes a basis of V' to a basis of W. ([l

The following is an easy but useful consequence.
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Proposition 1.3.4. IfV is finite dimensional and W C V a linear subspace,
then W has a finite basis, and dim W < dim V.

Proof. Suppose {wi,...,ws} is a linearly independent subset of W. Propo-
sition 3.2 implies £ < dim V. If this set spans W, we are done. If not, there
is an element wyy1 € W not in this span, and {wi,..., w1} is a linearly
independent subset of W. Again £+ 1 < dim V. Continuing this process a
finite number of times must produce a basis of W. O

A similar argument establishes:

Proposition 1.3.5. Suppose V is finite dimensional, W C V' a linear sub-
space, and {wi,...,we} a basis of W. Then V has a basis of the form
{wy, ..., we,u1,...,up}, and £ +m =dimV.

Having this, we can establish the following result, sometimes called the
fundamental theorem of linear algebra.

Proposition 1.3.6. Assume V and W are vector spaces, V' finite dimen-
stonal, and

(1.3.6) AV —W
a linear map. Then
(1.3.7) dim N (A) + dimR(A) = dim V.

Proof. Let {wn,...,we} be a basis of N(A) C V, and complete it to a basis
{wy, ..., we, gy, up}

of V. Set L = Span{uy,...,un}, and consider

(1.3.8) Ag: L— W, Ag=A4|,.

Clearly w € R(A) = w = A(aiwy + -+ + apwy + biug + -+ + bpup,) =
AO(blul +---+ bmum)7 50

(1.3.9) R(Ay) = R(A).

Furthermore,

(1.3.10) N(Ap) =N(A)NL=0.

Hence Ap : L — R(Ap) is an isomorphism. Thus dimR(A) = dimR(Ag) =
dim L = m, and we have (1.3.7). O

The following is a significant special case.

Corollary 1.3.7. Let V be finite dimensional, and let A : V — V be linear.
Then

(1.3.11) A injective <= A surjective <= A isomorphism.



20 1. Vector spaces, linear transformations, and matrices

We mention that these equivalences can fail for infinite dimensional
spaces. For example, if P denotes the space of polynomials in z, then
M, : P = P (Myf(z) = xf(x)) is injective but not surjective, while
D:P— P (Df(x)= f(x)) is surjective but not injective.

Next we have the following important characterization of injectivity and
surjectivity.

Proposition 1.3.8. Assume V and W are finite dimensional and A :V —
W is linear. Then

(1.3.12) A surjective <= AB = Iy, for some B € L(W,V),
and
(1.3.13) A injective <= CA = Iy, for some C € LIW,V).

Proof. Clearly AB = I = A surjective and CA = I = A injective. We
establish the converses.

First assume A : V — W is surjective. Let {wi,...,w;} be a basis of
W. Pick v; € V such that Av; = w;. Set
(1.3.14) B(ajwy + -+ + agwy) = aqvy + - - - + agvy.
This works in (1.3.12).

Next assume A : V — W is injective. Let {v1,..., vt} be a basis of V.
Set wj = Avj. Then {w,...,wg} is linearly independent, hence a basis of
R(A), and we then can produce a basis {wi, ..., wg, u1, ..., Uy} of W. Set

(1.3.15) C(a1w1 + -+ apwg +biug + -+ bmum) = a1V + -+ agvg.
This works in (1.3.13). O

An m x n matrix A defines a linear transformation A : F* — F™, as in
(1.2.3)—(1.2.5). The columns of A are

ai;
(1.3.16) a; =
amj
As seen in §1.2,
(1.3.17) Aej = ajy,
where e, ..., e, is the standard basis of F". Hence
(1.3.18) R(A) = linear span of the columns of A,

SO

(1.3.19) R(A) =F" < ay,...,a, span F"".
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Furthermore,
n n
(1.3.20) A(Yejes) =0= > ¢ja; =0,
o =1
S0
(1.3.21) N(A) =0<«= {a1,...,a,} is linearly independent.

We have the following conclusion, in case m = n.
Proposition 1.3.9. Let A be an n x n matriz, defining A : F* — F™. Then
the following are equivalent:
A is invertible,
(1.3.22) The columns of A are linearly independent,
The columns of A span F™.

If (1.3.22) holds, then we denote the inverse of A by A~!. Compare
(1.2.27).

Exercises

1. Suppose {v1,..., v} is a basis of V. Show that
w; = v, Wg =71 +v, ... ,wj:v1+~--+vj, e G WE =01+ U

is also a basis of V.

2. Let V be the space of polynomials in « and y of degree < 10. Specify a
basis of V' and compute dim V.

3. Let V be the space of polynomials in z of degree < 5, satisfying p(—1) =
p(0) = p(1) = 0. Find a basis of V' and give its dimension.

4. Using Euler’s formula
(1.3.23) ' = cost +isint,

show that {e®,e~"} and {cost,sint} are both bases for the same vector
space over C. (See the end of §3.7 for a proof of Euler’s formula.)

5. Denote the space of m x n matrices with entries in F (as in (1.2.5)) by

(1.3.24) M(m x n,F).
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If m = n, denote it by
(1.3.25) M (n,F).
Show that
dim M (m x n,F) = mn,

especially
dim M (n,F) = n?.

6. If V and W are finite dimensional vector spaces, n = dim V', m = dim W,
what is dim £(V, W)?

Let V be a finite dimensional vector space, with linear subspaces W and X.
Recall the conditions under which V=W 4+ X or V=W & X, from §1.1.
Let {w1,...,w;} be a basis of W and {z1,...,z,} a basis of X.

7. Show that
V=W+X << {w,...,wg,x1,...,24} spans V
V=Wo&X < {wy,...,wg,x1,...,x¢} is a basis of V.

8. Show that
V=W+X=dmW +dimX >dimV,

V=WoX<+——WnNX=0 and dimW +dim X =dimV.

9. Produce variants of Exercises 7-8 involving V = V; + --- + V,, and
V=Vi® --®V,, asin (1.1.25)—(1.1.26).

10. Let Vj be finite-dimensional vector spaces over I, and define V1 ®---®V,
as in (1.1.20)—(1.1.21). Show that

dmVi@®--- @V, =dimV; +--- +dimV,,.

11. Let V be a vector space , W and X linear subspaces. Assume
n=dmV, k=dmW, {=dimX.
Show that
dmWnNX > (k+/{)—n.

Hint. Define T : WX — V by T'(w,x) = w—x. Show that WNX ~ N (T).
Then apply the fundamental theorem of linear algebra.

12. Let W be a vector space over C, with basis {w; : 1 < j < n}. Denote
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by W the set W, with vector addition unchanged, but with multiplication
by a scalar a restricted to a € R, so W is a vector space over R. Show that
{wj,iw; : 1 < j <n} is a basis of W. We write

dim¢ W =n, dimgW = 2n.

13. Let V be a finite-dimensional vector space over R. Assume we have
J € L(V) such that
JP=—1I
Define the action of a + b € C (with a,b € R) on V by
(a+1b)-v=av+bJv, veV.

Show that this yields a vector space over C. Call this complex vector space
V. Show that
dimc V =k = dimg V = 2k.

REMARK. We say that J endows V with a complex structure.

14. Let V be a real vector space. We define V¢ to be V & V, consisting of
ordered pairs (u,v), with u,v € V, and with multiplication by a complex
scalar a + ib € C given by
(a+1b) - (u,v) = (au — bv, bu + av).

Show that V¢ is a vector space over C. If we identify V' < V¢ by u — (u,0),
we can write

(u,v) = u + v,
and the action of multiplication by a + ib as

(a+1ib) - (u+iv) = (au — bv) +i(bu + av).
Show that
dimg V = n = dim¢ V¢ = n.
Finally, show that J € L(V & V), given by
J(uv U) = (U7 _u)7

produces the same conplex structure on V¢ as defined above.
REMARK. We call V¢ the complexification of V.
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1.4. Matrix representation of a linear transformation

We show how a linear transformation
(1.4.1) T:V —W

has a representation as an m X n matrix, with respect to a basis S =
{vi,...,vp} of V and a basis ¥ = {wy,...,wy,} of W. Namely, define
aij by

m
(1.4.2) Tv; =Y ajw;, 1<j<n
i=1

The matrix representation of T" with respect to these bases is then

ailr - Qip
(1.4.3) A=

Ami  Qmn
Note that the jth column of A consists of the coefficients of T'v;, when this
is written as a linear combination of wy, ..., w,,. Compare (1.2.22).

If we want to record the dependence on the bases S and X, we can write
(1.4.4) A= M3(T).
Equivalently given the isomorphism Jg : F* — V as in (3.2)—(3.3) (with n
instead of k) and its counterpart Jx, : F™ — W, we have
(1.4.5) A= MZ(T)=Jg ' TTs : F" — F™,
naturally identified with the matrix A as in (1.2.3)—(1.2.5).

The definition of matrix multiplication is set up precisely so that, if X
is a vector space with basis I' = {x1,...2,} and U : X — V is linear, then
TU : X — W has matrix representation

(1.4.6) ME(TU) = AB, B = M2(U).
Indeed, if we complement (1.4.5) with

(1.4.7) B =J5'UJr = ME(U),

we have

(1.4.8) AB = (J5'TTs) (T ' UTr) = I3 H(TU) Jre.

As for the representation of AB as a matrix product, see the discussion
around (1.2.17)-(1.2.23).

For example, if

(1.4.9) T:V—V,
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and we use the basis S of V as above, we have an n x n matrix MZ(T). If
we pick another basis S = {01,...,0,} of V, it follows from (1.4.6) that

(1.4.10) ME(T) = MGI)YMUTIME(T).

Here

(1.4.11) ME(D) = T3 T = C = (ci),

where

(1.4.12) 5= cyvi, 1<j<n,
=1

and we see (via (1.4.6)) that

(1.4.13) M) = g5'Ts = C .

To rewrite (1.4.10), we can say that if A is the matrix representation of
T with respect to the basis S and A the matrix representation of 7" with
respect to the basis S, then

(1.4.14) A=CAC.

REMARK. We say that n x n matrices A and Z, related as in (1.4.14), are
similar.

ExXAMPLE. Consider the linear transformation

(1.4.15) D:Py— P2 Df(z) = f'(z).
With respect to the basis
(1.4.16) n=1 wve=z, uv3=2z
D has the matrix representation

010
(1.4.17) A=10 0 2],

0 00
since Dvy = 0, Dvy = v1, and Dvg = 2v5. With respect to the basis
(1.4.18) =1, Gy=1+z, oU3=14z+2>
D has the matrix representation

N 01 -1

(1.4.19) A=|0 0 2 ],

0 0 O

since D1 = 0, Dvy = 01, and Dvg = 1 + 22 = 209 — 97. The reader is
invited to verify (1.4.14) for this example.
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Exercises

1. Consider T : Py — Pa, given by Tp(z) = 2! [ p(y) dy. Compute the
matrix representation B of 7 with respect to the basis (1.4.16). Compute
AB and BA, with A given by (1.4.17).

2. In the setting of Exercise 1, compute DT and 7D on Py and compare
their matrix representations, with respect to the basis (1.4.16), with AB
and BA.

3. In the setting of Exercise 1, take a € R and define
1 xX
(1.4.20) Tap(z) = — / p(y)dy, Ta:P2— P

Compute the matrix representation of 7, with respect to the basis (1.4.16).

X

4. Compute the matrix representation of 7,, given by (1.4.20), with respect
to the basis of Py given in (1.4.18).

5. Let A: C% — C? be given by

=44

(with respect to the standard basis). Find a basis of C? with respect to
which the matrix representation of A is

~ 01
-0y
6. Let V = {acost + bsint : a,b € C}, and consider
D = i V—V

dt
Compute the matrix representation of D with respect to the basis {cost,sint}.

7. In the setting of Exercise 6, compute the matrix representation of D with
respect to the basis {e’, e™"}. (See Exercise 4 of §1.3.)
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1.5. Determinants and invertibility
Determinants arise in the study of inverting a matrix. To take the 2 x 2
case, solving for z and y the system
ax + by = u,
(1.5.1)
cx+dy=v

can be done by multiplying these equations by d and b, respectively, and sub-
tracting, and by multiplying them by ¢ and a, respectively, and subtracting,

yielding

L5 (ad — be)x = du — bu,

(152) ad — bc)y = av — cu.
Yy

The factor on the left is

(1.5.3) det ((Z Z) = ad — be,

and solving (1.5.2) for x and y leads to

o a b -1 _ 1 d —b
(1.5.4) A= <C d) — A= L <_C a),

provided det A # 0.

We now consider determinants of n x n matrices. Let M (n,F) denote
the set of n x n matrices with entries in F = R or C. We write

air - Gln
(1.5.5) A= : s =(an, . an),
Qan1 Ann
where
ai;
(1.5.6) aj = |
anj

is the jth column of A. The determinant is defined as follows.
Proposition 1.5.1. There is a unique function

(1.5.7) v:M(n,F) — F,

satisfying the following three properties:

(a) U is linear in each column a; of A,

(b) V(A) = —9(A) if A is obtained from A by interchanging two columns,
(¢c) O(I)=1.



28 1. Vector spaces, linear transformations, and matrices

This defines the determinant:
(1.5.8) Y(A) = det A.
If (c) is replaced by

(¢) 9I) =,

then

(1.5.9) Y(A) = rdet A.

The proof will involve constructing an explicit formula for det A by fol-
lowing the rules (a)—(c). We start with the case n = 3. We have

3
(1.5.10) det A = Zaﬂ det(ej, az, as),
j=1

by applying (a) to the first column of A, a; = Zj ajiej. Here and below,
{e; : 1 < j < n} denotes the standard basis of F", so e; has a 1 in the jth
slot and Os elsewhere. Applying (a) to the second and third columns gives

3
det A = Z ajrapz det(ej, ex, as)
j k=1
(1.5.11) "
= Z 010,203 det(ej, ek, 6@).
o i=1

This is a sum of 27 terms, but most of them are 0. Note that rule (b) implies
(1.5.12) det B =0 whenever B has two identical columns.

Hence det(e;, e, e¢) = 0 unless j, k, and ¢ are distinct, that is, unless (j, &, ¢)
is a permutation of (1,2,3). Now rule (c) says

(1.5.13) det(eq, eq,e3) =1,

and we see from rule (b) that det(e;, ex, e;) = 1 if one can convert (e, ey, e¢)
to (e1, e2, e3) by an even number of column interchanges, and det(e;, ey, e¢) =
—1 if it takes an odd number of interchanges. Explicitly,

det(e1,eq,e3) =1, det(er,es, e2) = —1,
(1.5.14) det(eg, e3,e1) =1, det(ez, er,e3) = —1,

det(es,e1,e2) =1, det(es, ea,e1) = —1.
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Consequently (1.5.11) yields
det A = ai1az2a33 — a11a32a23
(1.5.15) + a21a32a13 — 21012033
+ a31012023 — 431022013.
Note that the second indices occur in (1,2, 3) order in each product. We can
rearrange these products so that the first indices occur in (1,2, 3) order:
det A = aj1a22a33 — a11aszasz
(1.5.16) + ai3az1a32 — a12a21033

+ ai2a23a31 — @13a22031 -

In connection with (1.5.16), we mention one convenient method to com-
pute 3 x 3 determinants. Given A € M(3,F), form a 3 x 5 rectangular
matrix by copying the first two columns of A on the right. The products
in (1.5.16) with plus signs are the products of each of the three downward
sloping diagonals marked in bold below:

a1l a2 aiz a1 a2
(1.5.17) a1 Aazz Aazz a1 G2
a31 aszz2 agz agy as2

The products in (1.5.16) with a minus sign are the products of each of the
three upward sloping diagonals marked in bold below:

ail a2 aig ail a2
(1518) a21 AaAz2 a3 az1 a9
Azl Aag2 Aagz asr as2
This method can be regarded as an analogue of the method of computing

2 x 2 determinants given in (1.5.3). However, there is not a straightforward
extension of this method to larger determinants.

We now tackle the case of general n. Parallel to (1.5.10)—(1.5.11), we
have
det A = Zajldet(ej,ag,...,an) =...

(1.5.19) ’
= Z Aji1 " Qj,n det(ejl, NN ejn),

J1yesdn
by applying rule (a) to each of the n columns of A. As before, (1.5.12)
implies det(ejy, ..., e;,) = 0 unless (ji,. .., j,) are all distinct, that is, unless
(J1,---,Jn) is a permutation of the set (1,2,...,n). We set

(1.5.20) Sp, = set of permutations of (1,2,...,n).
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That is, S, consists of elements o, mapping the set {1,...,n} to itself,
(1.5.21) o {1,2,....n} — {1,2,...,n},

that are one-to-one and onto. We can compose two such permutations,
obtaining the product o7 € S,,, given ¢ and 7 in S,. A permutation that
interchanges just two elements of {1,...,n}, say j and k (5 # k), is called
a transposition, and labeled (jk). It is easy to see that each permutation of
{1,...,n} can be achieved by successively transposing pairs of elements of
this set. That is, each element o € S, is a product of transpositions. We
claim that

(1.5.22) det(eqs(1),- - -, €o(n)) = (sgno)det(er,...,e,) = sgno,

where

(1.5.23)
sgnog = 1 if ¢ is a product of an even number of transpositions,

—1 if ¢ is a product of an odd number of transpositions.

In fact, the first identity in (1.5.22) follows from rule (b) and the second
identity from rule (c).

There is one point to be checked here. Namely, we claim that a given
o € S, cannot simultaneously be written as a product of an even number
of transpositions and an odd number of transpositions. If ¢ could be so
written, sgno would not be well defined, and it would be impossible to
satisfy condition (b), so Proposition 1.5.1 would fail. One neat way to see
that sgn o is well defined is the following. Let o € S,, act on functions of n
variables by

(1.5.24) (af)(:cl, e ,a;n) = f(ma(l), c. ,Jja(n)).
It is readily verified that if also 7 € .Sy,
(1.5.25) g=of=r19=(10)f

Now, let P be the polynomial

(1.5.26) P(zy,..oen) = [ (25— ).

1<j<k<n
One readily has
(1.5.27) (cP)(x) = —P(x), whenever o is a transposition,
and hence, by (1.5.25),
(1.5.28) (cP)(x) = (sgno)P(x), VYo €S,

and sgn o is well defined.
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The proof of (1.5.22) is complete, and substitution into (1.5.19) yields
the formula

(1.5.29) det A = Z (sgn O')ao(l)l © Og(n)n-
O'ESn

It is routine to check that this satisfies the properties (a)-(c). Regarding (b),
note that if ¥(A) denotes the right side of (1.5.29) and A is obtained from A
by applying a permutation 7 to the columns of A, so A = (ar(1),---,0r(n)),
then

D(A) =) ($800)ag(1)r(1) ** Gan)r(n)
gES)y

(1 . 30) = Z (Sgn U)aGT_l(l)l ©Qor—l(n)n
.0, oESy

= Z (Sgn WT)aw(l)l © Qu(n)n
WESn

= (sgn7)d(A),
the last identity because

(1.5.31) sgnwt = (sgnw)(sgn7), VYw,T €S,.

As for the final part of Proposition 1.5.1, if (c) is replaced by (¢’), then
(1.5.22) is replaced by

(1.5.32) V(€x(1)s - -+ Co(n)) = T(sgn0),
and (1.5.9) follows.

REMARK. Some authors take (1.5.29) as a definition of the determinant.
Our perspective is that, while (1.5.29) is a useful formula for the determi-
nant, it is a bad definition, indeed one that has perhaps led to a bit of fear
and loathing among math students.

REMARK. Here is another formula for sgn o, which the reader is invited to
verify. If o € S,

(1.5.33) sgno = (—1)"),
where
L5.34 k(o) = number of pairs (j, k) such that 1 < j < k <mn,
(15:34) but o(j) > o (k).
Note that

(1535) As(1)1 """ Ao(n)n = A17(1) " " An7(n)> with 7= 0_17
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and sgno = sgno !, so, parallel to (1.5.16), we also have

(1.5.36) det A = Z (sgn 0)a16(1) " * * Ano(n)-
0ESH

Comparison with (1.5.29) gives
(1.5.37) det A = det A",

where A = (a;;) = A" = (ax;). Note that the jth column of A’ has the
same entries as the jth row of A. In light of this, we have:

Corollary 1.5.2. In Proposition 1.5.1, one can replace “columns” by “rows.”

The following is a key property of the determinant.

Proposition 1.5.3. Given A and B in M(n,TF),
(1.5.38) det(AB) = (det A)(det B).

Proof. For fixed A, apply Proposition 1.5.1 to

(1.5.39) Y1(B) = det(AB).
If B=(b1,...,byn), with jth column b;, then
(1.5.40) AB = (Aby, ..., Ab,).

Clearly rule (a) holds for ¥;. Also, if B= (bs(1)s - - - » bo(n)) is obtained from
B by permuting its columns, then AB has columns (Abg(1ys - - Abg(n)),
obtained by permuting the columns of AB in the same fashion. Hence rule
(b) holds for ¥;. Finally, rule (¢’) holds for ¥, with » = det A, and (1.5.38)
follows. (]

Corollary 1.5.4. If A € M(n,F) is invertible, then det A # 0.

Proof. If A is invertible, there exists B € M (n,F) such that AB = I. Then,
by (1.5.38), (det A)(det B) =1, so det A # 0. O

The converse of Corollary 1.5.4 also holds. Before proving it, it is con-
venient to show that the determinant is invariant under a certain class of
column operations, given as follows.

Proposition 1.5.5. If A is obtained from A = (ay,...,an) € M(n,F) by
adding cay to ay for some c € F, £ # k, then
(1.5.41) det A = det A.

Proof. By rule (a), det A = det A + cdet A, where A? is obtained from A
by replacing the column aj, by a;. Hence A has two identical columns, so
det A® = 0, and (1.5.41) holds. O
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We now extend Corollary 1.5.4.

Proposition 1.5.6. If A € M(n,F), then A is invertible if and only if
det A # 0.

Proof. We have half of this from Corollary 1.5.4. To finish, assume A is
not invertible. As seen in §1.3, this implies the columns aq,...,a, of A are
linearly dependent. Hence, for some k,

(1.5.42) ap + Z ceap = 0,
=k

with ¢, € F. Now we can apply Proposition 1.5.5 to obtain det A = det KN,
where A is obtained by adding >_ ¢sas to ai. But then the kth column of A
is 0, so det A = det A = 0. This finishes the proof of Proposition 1.5.6. [J

Having seen the usefulness of the operation we called a column operation
in Proposition 1.5.5, let us pursue this, and list the following:

Column operations. For A € M(n,F), these include

interchanging two columns of A,
factoring a scalar ¢ out of a column of A,

(1.5.43) adding c times the /th column of A

to the kth column of A (¢ # k).

Of these operations, the first changes the sign of the determinant, by prop-
erty (b) of Proposition 1.5.1, the second factors a ¢ out of the determinant,
by property (a) of Proposition 1.5.1, and the third leaves the determinant
unchanged, by Proposition 1.5.5. In light of Corollary 1.5.2, the same can
be said about the following:

Row operations. For A € M(n,F), these include

interchanging two rows of A,
(1.5.44)  factoring a scalar c out of a row of A,
adding ¢ times the ¢th row of A to the kth row of A (¢ # k).
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We illustrate the application of row operations to the following 3 x 3
determinant:

035 2 4 6

det [2 4 6| =—det|0 3 5

35 8 35 8

1 2 3

(1.5.45) = —2det [0 3 5
3 5 8

1 2 3

=—2det[0 3 5
0 -1 -1

From here, one can multiply the bottom row by 3 and add it to the middle
row, to get

1 2 3 1 2 3
(1.5.46) —2det [0 0 2 | =—2det|{0 1 1],
0 -1 -1 00 2

where for the last identity we have interchanged the last two rows and mul-
tiplied one by —1. The last matrix is an upper triangular matrix, and its
determinant is equal to the product of its diagonal elements, thanks to the
following result.

Proposition 1.5.7. Assume A € M (n,F) is upper triangular, i.e., A has
the form (1.5.5) with

(1.5.47) ajr =0 for j>k.

Then det A is the product of the diagonal entries, i.e.,

(1.5.48) det A = a11ag - Apn-

Proof. This follows from the formula (1.5.29) for det A, involving a sum
over o € S,,. The key observation is that if o is a permutation of {1,...,n},
then

(1.5.49) either o(j) = j for all j, or o(j) > j for some j.

Hence, if (1.5.47) holds, every term in the sum (1.5.29) vanishes except the
term yielding the right side of (1.5.48). O

REMARK. A second proof of Proposition 1.5.7 is indicated in Exercise 11
below.

Row operations and column operations have further applications, in-
cluding constructing the inverse of an invertible n x n matrix, constructing
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a basis of the range R(A), via column operations, and constructing a basis
of the null space N/ (A), via row operations, given A € M (m xn,F). Material
on this appears in §1.6.

Further useful facts about determinants arise in the following exercises.

Exercises

1. Compute the determinants of the following matrices.

1 01 11 1 2 1 3
A=|0 2 0|, B=|2 3 4|, c=0 1 2
-1 0 1 345 00 3

2. Given the matrices A, B, and C' in Exercise 1, compute
AB, AC, det(AB), det(AC).
Compare these determinant calculations with the identities
det(AB) = (det A)(det B), det(AC) = (det A)(det C),

using Proposition 1.5.3.
3. Which matrices in Exercise 1 are invertible?

4. Use row operations to compute the determinant of
1 1 2
M =

_= O W
— = O N

3
2
1

_ = O

5. Use column operations to compute the determinant of M in Exercise 4.
6. Use a combination of row and column operations to compute det M.

7. Show that

1 ajs - ain 1 0 --- 0

0 axp -+ ao 0 azxp -+ a
(1.5.50) det | . . ] =det | . . . =det Ay

0 an2 -+ apn 0 an2 -+ apn
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where A1 = (ajk)2§j,k§n-

Hint. Do the first identity using Proposition 1.5.5. Then exploit unique-
ness for det on M (n — 1,F).

8. Deduce that det(ej, az, ..., a,) = (—1)77!det A;; where Ay; is formed by
deleting the kth column and the jth row from A.

9. Deduce from the first sum in (1.5.19) that
(1.5.51) det A= (=1)7la;; det Ay;.

j=1
More generally, for any k € {1,...,n},
(1.5.52) det A =" (=1)7 Fa i det Ay;.

j=1
This is called an expansion of det A by minors, down the kth column.
10. Let c; = (—1)77* det Ag;. Show that
(1.5.53) D ajick; =0, if (#£Fk.

j=1

Deduce from this and (1.5.52) that C' = (c;,) satisfies

(1.5.54) CA = (det A)I.

Hint. Reason as in Exercises 7-9 that the left side of (1.5.53) is equal to
det (a1,...,ae,...,a¢,...,ay),

with ay in the kth column as well as in the ¢th column. The identity (1.5.54)
is known as Cramer’s formula. Note how this generalizes (1.5.4).

11. Give a second proof of Proposition 1.5.7, i.e.,

ail a2 - Aln
agy -+ aop

(1.5.55) det . . = Q11022 " Ann,
Gnn

using (1.5.50) and induction.

The next two exercises deal with the determinant of a linear transformation.
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Let V be an n-dimensional vector space, and

(1.5.56) T:V—V
a linear transformation. We would like to define
(1.5.57) det T = det A,

where A = M3(T) for some basis S = {v1,...,v,} of V.

12. Suppose S = {1, ..., ,} is another basis of V. Show that
(1.5.58) det A = det A,

where A = Mg(T) Hence (1.5.57) defines det T, independently of the
choice of basis of V.
Hint. Use (1.4.14) and (1.5.38).

13. If also U € L(V), show that
det(UT) = (det U)(det T').

Denseness of G/(n,F) in M(n,F)

Given A € M(n,F), we say A belongs to G¢(n,F) provided A is invertible.
By Proposition 1.5.6, this invertibility holds if and only if det A # 0.

We say a sequence A, of matrices in M (n,F) converges to A (A4, — A)
if and only if convergence holds for each entry: (a,)jr — aji, for all j, k €
{1,...,n}. The following is a useful result.

Proposition 1.5.8. For each n, Gl(n,F) is dense in M(n,F). That is,
given A € M (n,F), there exist A, € GU(n,F) such that A, — A.

The following steps justify this.

14. Show that det : M (n,F) — F is continuous, i.e., A, — A implies that
det(A,) — det A.

Hint. det A is a polynomial in the entries of A.
15. Show that if A € M(n,F), § > 0, and B is not invertible for all
B € M (n,FF) such that |bjr —a;i| < J, for all j and k, then det : M (n,F) — F

vanishes for all such B.

16. Let p : F¥ — F be a polynomial. Suppose there exists w € F and § > 0
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such that
2€FF |wj— 2| <oVje{l,....k} = p(z) =0.

Show that p(z) is identically zero, for all z € F*.
Hint. Take q(z) = p(w + z), so ¢(z) = 0 provided |z;| < ¢ for all j. Show
that this implies all the coefficients of ¢ vanish.

17. Using the results of Exercises 14-16, prove Proposition 1.5.8.

The Vandermonde
determinant

For n > 2, the Vandermonde determinant is defined by

11 -1
(1.5.59) Vo(z1,...,x,) = det o a::2 o
21 xg.—l el
We claim that
(1.5.60) Valzr,.oan) =[] (k- 25),
1<j<k<n

which, up to a sign, coincides with (1.5.26). We can prove this by induction
on n, starting at n = 2, where Va(z1,22) = x9 — x1 is clear. To do the
induction step, it is convenient to change notation, and consider

1 1 -1
a a2 . z
(1.5.61) P(z) =Vy(a1,...,an—1,2) = det . . ) ,
a?f.— 1 ag.— 1 Zn.— 1

which is a polynomial in z of degree n — 1. Clearly P(a;) = 0 for each j, so

(1.5.62) P(z) =41 [ z=ay,

1<j<n

where A,,_1 is the coefficient of 2"~! in P(z). Expansion of the determinant
in (1.5.61) by minors, down the nth column (cf. Exercise 9) yields

(1563) An,1 = anl(al, e ,an,l).
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Reversion to the notation of (1.5.59) then gives

(1.5.64) Vo(z1,...,2n) = Vo1 (21, .o oy 2p—1) H (xn — x5),
1<j<n

which readily yields the inductive proof of (1.5.60).

Exercise

1. Use the Lagrange interpolation formula, discussed in Proposition 1.2.1,
to derive a formula for the inverse of the Vandermonde matrix, whose de-
terminant is defined in (1.5.59), or equivalently of

1 z - lﬁf—i
]_ X9 P xni
(1.5.65) A= " >,
]_ xTL P "L’Z_l
given x1,...,x, distinct.
Hint. The columns of A have the form
pe(fﬂl)
(1.5.66) : . pelw) = 2t
pﬁ(l'n)

Relate this to the transformation Fg, given by (1.2.28), with n replaced by
n— 1 and with S = {z1,...,2,}. The column in (1.5.66) is Fgpy.
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1.6. Applications of row reduction and column reduction

In §1.5 we introduced row operations and column operations on an n X n
matrix, and examined their effect on determinants. Here we explore their
use in providing further important information on matrices. We also expand
the scope of these operations, to m X n matrices.

Let A € M(m x n,F) be as in (1.2.5),

ail e Aln
(1.6.1) A=1| : |, AF'—TF™.
aml *°° Gmn

It will be useful to supplement the representation of A as an array of columns,

ai;
(1.6.2) A=(a1,...,an), aj=1 + |,
Qg
by a representation as an array of rows,
o1
(1.6.3) A= |, o5="(aj,...,ajn).
Um

Taking a cue from (1.5.44), we define the following row operations,

(1.6.4) Pos bes Ejiry * M(m x n,F) — M(m x n,F).
First,
a1 Qo(1)
(1.6.5) | ] = : ., 0ESny.
Qm Yo(m)
Next,
a o
(1.6.6) el 1| = 5 , c¢=(c1,...,cm), each ¢; #0.
am CmQim,
Finally,
ay ay
(1.6.7) ity | o | = | aj—vor |, j#k, yEF.
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We note that all these transformations are invertible, with inverses

(1.6.8) ot = Pets Bt = et €5 = ik
where ¢! = ([, ..., c;)0)

- m *
To illustrate the operations introduced in (1.6.4)—(1.6.7), we take

(1.6.9) A= <; Z) , oo(1)=2,0(2)=1, c=(2,-1), jky=121,

obtaining

1610 pl)= (7 ). w= (% L) am=(5 5):

An important observation is that these row can be presented as left
multiplication by m x m matrices,

(1‘6’11) pO'(A) =P, A, NC(A) = M_A, Ejk'y(A) = Ejk’}/Au
where P,, M, Eji., € M(m,F) are defined by

U1 Vo (1) U1 €101
Py = M, = )
Um Vo (m) Um CmUm
v v
(1.6.12) ! !
Ejey | 05 [ = [ vi =70k |
Um, Um
with v = (v1,...,v,)" € F™. To illustrate what these matrices are when

m = 2 and o, ¢, and (j, k,) are as in (1.6.9), we then have

01 2 1 -1
wos ne (0D e (). ma ().

Returning to generalities, parallel to (1.6.8), we have

(1.6.14) Pyl =P,0, M;'=M.1, Ey. =Ej

If A € M(mxn,TF)is obtained from A € M(mxn,F) by a sequence of op-
erations of the form (1.6.4), we say that A is obtained from A by a sequence
of row operations. Since the m x m matrices Py, M., and Ej; in (1.6.11)-
(1.6.12) are all invertible, it follows that all the matrices p,(A4), pc(A), and
€kv(A) have the same null space, N'(A). This leads to the following.

Proposition 1.6.1. Applying a sequence of row operations to an m X n
matriz does not alter its null space.
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We have a parallel set of column operations,
(1.6.15) Pos s Ejy : M(m x n,F) — M(m x n,F),
given by
ﬁU(A) = (ao(l)a"waa(m))? S STL’
(1.6.16)  fic(A) = (c1a1,...,cnap), c=(c1,...,cp), all ¢; # 0,

Ejipy(at, ..., a5,...,an) = (a1,...,0; —Yag,...,an), JFEk.
Note that
po(A) = pa(A)',  fic(A) = pe(A")',
(1.6.17) ~ -
Ejiy(A) = gjiy (A7)
Consequently,
(1.6.18) po(A) = APL,  i(A) = AM;, &jy(A) = AEj,

with P M, Ejt-,w € M(n,F), all invertible. It follows that all the matrices
in (1.6.18) have the same range, R(A), so we have the following counterpart

to Proposition 1.6.1.

Proposition 1.6.2. Applying a sequence of column operations to an m xn
matriz does not alter its range.

To utilize Propositions 1.6.1-1.6.2, we want to apply a sequence of row
operations (respectively, a sequence of column operations) that transform a
given matrix A into one that has a simpler form. When this is done, we say
that we are applying row reduction (respectively, column reduction) to A.
Here is one basic class of matrices amenable to such reductions.

Proposition 1.6.3. Let A € M(n,F) be invertible. Then one can apply
a sequence of row operations to A that yield the n X n identity matriz 1.
Similarly, one can apply a sequence of column operations to A that yield I.

Proof. Since A and A! are simultaneously invertible, it suffices to deal with
column operations. As seen in §1.3, A is invertible if and only if its columns
ai,...,ap form a basis of F*. Thus we can write the first standard basis
element e; of F" as a linear combination,

e1 = c11a1 + -+ + Cipln.

If ¢11 # 0, we can apply a sequence of column operations of the form &
to turn the first column into bey, for some b # 0, and then apply a column
operation to change b to 1. If ¢1; = 0 but ¢ # 0, one can apply a column
operation of the form p, to interchange a; and a; and proceed as before.
Repeating such steps next leads to putting es in the second column, and
ultimately leads to I.
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The corresponding passage from A to I via row operations is done sim-
ilarly. ([

A little later we describe a more “algorithmic” approach to applying row
reductions, in the more general setting of m x n matrices.

Gaussian elimination

The following is an important application of row reduction to the com-
putation of matrix inverses.

Proposition 1.6.4. Let A € M(n,F) be invertible, and apply a sequence
of row operations to A to obtain the identity matriz I. Then applying the
same sequence of row operations to I yields A=1.

Proof. Say you apply k row operations to A to get I. Applying the jth
such row operation amounts to applying a left multiplication by one of the
matrices given in (1.6.12) (here m = n); call it S;. In other words,

(1.6.19) I=S, S5 A.

Consequently,

(1.6.20) Sp---S =AY

and we have the proposition. O

ExaMpPLE. We take a 2 x 2 matrix A, write A and I side by side, and
perform the same sequence of row operations on each of these two matrices,
obtaining finally I and A~! side by side.

=3 6
(1.6.21) ((1) ?> (11 (1)>
1) ()=

REMARK. This method of constructing A~ is called the method of Gaussian
elimination. The method of Gaussian elimination is much more efficient than
the use of Cramer’s formula (1.5.54) as a tool for computing matrix inverses,
though Cramer’s formula is a useful tool for understanding the nature of the
matrix inverse.

A related issue is that, for computing determinants of n x n matrices,
for n > 4, it is computationally advantageous to utilize a sequence of row
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and/or column operations, rather than using the formula (1.5.29), which
contains n! terms.

Determinants and volumes

Here we will use Proposition 1.6.3 and its corollary (1.6.19) to derive the
following identity relating determinants and volumes.

Proposition 1.6.5. Let Q C R™ be a bounded open set, and let A € M (n,R)
be invertible. Then

(1.6.22) Vol(A(Q)) = | det A| Vol(Q).

To say 2 is open is to say that, if xg € €, there exists € > 0 such that
|z —x0| <e=x € Q. Theset A(Q) = {Azx: x € Q} is the image of 2 under
the map A : R™ — R™. It is also an open subset of R”.

To derive this result, we use (1.6.19) to write
-1
(1.6.23) A=Ty--- Ty, T;=5;"

Each T; € M(n,R) is a matrix of the form listed in (1.6.12), with m = n,
ie.,

Po(xla <o 7xn)t - (xa(l)v s 7$o(n))t7
(1.6.24) Mc(z1,...,20)" = (121, . . ., cptp),
Ejpy (21, ... ,xn)t =(Z1,...,Zj — YTk, .., Tn),

with z = (21,...,2,)' €R", 0 € 5, and ¢; € R\ 0. We have
(1.6.25) det P, =sgn(o) = +1, detM.=ci---¢c,, detEj, =1.

By comparison, each transformation in (1.6.24) maps bounded open sets to
bounded open sets, and, if €2 is such a set, we have

Vol(P,(€2)) = Vol(Q?),
(1.6.26) Vol(M(Q2)) = |e1 -+ - en| VOI(Q),
Vol(Eji(€2)) = Vol(£2).
Comparing (1.6.25) and (1.6.26), and using the fact that
(1.6.27) det A = (det 1) - - - (det T},),
we have (1.6.22).

We have called the argument above a “derivation” of (1.6.22), rather
than a proof. We have not given a definition of Vol(2), and indeed such a
task is rightly part of a treatment of multivariable calculus. An approach
to such a definition would be to partition €2 into a countable collection of
“cells,” i.e., rectangular solids of the form R = Iy x --- x I,, a product
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Figure 1.6.1. Actions of P, and M. on a cell

of bounded intervals I,, C R, such that two such cells would intersect only
along faces. We take the volume of R to be the product of the lengths of the
intervals I,. Then we set Vol(£2) to be the countable sum of the volumes of
the cells in such a partition. One faces the task of showing that Vol(Q) is
then well defined, independently of the choice of such a partition.

Of the transformations listed in (1.6.24), the first two preserve the class
of rectangular solids, leading to the first two identities in (1.6.26). Such
actions (with n = 2) are illustrated in Figure 1.6.1, with o interchanging 1
and 2, and with ¢ = (2,1/2).

On the other hand, the transformations Fj, map rectangular solids to
more general sorts of parallelepipeds, so some further argument is needed to
show these maps preserve volume. In such a case, one can partition a cell
R into smaller cells, on each of which Ej, is approximately a translation,
and then make a limiting argument. See Figure 1.6.2 for an illustration of
the action of Eja,.

The identity (1.6.22) is the first step in an important change of variable
formula for multidimensional integrals, which goes as follows. Let O and €2
be open sets in R™, and let F': O — () be a bijective map. Assume F' and
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Figure 1.6.2. Action of F12, on a cell

its inverse F~! : Q — O are both continuously differentiable. Let DF(x)
denote the n X n matrix

_ (9%
(1.6.28) DF(x) = <6xk> ,
where F' = (f1,..., fn). The formula is

(1.6.20) / u() do = / u(F(2))|det DF ()| do.

Q @
Such an identity is established first for u continuous and supported on a
closed, bounded set K C €, then for Riemann integrable u supported on
such K in Chapter 3 of [24], and more generally for all Lebesgue integrable
u: 2 — R in Chapter 7 of [29].
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Row echelon forms and column echelon forms

We now describe more systematically how to apply a sequence of row
reductions to an m x n matrix A € M(m x n,F), producing what is called
a reduced row echelon form of A.

To start, given such A, we aim to apply row operations to it to obtain
a matrix with 1 in the (1,1) slot and zeros in the rest of the first column,
if possible (but only if possibie). This can be done if and only if some row
of A has a nonzero first entry, or equivalently if and only if the first column
is not identically zero. (If the first column is zero, skip along to the next
step.) Say row j has a nonzero first entry. If this does not hold for j = 1,
switch row 1 and row j. (This is called a pivot.) Now divide (what is now)
row 1 by its first entry, so now the first entry of row 1 is 1. Re-notate, so
that, at this stage,

I ar a1n
~ a1 a2 a2n

(1.6.30) A=
am1 Am2 *°  Omp

Now, for 2 < j < m, replace row j by this row minus a;; times row 1. Again
re-notate, so at this stage we have

1 a2 -+ an
~ 0 azp -+ a2

(1.6.31) A=|. s
0 am2 - amn

unless the first column is 0. Note that the age in (1.6.31) is typically different
from the age in (1.6.30).

To proceed, look at rows 2 through m. The first entry of each of these
rows is now zero. If the second entry of each such row is 0, skip to the next
step. On the other hand, if the second entry of the jth row is nonzero, (and
Jj is the smallest such index) proceed as follows. If j > 2, switch row 2 and
row j (this is also called a pivot). Now the second entry of row 2 is nonzero.
Divide row 2 by this quantity, so now the second entry of row 2 is 1. Then,
for each j # 2, replace row j, i.e., (aj1,...,a;jn), by that row minus ajo times
row 2. At this stage, we have

0 - ay,
1

A2n
(1.6.32) A= 2

0 0 -+ amn
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This assumes that the first column of the original A was not 0 and the
second column of the matrix A in (1.6.31) (below the first entry) was not
zero. Otherwise, make the obvious adjustments. For example, if we achieve
(1.6.31) but the second entry of the jth column in (1.6.31) is 0 for each
j > 2, then, instead of (1.6.32), we have

1 app -+ ain
- 0O 0 --- a9y

(1.6.33) A=1. . .
0 0 - apy

Continue in this fashion. When done, the matrix g, obtained from the
original A in (1.6.1), is said to be in reduced row echelon form. The jth
row of the final matrix A has a 1 as its first nonzero entry (if the row is not
identically zero), and the position of the initial 1 moves to the right as j
increases. Also, each such initial 1 occurs in a column with no other nonzero
entries.

Here is an example of a sequence of row reductions.

1201 N 1201
A=|(2 4 2 4|, 4 =00 2 2|,
121 2 0011
(1.6.34)
N 1201
Ay=1(0 0 1 1
0000

For this example, A : R* — R3. It is a special case of Proposition 1.6.2
that the three matrices in (1.6.34) all have the same null space. Clearly
(x,y, z,w)! belongs to N'(As) if and only if

r=-—-2y—w and z=—w.

Thus we can pick y and w arbitrarily and determine x and z uniquely.
It follows that dim N (Ay) = 2. Picking, respectively, y = 1,w = 0 and
y=0,w=1 gives

—2 ~1
1 0

(1.6.35) A I
0 1

as a basis of N (A), for A in (1.6.34).

More generally, suppose A is an m x n matrix, as in (1.6.1), and suppose

it has a reduced row echelon form A. Of the m rows of A, assume that w of
them are nonzero, with 1 as the leading nonzero element, and assume that
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m— p of the rows of g are zero. Hence the row rank of Ais . It follows that
the column rank of A is also p, so R(A) has dimension p. Consequently

(1.6.36) dim N (A) = n — p,

so of course dimN(A) = n — p. To determine N'(A) explicitly, it is con-
venient to make the following construction. Permute the columns of A to
obtain

~ 7 'Y
(1.6.37) B =p,(A) = <() 0) ,
where I is the p x p identity matrix and Y is a g X (n — p) matrix,

Ylu+l 0 Yin
(1.6.38) y=| : :

Yup+1 - Yun
Since

(1.6.39) <é 15) <Z> _ <u +0Yv>7

we see that an isomorphism of F"# with N (E) is given by

(1.6.40) Z:F"* 2 N(B)CF*, Zv= <_§”>.
Now, by (1.6.32),
(1.6.41) po(A) = AP,
S0
(1.6.42) N(A) = N(A) = (P)YTIN(B) = (PH) "L Z(F"H).
Note that each P, is an orthogonal matrix, so
(1.6.43) (P~ ' =P,
and we conclude that
(1.6.44) P,Z :F"F =5 N(A).
Note that, in the setting of (1.6.34), the construction in (1.6.37) becomes
/1021 5 1
(1.6.45) B=101 0 1], so Yz(o 1>.
0000

The reader can check the essential equivalence of (1.6.44) and (1.6.35) in
this case.

The systematic approach to row reduction described above is readily
adapted to column reduction. Indeed, column reduction of a matrix B
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can be achieved by taking A = B!, row reducing A, and then taking the
transpose of the result. In particular, taking the transpose of the reduced
row echelon form of A yields the reduced column echelon form of B. Of
course, one need not actually take transposes; simply use column operations
instead of row operations. From the reduced column echelon form of B one
can read off a basis of R(B).

Here is an example, related to (1.6.34) by taking transposes:
1 21 1 00 1 00
2 4 2 ~ 2 00 ~ 200
(1L646)  B=1o o 1| Bi=|g 2 1| B2=|0 1 0
1 4 2 1 21 110

Here, Eg is a reduced column echelon form of B. We read off from Eg that

1\ /o0
(1.6.47) R(B):Span{ ol (1) }
1 1

LU-factorization

We turn to the application of row reduction to the problem of taking a
matrix A € M(n,F) and writing it as

(1.6.48) A=LU,

where L € M (n,TF) is lower triangular and U € M (n, F) is upper triangular.
When this can be done, it is called an LU-factorization of A. Here is a
condition that guarantees the existence of such a factorization.

Proposition 1.6.6. Take A € M(n,F). Assume that A can be transformed
to an upper triangular matriz U via o sequence of row operations of the form

(1.6.49) Ejkys J >k, yETF.
Then A has a factorization of the form (1.6.48), with L lower triangular.

Proof. As we have seen, for B € M (n,F),
(1.6.50) Ejkfy(B) = Ejk'yBa

with Fji as in (1.6.12) (with m = n). An examination of this matrix shows
that

(1.6.51) Eji, is lower triangular, if j > k.
We deduce that, under the hypothesis of Proposition 1.6.6,
(1.6.52) U=S5;---514,
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where each S, has the form (1.6.51). As seen in (1.6.14), Ej_klw = Eji,_ so
each matrix S, ! is also lower triangular. We thus have (1.6.48), with
(1.6.53) L=51 .81

O

Here is a specific class of matrices to which Proposition 1.6.6 applies.

Proposition 1.6.7. Take A € M(n,F) and for £ € {1,...,n} let ALY
denote the £ x £ matriz forming the upper left corner of A, i.e.,

(1.6.54) AW = (aqy), A® = <“11 “12> oAM= 4,
azr  G22

Assume each AY is invertible, i.e.,

(1.6.55) det A £0 for 1<0<n.

Then Proposition 1.6.6 applies, so A has an LU-factorization (1.6.48).

Proof. We start with the hypothesis that a1; # 0. Then we apply a se-
quence of row operations of the form

, o
Ej1y, J>1, v =aqaj,

to clear out all the elements of the first column of A below ay;. This yields
a sequence of row operations of the form (1.6.49) that take A to Ay, and the
first column of A; has a1y as its only nonzero element.

Before proceeding, we make the following useful observation.

Lemma. If A € M (n,F), then applying a row operation of the form (1.6.49)
leaves each quantity det A®) invariant.
Proof. Exercise.

To proceed, the hypothesis det A®) # 0, together with the lemma, im-
plies that the 22-entry of A; is nonzero. Thus we can apply a sequence of
row operations of the form ¢;z,, with j > 2 and v = a2_21aj2, to clear out
all the entries of the second column below the second one. Thus we have
a further sequence of row operations of the form (1.6.49), taking A; to As,
and the first two columns of Ay are zero below the diagonal. Also all the
upper-left blocks of Ay have the same determinant as do those of A. In
particular, if n > 3 and det A®) # 0, the 33-entry of A, is nonzero.

Continuing, we see that Proposition 1.6.6 is applicable, under the hy-
potheses of Proposition 1.6.7, so we have the LU-factorization (1.6.48). [
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Sometimes when the condition given in Proposition 1.6.7 fails for A, it
can be restored by permuting the rows of A. Then the condition holds for
PA, where P is a permutation matrix (i.e., of the form P,). Then we have

(1.6.56) PA=LU.

Obtaining this is called LU-factorization with partial pivoting. We have the
following result.

Proposition 1.6.8. If A € M(n,F) is invertible, then one can permute its
rows to obtain a matriz to which Proposition 1.6.7 applies.

Proof. It suffices to show that a permutation of the rows of A produces a
matrix B for which B("~1) is invertible, since then an inductive argument
finishes the proof.

Now invertibility of A implies its rows «q, ..., a, are linearly indepen-
dent n-vectors. With a; = (aj1,...,aj,), set
/
Ozj = (aﬂ, ey ajm,l),
so a;j = (a,aj,). Then {aj,...,a;} spans F?~! so some subset forms a

basis; this subset must have n — 1 elements. A permutation that makes the
first n — 1 elements a basis then induces a permutation of the rows of A,
yielding B with the desired property. ([

We have discussed how row operations applied to A € M(n,F) allow
for convenient calculations of det A and of A~! (when A is invertible). The
LU factorization (1.6.48), or more generally (1.6.56), also lead to relatively
efficient calculations of these objects. For one, det L and det U are simply the
products of the diagonal entries of these matrices. Furthermore, computing
L~ amounts to solving

Ln v w1
(1.6.57) o =1 |
Ly -+ Lpy Un Wy,
i.e., to solving
Ly = wy,
Loyvy + Lagve = wa,

(1.6.58)

Lyivi + -+ + Lypvp= wy.

One takes v1 = wy/L11, plugs this into the second equation and solves for
ve, and proceeds iteratively. Inversion of U is done similarly.
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Suppose A € M(n,F) is invertible and has an LU-factorization, as in
(1.6.48). We consider the extent to which such a factorization is unique. In
fact,

(1.6.59) A= LUy = LyUy
implies
(1.6.60) Ly'Ly = UUp .

Now the left side of (1.6.60) is lower triangular and the right side is upper
triangular. Hence both sides are diagonal. This leads to the following variant
of (1.6.48):

(1.6.61) A = LyDUy,

where D is diagonal, Ly is lower triangular, Uy is upper triangular, and both
Lo and Up have only 1s on the diagonal. If A is invertible and has the form
(1.6.48), one easily writes L = LoDy and U = D, Uy, and achieves (1.6.61)
with D = DyD,. Then an argument parallel to (1.6.59)—(1.6.60) shows that
the factorization (1.6.61) is unique.

This uniqueness has further useful consequences. Suppose A = (a;) €
M (n,F) is invertible and symmetric, i.e. A = A, or equivalently aj; = a;,
and A has the form (1.6.61). Applying the transpose gives A = A' = U{ DL},
which is another factorization of the form (1.6.61). Uniqueness implies Ly =
U¢, so

(1.6.62) A= A" = LyDL}.

Similarly, suppose A is invertible and self-adjoint, i.e., A = A*, or a;j;, = ax;
(see §3.2), and A has the form (1.6.61). Taking the adjoint of (1.6.61) yields
A = A* = Ui D* L, and now uniqueness implies Ly = Ug and D = D* (i.e.,
D is real), so

(1.6.63) A=A"=LyDL;, D real
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Exercises

1. Use Gaussian elimination to compute the inverse of the following matrix.

1 11
X=12 11
3 01

2. Construct a reduced row echelon form for each of the following matrices.

111 123
A=|2 1 0|, B=[11 2
3 21 101

3. Construct a basis of the null space of each of the matrices in Exercise 2.

4. Construct a reduced column echelon form for each of the matrices in
Exercise 2.

5. Construct a basis of the range of each of the matrices in Exercise 2.

6. Construct an LU-factorization of the matrix X in Exercise 1. Construct
the inverse of each factor, and use this to obtain another calculation of X 1.

7. Apply the method of Gaussian elimination to compute A~!, for

Az(j _05)7 c,s€(=1,1), ¢,5s#0, *+s>=1.

Use this calculation to derive the identity
c s
(_S c> = M/eyEr2,-sM1s1)E211 M s o).

Explain the relevance of this identity to the issue of how the transformation
A affects areas of planar domains.

8. Let A,B € M(n,FF) and assume A is invertible. Show that if you apply
a sequence of row reductions to A, taking it to I, and then apply the same
sequence of row operations to B, it takes

B to A7'B.



Chapter 2

Eigenvalues,
eigenvectors, and
generalized
eigenvectors

Eigenvalues and eigenvectors provide a powerful tool with which to under-
stand the structure of a linear transformation on a finite-dimensional vector
space. Give A € L(V), if v € V is nonzero and Av = \v, we say v is an
eigenvector of A, with eigenvalue A. This concept motivates us to bring in
the eigenspace

(2.0.1) E(AN) ={veV:(A-A)v=0}.
This is nonzero if and only if A — Al is not invertible, i.e., if and only if
(2.0.2) Ka(X) =det(A] — A) =0.

The polynomial K 4(\) is called the characteristic polynomial of A. A key
result called the Fundamental Theorem of Algebra (presented in Appendix
A.1) implies it has complex roots.

One application of results on eigenvalues and eigenvectors arises in the
study of first-order systems of differential equations of the form

dx
2.0.3 —=A
(203) = Ar,
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for z(t) € V, A € L(V). A fruitful attack involves seeking solutions of the
form

(2.0.4) z(t) = eMo,
with v € V; A € C. Applying d/dt to both sides yields the equation
(2.0.5) eMAv = XeMu,

and dividing by e* shows that we have a solution of (2.0.3) if and only if
v € E(A,N). We can hence obtain solutions to (2.0.3), in the form of linear
combinations of solutions of the type (2.0.4), with arbitrary initial data,
if and only if each vector in V' can be written as a linear combination of
eigenvectors of A.

This illustrates a natural problem: given A € £(V), when does V have
a basis of eigenvectors of A? Consider the following three examples:

101 10 -1 10 -1
(206) A=(0 10|, B=[o1 o], c=[0o1 o0
10 1 10 1 10 -1

Methods developed in §2.1 will show that C? has a basis of eigenvectors for
A, and it has a basis of eigenvectors for B, but it does not have a basis of
eigenvectors for C.

To delve further into the structure of a linear transformation A € L(V),
we look at generalized eigenvectors of A, associated to the eigenvalue A, i.e.,
to nonzero elements of the generalized eigenspace

(2.0.7) GE(AN) ={veV:(A-X)kv=0, for some k € N}.

In §2.2 we show that if V is a finite-dimensional complex vector space and
A € L(V), then V has a basis consisting of generalized eigenvectors of A.

One can also use generalized eigenvectors of A to obtain solutions to
(2.0.3), of a form a little more complicated than (2.0.4). We take this up in
§3.7.

The restriction N of A—AI to W = GE(A, \) yields N € L(W) satisfying
(2.0.8) Nk =o0.

We say N is nilpotent. In §2.3 we analyze nilpotent transformations as
precisely those linear transformations that can be put in strictly upper tri-
angular form, with respect to an appropriate choice of basis. This, combined
with results of §2.2, implies that each A € £(V') can be put in upper trian-
gular form (with the eigenvalues on the diagonal), with respect to a basis of
generalized eigenvectors, whenever V is a finite-dimensional complex vector
space.



2. FEigenvalues, eigenvectors, and generalized eigenvectors 57

In §2.4 we show that if N € £(W) is nilpotent and dim W < oo, then W
has a basis with respect to which the matrix form of N consists of blocks,
each block being a matrix of all 0s, except for a string of 1s right above the
diagonal, e.g., such as

0100
010

(2.0.9) 01
0

In concert with results of §2.3, this establishes a Jordan canonical form for
each A € L(V'), whenever V is a finite-dimensional complex vector space.
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2.1. Eigenvalues and eigenvectors

Let T : V — V be linear. If there is a nonzero v € V such that

(2.1.1) Tv = A\jv,

for some \; € F, we say A; is an eigenvalue of T, and v is an eigenvector.
Let £(T, \;) denote the set of vectors v € V such that (2.1.1) holds. It is
clear that £(T', \;) is a linear subspace of V' and

(2.1.2) T:E(T,\j) — E(T, \j).

The set of \j € F such that £(T,\;) # 0 is denoted Spec(T’). Clearly \; €
Spec(T’) if and only if T'— A;I is not injective, so, if V' is finite dimensional,
(2.1.3) Aj € Spec(T) <= det(M\;I —T) = 0.

We call Kp(A\) = det(A — T') the characteristic polynomial of T'.

If F = C, we can use the fundamental theorem of algebra, which says
every non-constant polynomial with complex coefficients has at least one
complex root. (See Appendix A.l1 for a proof of this result.) This proves
the following.

Proposition 2.1.1. If V is a finite-dimensional complex vector space and
T € L(V), then T has at least one eigenvector in V.

REMARK. If V is real and K7 (\) does have a real root \;, then there is a
real \j-eigenvector.

Sometimes a linear transformation has only one eigenvector, up to a
scalar multiple. Consider the transformation A : C3 — C3 given by

210
(2.1.4) A=[0 2 1

0 0 2
We see that det(A — A) = (A —2)3, so A = 2 is a triple root. It is clear that
(2.1.5) E(A,2) = Span{e; },

where e; = (1,0, 0)? is the first standard basis vector of C3.

If one is given T' € L(V), it is of interest to know whether V' has a basis
of eigenvectors of T'. The following result is useful.

Proposition 2.1.2. Assume that the characteristic polynomial of T € L(V)
has k distinct roots, A1, ..., A\, with eigenvectors v; € E(T,\j), 1 < j < k.
Then {v1,...,vk} is linearly independent. In particular, if k = dim V', these
vectors form a basis of V.
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Proof. We argue by contradiction. If {vy,...,v;} is linearly dependent,
take a minimal subset that is linearly dependent and (reordering if necessary)
say this set is {v1,..., vy}, with Tv; = A\jv;, and

(2.1.6) c1v1 + -+ ey = 0,

with ¢; # 0 for each j € {1,...,m}. Applying T'— A\,,I to (6.6) gives
(2.1.7) 61()\1 — /\m)m + -+ Cm_1()\m_1 . )\m)vm_l =0,

a linear dependence relation on the smaller set {vi,...,v,—1}. This contra-
diction proves the proposition. ([l

See Figure 2.1.1 for an illustration of the action of the transformation

(2.1.8) A:R? — R? A=<_31 _31>

with two distinct eigenvalues, and associated eigenvectors

1 /1 1 1
2.1.9 M=2 do=4, vi=— ), vo=—= .
(2:1.9) 1=2 % ! \/§<1> ’ ﬁ(—l)

We also display the circle 22 + y? = 1, and its image under A. Compare
Figure 1.2.1.

For contrast, we consider the linear transformation

(2.1.10) A:R? R, A:@ :f)

whose eigenvalues Ay are purely imaginary and whose eigenvectors vy are
not real:

1 /1+iV3
2.1.11 A = +iV3, vy =—— .
(2.1.11) s L= ﬁ< ) )
We can write

1 /1 1 /-3
2112 Vv =1U +Z’LL7 un) = —— R Ul = — ,
2112 o m<2) ! m( >

and capture the behavior of A as

(2113) AUO = \/gul, Au1 = —\/guo.
See Figure 2.1.2 for an illustration. This figure also displays the ellipse
(2.1.14) ~v(t) = (cost)ug + (sint)uy, 0 <t < 2m,

and its image under A.

For another contrast, we look at the transformation

(2.1.15) A:R? — R? A:(i’ _11>
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A’Ul

U1

i

U2

AU2

Figure 2.1.1. Behavior of the linear transformation A in (2.1.8), with
two distinct real eigenvalues

for which A = 2 is a double eigenvalue. We have

(2.1.16) A—2I= G j) , &(A,2) =Span{vi}, v} = \2(;)

Figure 2.1.3 illustrates the action of this transformation on R2. It displays
the unit circle 22 + y? = 1, containing vy, and the image of this circle under
the map A (the ellipse) and under the map 21 (the larger circle). These two
image curves intersect at 4 points, + Av; and +Aw, where

(2.1.17) w = 1%<_11/3).

Thus this figure illustrates that there is not an eigenvector of A that is
linearly independent of v.

Further information on when T' € £L(V') yields a basis of eigenvectors,
and on what one can say when it does not, will be given in the following
sections.
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Uo

AU() (251

Au1

Figure 2.1.2. Action of the linear transformation (2.1.10) on R?, with
purely imaginary eigenvalues, and eigenvectors v+ = uo F tu

Exercises

1. Compute the eigenvalues and eigenvectors of each of the following matri-

(o) (0) (o)
(00) (1) (1)

In which cases does C? have a basis of eigenvectors?
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A’U]

Aw v

NI

Figure 2.1.3. Action of the transformation (2.1.15) on R?, with a dou-
ble eigenvalue and one-dimensional eigenspace

2. Compute the eigenvalues and eigenvectors of each of the following matri-
ces.

0 -1 1
1 0 -2,
-1 2 0

1 0 1

0 -1 0

1 0 1

3. Let A € M(n,C). We say A is diagonalizable if and only if there exists
an invertible B € M (n,C) such that B~'AB is diagonal:

A1
B 'AB =
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Show that A is diagonalizable if and only if C™ has a basis of eigenvectors
of A.
Recall from (1.4.14) that the matrices A and B~'AB are said to be similar.

4. More generally, if V' is an n-dimensional complex vector space, we say
T € L(V) is diagonalisable if and only if there exists invertible B : C" — V
such that B~'TB is diagonal, with respect to the standard basis of C".
Formulate and establish the natural analogue of Exercise 3.

5. In the setting of (2.1.1)—(2.1.2), given S € L(V, V), show that
ST =TS = §: £(T, ;) — E(T, \;).

6. Let A € M(n,C), and assume A is not invertible, so 0 € Spec(A). Show
that there exists § > 0 such that if A # 0 but |A] < J, then A — AI is
invertible. Use this to deduce that G¢(n,C) is dense in M (n,C). Similarly
deduce that G¢(n,R) is dense in M (n,R). Compare the proof of Proposition
1.5.8 indicated in §1.5.

7. Given A € M(n,C), let the roots of the characteristic polynomial of A
be {\1,...,A\n}, repeated according to multiplicity, so
det(A] — A) = JT(A = M.
k=1
Show that this is also given by

n

det(AL — A) = > (~1)Fop(Ar, ..., )X,

k=0
where og(A1,...,A\p) =1, and, for 1 < k < mn,

1<i<<gp<n

The polynomials o are called the elementary symmetric polynomials.

8. If A,B € M(n,C), B invertible, and D = B~'AB, show that, for all
keN,
D" = B7'A*B.

9. Let A denote the first matrix in Exercise 2. Diagonalize A and use this
to compute
AIOO‘
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10. Let M € M(m + n,C) have the form

M:(S‘ g) Ac M(n,C), Be Mm,C).

Show that
det M = (det A)(det B),

and, more generally, for A € C,

det(M — AI) = det(A — \I) - det(B — AI).

11. Find the eigenvalues and eigenvectors of
0 -1 1

1 0 0
0 0 O
0 0 1

M =

O R = O
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2.2. Generalized eigenvectors and the minimal polynomial

As we have seen, the matrix

2 10
(2.2.1) A=[0 2 1
00 2

has only one eigenvalue, 2, and, up to a scalar multiple, just one eigenvector,
e1. However, we have

(2.2.2) (A—20)% =0, (A—2I)%3=0.

Generally, if T € L(V), we say a nonzero v € V is a generalized Aj-
eigenvector if there exists k£ € N such that

(2.2.3) (T — N\ I)Fv = 0.

We denote by GE(T, A\;) the set of vectors v € V such that (2.2.3) holds, for
some k, and call it the generalized eigenspace. It is clear that GE(T', \;) is
a linear subspace of V' and

(2.2.4) T:GE(T,\j) — GE(T, A\j).
The following is a useful comment.

Lemma 2.2.1. For each A\j € F such that GE(T, \;) # 0,
(2.2.5) T —pul : GE(T,N;) — GE(T, X)) is an isomorphism, ¥ p # X;.

Proof. If T'— pl is not an isomorphism in (2.2.5), then Tv = pv for some
nonzero v € GE(T, \j). But then (T — \;I)kv = (u — A\;)kv for all k € N,
and hence this cannot ever be zero, unless p = A;. (]

Note that if V is a finite-dimensional complex vector space, then each
nonzero space appearing in (2.2.4) contains an eigenvector, by Proposition
2.1.1. Clearly the corresponding eigenvalue must be A;. In particular, the
set of A; for which GE(T, \;) is nonzero coincides with Spec(T’), as given in
(2.1.3).

We intend to show that if V' is a finite-dimensional complex vector space
and T € L(V), then V is spanned by generalized eigenvectors of T. One

tool in this demonstration will be the construction of polynomials p(\) such
that p(T") = 0. Here, if

(2.2.6) PN = ap\* + ANV 4 ar )+ ag,
then
(2.2.7) p(T) = anT" 4 an T+ +arT + aol

Let us denote by P the space of polynomials in A.



66 2. FEigenvalues, eigenvectors, and generalized eigenvectors

Lemma 2.2.2. IfV is finite dimensional and T € L(V), then there exists
a nonzero p € P such that p(T) = 0.

Proof. If dimV = n, then dim £(V) = n?, so {I,T,... ,T"z} is linearly
dependent. O

Let us set
(2.2.8) Ir={peP:p(T) =0}
We see that 7 = Zp has the following properties:

p,qeEl —=p+qel,

2.2.9
( ) pel, qgeP=pgcl.

A set T C P satisfying (2.2.9) is called an ideal. Here is another construction
of a class of ideals in P. Given {p1,...,pr} C P, set

(2.2.10) Z(pi,...,pk) = {piqa + -+ prar : ¢; € P}.

We will find it very useful to know that all nonzero ideals in P, including
Zr, have the following property.

Lemma 2.2.3. Let Z C P be a nonzero ideal, and let p1 € T have minimal
degree amongst all nonzero elements of Z. Then

(2.2.11) T =T(py).

Proof. Take any p € Z. We divide p;(A) into p(A) and take the remainder,
obtaining

(2.2.12) p(A) = q(M)pr(A) +7(A).

Here q,r € P, hence r € Z. Also r(\) has degree less than the degree of
p1(A), so by minimality we have r = 0. This shows p € Z(p;), and we have
(2.2.11). O

Applying this to Zp, we denote by mqg(A) the polynomial of smallest
degree in Zy (having leading coefficient 1), and say

(2.2.13) mq(A) is the minimal polynomial of T.
Thus every p € P such that p(T) = 0 is a multiple of mp(\).

Assuming V' is a complex vector space of dimension n, we can apply the
fundamental theorem of algebra to write

K

(2.2.14) mr(A) = [T =),
j=1
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with distinct roots Aq,...,Ax. The following polynomials will also play
a role in our study of the generalized eigenspaces of T. For each ¢ €
{1,..., K}, set

(2.2.15) pe) =TT = A0 =
J#L
We have the following useful result.

mr(A)
(/\ — /\g)k‘f ’

Proposition 2.2.4. If V' is an n-dimensional complex vector space and
T € L(V), then, for each ¢ € {1,...,K},

(2.2.16) GE(T, \y) = R(pe(T)).

Proof. Givenv € V,

(2.2.17) (T — M)*pe(T)v = mp(T)v = 0,

so pe(T) : V — GE(T, \¢). Furthermore, each factor

(2.2.18) (T — X\)¥ : GE(T, \p) — GE(T, \o), j # ¥,

in pe(T') is an isomorphism, by Lemma 2.2.1, so pg(T') : GE(T, \¢) — GE(T, \p)
is an isomorphism. O

REMARK. We hence see that each A; appearing in (2.2.14) is an element of
SpecT'.

We now establish the following spanning property.

Proposition 2.2.5. If V' is an n-dimensional complex vector space and
T € L(V), then

(2.2.19) V:QS(T,A1)+---+QS(T, /\K)
That is, each v € V' can be written as v = vi +---+vg, with v; € GE(T, \j).

Proof. Let mr(A) be the minimal polynomial of T, with the factorization
(2.2.14), and define py(A) as in (2.2.15), for £ =1,..., K. We claim that

(2.2.20) I(p1,...,px) = P.

In fact we know from Lemma 7.3 that Z(p, ..., px) = Z(po) for some py € P.
Then any root of pg(\) must be a root of each py(A), 1 < ¢ < K. But these
polynomials are constructed so that no g € C is a root of all K of them.
Hence po(\) has no root so (again by the fundamental theorem of algebra)
it must be constant, i.e., 1 € Z(p1,...,px), which gives (2.2.20), and in
particular we have that there exist ¢ € P such that

(2.2.21) PrN)@(A) + -+ + pr(Nar(A) = 1.
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We use this as follows to write an arbitrary v € V as a linear combination
of generalized eigenvectors. Replacing A by T in (2.2.21) gives

(2.2.22) (D) (T) + -+ pr (T)qr (T) = L.

Hence, for any given v € V,

(2.2.23) v=pi(T)q(T)v + -+ pr(T)qx (T)v = vi + -+ + vk,

with vp = pe(T)qe(T)v € GE(T, A\¢), by Proposition 2.2.4. O

We next produce a basis consisting of generalized eigenvectors.

Proposition 2.2.6. Under the hypotheses of Proposition 2.2.5, let GE(T, \y),
1 < ¢ < K, denote the generalized eigenspaces of T (with Ay mutually dis-
tinct), and let

(2.2.24) Sy = {vgl, ceey W,dg}a dy = dim QE(T, /\g),
be a basis of GE(T', Ay). Then
(2.2.25) S=5U---USk

is a basis of V.

Proof. It follows from Proposition 2.2.5 that S spans V. We need to show
that S is linearly independent. To show this it suffices to show that if wy
are nonzero elements of GE(T', A¢), then no nontrivial linear combination can
vanish. The demonstration of this is just slightly more elaborate than the
corresponding argument in Proposition 2.1.2. If there exist such linearly
dependent sets, take one with a minimal number of elements, and rearrange
{A¢}, to write it as {w1,...,wy}, so we have

(2.2.26) cqwi + -+ - + epw, = 0,
and ¢; # 0 for each j € {1,...,m}. As seen in Lemma 2.2.1,
(2.2.27) T —pul : GE(T, \¢) —> GE(T, \y) is an isomorphism, V u # M.

Take k € N so large that (T' — \,,I)* annihilates each element of the basis
Sm of GE(T, \y), and apply (T — Ay I)* to (2.2.26). Given (2.2.27), we
will obtain a non-trivial linear dependence relation involving m — 1 terms,
a contradiction, so the purported linear dependence relation cannot exist.
This proves Proposition 2.2.6. O

EXAMPLE. Let us consider A : C3 — C3, given by

2 3 3
(2.2.28) A=|(0 2 3
00 1
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Then Spec(A) = {2,1}, so ma(A) = (A — 2)%(\ — 1)® for some positive
integers a and b. Computations give

039
(2.2.29) (A-—2D)(A-I)=10 0 0], (A—20)*A—-1)=0,
00 0

hence ma(A) = (A — 2)2(\ — 1). Thus we have
(2.2.30) (A =A—1, p()) =(\-2)

using the ordering \; = 2, A2 = 1. As for ¢;(\) such that (2.2.21) holds, a
little trial and error gives q1(A) = —(A —3), g2(A) =1, i.e.,

(2.2.31) —A=DA=3)+(A-2)?=1.
Note that

1 3 3
(2.2.32) A—T= (o 1 3), (A2[)2(
000

Hence, by (2.2.16),
(2.2.33)

O O O
O O O
—_ |
oo (@)
SN——

1 0 6
GE(A,2) = Span 0,11 , GE(A,1) = Span -3
0 0 1

Alternatively, in place of (2.2.16), we can use
(2.2.34) GE(A,2) = N((A—-20)%), GEA1)=N(A-1),

together with the calculations of A — I and (A — 2I)? in (2.2.32) to recover
(2.2.33). See Exercise 8 below for a more general result.

REMARK. In general, for A € M(3,C), there are the following three possi-
bilities.

(I) A has 3 distinct eigenvalues, A1, A2, A3. Then Aj-eigenvectors v;, 1 <
j < 3, span C3.

(IT) A has 2 distinct eigenvalues, say A; (single) and A2 (double). Then

(2.2.35) maA) = A=A)A=X)F, k=1 or 2.
Whatever the value of k, pa(\) = A — A1, and hence
(2.2.36) GE(A, N2) = R(A— 1),

which in turn is the span of the columns of A — A\;I. We have

(2.2.37) GE(A, N\g) = E(A, Ng) = k = 1.
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In any case, C3 = E(A, A1) @ GE(A, \a).

(ITT) A has a triple eigenvalue, A\;. Then Spec(A — \I) = {0}, and
(2.2.38) GE(A, \) = C3.

Compare results of the next section.

Exercises
1. Consider the matrices
1 0 1 1 01 1 2 0
Ai=10 2 0|, A=10 2 0], A3=(3 1 3
-1 0 -1 0 0 1 0 -2 1

Compute the eigenvalues and eigenvectors of each A;.

2. Find the minimal polynomial of A; and find a basis of generalized eigen-
vectors of A;.

3. Consider the transformation D : Py — P given by (1.4.15). Find the
eigenvalues and eigenvectors of D. Find the minimal polynomial of D and
find a basis of Py consisting of generalized eigenvectors of D.

4. Suppose V is a finite dimensional complex vector space and T : V — V.
Show that V' has a basis of eigenvectors of T if and only if all the roots of
the minimal polynomial mz(\) are simple.

5. In the setting of (2.2.3)—(2.2.4), given S € L(V), show that

ST =TS = S : GE(T, \;) — GE(T, ;).

6. Show that if V' is an n-dimensional complex vector space, S,T € L(V),
and ST =TS, then V has a basis consisting of vectors that are simultane-
ously generalized eigenvectors of T and of S.

Hint. Apply Proposition 2.2.6 to S : GE(T, \j) — GE(T, \j).

7. Let V be a complex n-dimensional vector space, and take T' € L£(V'), with
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minimal polynomial mz()\), as in (2.2.13). For ¢ € {1,..., K}, set
mr(A)
P\ = .
N =3=x
Show that, for each ¢ € {1,..., K}, there exists wy, € V such that vy =

Py(T)wy # 0. Then show that (T" — A¢I)vy = 0, so one has a proof of
Proposition 2.1.1 that does not use determinants.

8. In the setting of Exercise 7, show that the exponent k; in (2.2.14) is the
smallest integer such that

(T — M)k annihilates GE(T, \;).
Hint. Review the proof of Proposition 2.2.4.

9. Show that Proposition 2.2.6 refines Proposition 2.2.5 to
V = QS(T, )\1) G- P QS(T, )\K)

10. Given A, B € M(n,C), define L4, R : M(n,C) — M (n,C) by
LaX =AX, RpX=XB.
Show that if Spec A = {\;}, Spec B = {u;} (= Spec B), then
GE(La, )\;) = Span{vw' : v € GE(A, \;),w € C"},
GE(Rp, ui) = Span{vw' : v € C",w € GE(BY, juy)}.
Show that
GE(La — Rp,0) = Span{vw' : v € GE(A, \;),w € GE(BY, ug), 0 = \j — i, }-

11. In the setting of Exercise 10, show that if A is diagonalizable, then
GE(La,Aj) = E(La,Aj). Draw analogous conclusions if also B is diagonal-
izable.

12. In the setting of Exercise 10, show that if Spec A = {\;} and Spec B =
{1k}, then
Spec(La — Rp) = {\j — i }-
Deduce that if C4 : M(n,C) — M(n,C) is defined by
CaX = AX — XA,
then
Spec Cq = {Aj — A\p}.
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2.3. Triangular matrices and upper triangularization

We say an n x n matrix A = (a;)) is upper triangular if a;, = 0 for j > k,
and strictly upper triangular if aj;, = 0 for j > k. Similarly we have the
notion of lower triangular and strictly lower triangular matrices. Here are
two examples:

11 2 01 2
(2.3.1) A=[0o 1 3], B=[0 0 3];
00 2 00 0

A is upper triangular and B is strictly upper triangular; A? is lower trian-
gular and B! strictly lower triangular. Note that B3 = 0.

We say T € L(V) is nilpotent provided T% = 0 for some k € N. The
following is a useful characterization of nilpotent transformations.

Proposition 2.3.1. Let V' be a finite-dimensional complex vector space,
N € L(V). The following are equivalent:

(2.3.2) N is nilpotent,

(2.3.3) Spec(N) = {0},

(2.3.4) There is a basis of V' for which N is strictly upper triangular,
(2.3.5) There is a basis of V' for which N is strictly lower triangular.

Proof. The implications (2.3.4) = (2.3.2) and (2.3.5) = (2.3.2) are easy.
Also (2.3.4) implies the characteristic polynomial of N is A" (if n = dim V'),
which is equivalent to (2.3.3), and similarly (2.3.5) = (2.3.3). We need to
establish a couple more implications.

To see that (2.3.2) = (2.3.3), note that if N¥ = 0 we can write

k—1
(2.3.6) (N—MI)*:_1<1_1N>‘1:_22%N4
p p po=

whenever p # 0.

Next, given (2.3.3), N : V — V is not an isomorphism, so V; = N(V)
has dimension < n — 1. Now N; = N|y; € L(V1) also has only 0 as an
eigenvalue, so N1(V1) = V5 has dimension < n — 2, and so on. Thus N* =0
for sufficiently large k. We have (2.3.3) = (2.3.2). Now list these spaces as
V=VWW>oViD- DV, with Vx_1 # 0 but N(V4_1) = 0. Pick a basis
for Vi._1, augment it as in Proposition 1.3.5 to produce a basis for V;_o, and
continue, obtaining in this fashion a basis of V', with respect to which N is
strictly upper triangular. Thus (2.3.3) = (2.3.4). On the other hand, if we
reverse the order of this basis we have a basis with respect to which NV is
strictly lower triangular, so also (2.3.3) = (2.3.5). The proof of Proposition
2.3.1 is complete. U



2.3. Triangular matrices and upper triangularization 73

REMARK. Having proven Proposition 2.3.1, we see another condition equiv-
alent to (2.3.2)—(2.3.5):

(2.3.7) N¥=0, Vk>dimV.

ExAMPLE. Consider

-2
We have
6 0 6
N2=10 0 0], N=0
—6 0 —6

Hence we have a chain V = Vi D Vi D V5 as in the proof of Proposition
2.3.1, with

1 1 0
Vo=Span| O |, V;=Span 01, (1 ,
235 ~1 ~1 0
o 1 0 1
Vo = Span o), (1], 10 = Span{v, va,vs3},

|
—_
o
o

and we have
Nvi =0, Nuvg=—v;, Nuvsg=3vs,

so the matrix representation of N with respect to the basis {v1,ve, v} is

0 -1 0
0 0 3
0 0 O

Generally, if A is an upper triangular n x n matrix with diagonal entries
di,...,dy, the characteristic polynomial of A is

(2.3.9) det(M —A)=(A—dy)--- (A —dp),
by Proposition 1.5.7, so Spec(A) = {d;}. If di,...,d, are all distinct it
follows that F™ has a basis of eigenvectors of A.

We can show that whenever V is a finite-dimensional complex vector
space and T' € L(V), then V has a basis with respect to which T is upper
triangular. In fact, we can say a bit more. Recall what was established in
Proposition 2.2.6. If Spec(T") = {A\¢: 1 < ¢ < K} and Sy = {ver,...,v04,}
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is a basis of GE(T, \y), then S = S; U---U Sk is a basis of V. Now look
more closely at

(2.3.10) Ty : Ve — Vi, Ve=GET, ), Ty = T|w.

The result (2.2.5) says Spec(Ty) = {A¢}, i.e., Spec(Ty — A\eI) = {0}, so we
can apply Proposition 2.3.1. Thus we can pick a basis Sy of V; with respect
to which Ty — A1 is strictly upper triangular, hence in which T, takes the
form

by, *
(2.3.11) Ay = .
0 by,
Then, with respect to the basis S = S;U---U Sk, T has a matrix represen-
tation A consisting of blocks Ay, given by (2.3.11). It follows that

K
(2.3.12) Kp(A) =det(\I = T) = [[(A = A)¥, dy =dimV,.

(=1
This matrix representation also makes it clear that K¢(T")|y, = 0 for each
¢e{l,...,K} (cf. (2.3.7)). This establishes the following result, known as
the Cayley-Hamilton theorem.

Proposition 2.3.2. If T € L(V), dimV < oo, and K7 (\) is its character-
istic polynomial, then

(2.3.13) Kr(T)=0 on V.
Consequently,
(2.3.14) K7 (\) is a polynomial multiple of mp(X).

Recall that mr(A), the minimal polynomial of T, introduced in (2.2.14), has
the property that Z(mr) consists of all polynomials p(A) such that p(T") = 0.

We next use the upper triangularization process described above to prove
the following.

Proposition 2.3.3. If A,B € M(n,C), then AB and BA have the same
eigenvalues, with the same multiplicity. Consequently,

dim GE(AB, ;) = dim GE(BA, \;).

Proof. An equivalent conclusion is
(2.3.15) det(AB — A1) =det(BA — \I), VXeC,

in light of (2.3.12). Now if B is invertible, we have AB = B~}(BA)B, so
AB and BA are similar, and (2.3.15) follows. However, if neither A nor B
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is invertible, an additional argument is needed. We proceed as follows. By
Proposition 1.5.8, we can find invertible B, € M (n,C) such that B, — B
as v — oo0. Then

(2.3.16) det(AB — M) = lim det(AB, — \I).

But for each v, AB, and B, A are similar, so (2.3.16) is equal to

(2.3.17) ILm det(B,A — \I) = det(BA — \I),
so we have Proposition 2.3.3. (]

REMARK. From the hypotheses of Proposition 2.3.3 we cannot deduce that
AB and BA are similar. Here is a counterexample.

(o) 7= )

(2.3.18) 0 0 01
= AB = (0 O> and BA = (0 0).

Companion matrices

Given a polynomial p(\) of degree n,
(2.3.19) pA) = N"+an A"+ agd+ag, a; €C,

one associates the following n x n matrix,

0 r - 0 0
0 0o - 0 0
(2.3.20) A= : P
0 0o - 0 1
—ap —ar -+ —0ap-2 —0an-1
with 1s above the diagonal and the negatives of the coefficients ag, ..., an—1

of p(\) along the bottom row. This is called the companion matrix of p(\).
It has the following significant property.

Proposition 2.3.4. If p(\) is a polynomial of the form (2.3.19), with com-
panion matriz A, given by (2.3.20), then

(2.3.21) p(A) = det(AT — A).
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Proof. We look at

A =1 0 0

0 A 0 0
(2.3.22) M—-A=1]": : : : )

0 0 A -1

apg a1 - Gp_o A+ an_1

and compute its determinant by expanding by minors down the first column.
We see that

(2.3.23) det(A] — A) = Adet(AI — A) + (—=1)"'aq det B,
where
A is the companion matrix of N" 7' 4+ a, 1 A"2 4+ -+ ay,

(2.3.24) ) i _ ]
B is lower triangular, with —1s on the diagonal.

By induction on n, we have det(\ — ﬁ) = A"l 4a, 4 AN"24+-..+ay, while
the transpose of (1.5.55) implies det B = (—1)"~!. Substituting this into
(2.3.23) gives (2.3.21). O

Exercises

1. Consider

0
A1:<1 2), A= [0
2 1 1

Compute the characteristic polynomial of each A; and verify that these
matrices satisfy the Caley-Hamilton theorem, (2.3.13).

1 2 3
0], A;=1[2 1 2
3 21

2. Let Py denote the space of polynomials of degree < k in z, and consider
D: Py — Pr, Dpz)=7p(z)

Show that D**! = 0 on P and that {1,z,...,z*} is a basis of P} with
respect to which D is strictly upper triangular.

3. Use the identity

k+1
(I_D)ilznga on Pka
=0
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to obtain a solution u € Py, to

(2.3.25) u —u ="

4. Use the equivalence of (2.3.25) with
d k

%(ef’ru) =z"e

/:Uke_z dx.

5. The proof of Proposition 2.3.1 given above includes the chain of implica-
tions

—T

to obtain a formula for

(2.3.4) = (2.3.2) & (2.3.3) = (2.3.4).
Use Proposition 2.2.4 to give another proof that

(2.3.3) = (2.3.2).

6. Establish the following variant of Proposition 2.2.4. Let K7 (\) be the
characteristic polynomial of T, as in (2.3.12), and set

_ yad BT
pg(A)_g(A MY = B

Show that
GE(T, Ae) = R(Pu(T)).

7. Show that, if A; is a root of det(Al — A) = 0 of multiplicity d;, then
dim GE(A, \;) = d;, and GE(A,N\j) = N((A— \1)%).

For a refinement of the latter identity, see Exercise 4 in the sext section.
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2.4. The Jordan canonical form

Let V' be an n-dimensional complex vector space, and suppose T : V — V.
The following result gives the Jordan canonical form for T'.

Proposition 2.4.1. There is a basis of V' with respect to which T is repre-
sented as a direct sum of blocks of the form

A1

(2.4.1) Aj
1

Aj

These blocks are known as Jordan blocks. In light of Proposition 2.2.6
on generalized eigenspaces, together with Proposition 2.3.1 characterizing
nilpotent operators and the discussion around (2.3.10), to prove Proposition
2.4.1 it suffices to establish such a Jordan canonical form for a nilpotent
transformation N : V' — V. (Then A\; = 0.) We turn to this task.

Given vg € V, let m be the smallest integer such that N™vg = 0; m < n.
If m = n, then {vg, Nvo, ..., N™ 1t} gives a basis of V putting N in Jordan
canonical form, with one block of the form (2.4.1) (with A; = 0). In any
case, we call {vg,..., N™ Loy} a Jordan string (or string, for short). To
obtain a Jordan canonical form for N, it will suffice to find a basis of V'
consisting of a family of strings. We will establish that this can be done by
induction on dim V. This result is clear for dim V < 1.

So, given a nilpotent N : V — V., we can assume inductively that
Vi = N(V) has a basis that is a union of strings:

2.4.2 vi,Nv;,...,Nbv;}, 1<j<d.
J J J

Furthermore, each v; has the form v; = Nw; for some w; € V. Hence we
have the following strings in V:

(243) {wj,vj:ij,ij,...,szvj}, 1§j§d

We claim that the vectors in (2.4.3) are linearly independent. To see this, we
apply N to a linear combination and invoke the independence of the vectors
in (2.4.2).

In more detail, suppose there is a linear dependence relation,

d d 4
(2.4.4) > bjwi+ Y i: ajeN*v; = 0.
Jj=1

j=14=0
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Applying N yields

d d ¢—1
(2.4.5) Z bjvi+ > aj Ny =0.
7j=1 /=0

This is a linear dependence relation among the vectors listed in (2.4.2), so
(2.4.6) ijO, ajg:(], VjE{l,...,d},ngj—l.
Hence (2.4.4) yields

d
(2.4.7) > ajgv; =0
j=1

again a linear dependence relation among vectors listed in (2.4.2), so

(2.4.8) aje, =0, Vje{l,...,d},

and we have linear independence of all the vectors listed in (2.4.3).
To proceed, note that the vectors in

(2.4.9) {Nbv;:1<j<d}

all belong to N(N) and are linearly independent. If this set does not span
N(N), complete it to a basis of N (N), by adding

(2.4.10) {&... . &)

We now claim that the vectors listed in (2.4.3) and (2.4.10) are linearly
independent. Indeed, suppose there is a linear dependence relation

(2.4.11) ch& + Zb wj + ZZWN vj = 0.

7j=14¢=0

Applying N yields an 1dent1ty of the form (2.4.5), which in turn yields
identities of the form (2.4.6). Hence (2.4.11) yields

v

d
(2.4.12) Seigi+ > aj,N9v; =0,

i=1 j=1
thus yielding
(2.4.13) c;=0, Vie{l,...,v}, aj, =0, Vje{l,...,d},

since (2.4.9)—(2.4.10) form a basis of N(N). We have the asserted linear
independence of

(2.4.14) {wj,vj,...,Nv;}, 1<j<d, {&,...,&}.

Finally, we claim this is a basis of V.
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To see this, note that the number of vectors in (2.4.3) is dimR(N) + d,

while dim N (N) = d + v. Hence the number of vectors in (2.4.14) is
dimR(N)+d+v =dimR(N) + dim N(N)

(2.4.15) .

=dimV.

Thus (2.4.14) yields a basis of V', and hence the strings (2.4.3) together with
{&},...,{& } form a string basis of V. This proves Proposition 2.4.1. [

There is some choice in producing bases putting 7' € £(V) in block form.
So we ask, in what sense is the Jordan form canonical? The answer is that
the sizes of the various blocks is independent of the choices made. To show
this, again it suffices to consider the case of a nilpotent N : V' — V. Let
B(k) denote the number of blocks of size k x k in a Jordan decomposition
of N. Equivalently,

(2.4.16) B(k) = number of Jordan strings of length &,

in such a Jordan decomposition of N. Then

(2.4.17) B=> B(k)
k

is the total number of Jordan blocks, and clearly
(2.4.18) B =dimN(N).

On the other hand, a direct inspection of the Jordan canonical form yields
the following.

Proposition 2.4.2. Let N € L(V) be nilpotent, dimV < oo, and take a
string basis of V. If

(2.4.19) (k) = number of Jordan strings of length > k,
then
(2.4.20) v(k) = dim N (N*1) — dim N (NF).

To connect (k) with 5(k), note that

(2.4.21) v(k) =Y B0),

>k
SO

(2.4.22) B(k) = y(k — 1) — (k).



2.4. The Jordan canonical form 81

To illustrate the steps taken in the proof of Proposition 2.4.1, to treat
nilpotent N € L(V'), we work through the following example. Take

(2.4.23) N =

o O O O
SO O =
S O O
SO = O =

This matrix is strictly upper triangular, hence clearly nilpotent, but not in
Jordan canonical form. We seek a string basis. To start, we have

(2.4.24) R(N) = Span{ey, es},

where {ej,...,e4} denotes the standard basis of C*. Note that

(2.4.25) N(es) =e1, N(e1) =0,

so {e3,e1} forms a string basis of R(NN). Furthermore, e3 = N(eq — €3), so
(2.4.26) {ea —e3,e3,e1}

is a longer string in V = C*, as in (2.4.3). As noted above, e; € N(N).
Since R(N) is two-dimensional, so is N'(N), and we can check that

(2.4.27) N(N) = Span{ey, ea — e3}.

Consequently, a string basis of C* consists of two strings:

(2.4.28) {e4 —e3,e3,e1} and {ez —e3}.

If we set

(2.4.29) Vg =€y —e3, VU3=e4—€3, VUy=e3, U =eq,

then the matrix representation of N with respect to the basis {v1, va, v3,v4}
is

0 1
0

S = O

(2.4.30) M =

o O O O

This is the Jordan canonical form for (2.4.23). There are two Jordan blocks:

~—

010
(2.4.31) 0 1], and (0).
0

Finally, one can calculate dim A/(N*) and check the formula (2.4.19)—(2.4.20)
against the size of the strings in (2.4.31).
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Exercises

1. Produce Jordan canonical forms for each of the following matrices.

2 3 3 1 0 1
02 3], 0o 2 o[,
00 1 -1 0 -1
1 2 0 01 2
3 1 3], (o0 3
0 -2 1 000

2. Produce the Jordan canonical form for the companion matrix associated
with the polynomial p(A) = A(A — 1)2.

3. In the setting of Exercise 2, take p(\) = (A — 1)3.

4. Assume A € M(n,C) and, for each A\; € Spec A, the largest Jordan block
of A, of the form (2.4.1), has size k; x k;. Show that the minimal polynomial
ma(A) of A is
ma(A) =[O =A)¥,
J

and that

GE(A,N) = N((A—=ND)M).
Show that m4(\) = K4(\) (the characteristic polynomial) if and only if
each )\; € Spec A appears in only one Jordan block.

5. Guided by Exercises 2-3, formulate a conjecture about the minimal
polynomial and the Jordan normal form of a companion matrix. See if you
can prove it. Relate this to Exercise 11 in §3.7 (when you get to that).



Chapter 8

Linear algebra on inner
product spaces

Many important problems in linear algebra arise in the setting of vector
spaces equipped with an additional structure, an inner product, which gives
them metric properties familiar in Euclidean geometry. The first examples
are Euclidean spaces R™, with the dot product, defined for vectors v =
(v1,...,0,) and w = (wy,...,w,) by

(3.0.1) vew=viw) + -+ UpWy,.
On C" one has a Hermitian inner product,
(3.0.2) (v,w) = V1W1 + -+ + VW,

More general inner products on finite-dimensional real or complex vector
spaces are introduced in §3.1. A norm is defined by

(3.0.3) v]|? = (v,v).

This in turn defines the distance between vectors v and w, as |[v — w]|.
Results on the inner product lead to the triangle inequality,

(3.0.4) [+ w| < o]l + [lwll.

We show that if V' is an n-dimensional inner product space, it has an or-
thonormal basis {v1,...,v,}, i.e., a basis satisfying

(3.0.5) (Q}j,’Uk) = Ojk-

Such a basis gives rise to an isomorphism of V' with R™ or C" (depending
on whether V' is a real or a complex vector space), taking the inner product
on V to that on F” given above.
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Inner products and norms on vector spaces give rise to norms on linear
transformations, both the operator norm || A|| and the Hilbert-Schmidt norm
||Al|zs. These norms satisfy triangle inequalities. As for compositions, we
have

(3.0.6) [[AB[| < [|A[l-IBll, l[ABllus < [|All- |Bllns < [|Allas||Blss,

as seen in §3.2. Also associated to a linear map A : V' — W between inner
product spaces is the adjoint, A* : W — V| satisfying

(3.0.7) (Av,w) = (v, A*w), YveV, weW.

There are several special classes of linear transformations on an inner
product space V, defined by the relation between such an operator A and
its adjoint A*. We say A is self adjoint if A* = A, skew adjoint if A* = —A.
If A* = A~', we say A is orthogonal if V is a real vector space, and unitary
if V is a complex vector space. We study these classes in §§3.3-3.4. We
show that in all these cases, V' has an orthonormal basis of eigenvectors of
A, is V is complex. If V is a real vector space, it has an orthonormal basis
of eigenvectors of A when A is self adjoint, and special orthonormal bases
of a different sort (involving 2 x 2 blocks) if A is skew adjoint or orthogonal.

In §3.5 we establish a result of Schur: if V' is a complex inner product
space of dimension n and A € L(V), then V has an orthonormal basis with
respect to which A is in upper triangular form. This has some of the flavor
of the upper triangularization result of §2.3, but there are also significant
differences, and the proofs are completely different. There follows in §3.6 a
result on polar decomposition: if A € £(V) is invertible, it can be factored
as

(3.0.8) A=KP,

with K unitary and P positive definite. This factorization is then extended
to a “singular value decomposition.”

In §3.7 we take up the matrix exponential. This arises to solve n x n
systems of differential equations,

(3.0.9) % = Az, z(0) =,
with A € M(n,C), v € C". We construct a solution to (3.0.9) as a power
series, yielding

4k
(3.0.10) z(t) = e, e = —‘Ak.

prd k!
Convergence of such a power series follows from operator norm estimates
established in §3.2, including (3.0.6). In Chapter 2 we noted that (3.0.9) is

solved by z(t) = e"*v provided v is a A-eigenvector of A, i.e., v € E(A,N),
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and we advertised an extension to more general v € GE(A, \) here. The
use of the matrix exponential provides a very natural approach to such a
formula.

Going in the opposite direction, we use the matrix exponential as a
tool to obtain a second proof that, if A € M (n,C), then C™ has a basis of
generalized eigenvectors of A, a proof that is completely different from that
given in Chapter 2.

Section 3.8 deals with the discrete Fourier transform (DFT), which acts
on functions f : Z — C that are periodic of period n, or equivalently func-
tions on Z/(n), which consists of equivalence classes of integers “mod n.”
The translation operator T'f(k) = f(k + 1) is a unitary operator on this
space, and the DFT represents f in terms of an orthonormal basis of eigen-
vectors of T'. The DFT diagonalizes an important class of operators known
as convolution operators. We describe the Fast Fourier Transform (FFT),
which in turn allows for a fast evaluation of convolution operators.
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3.1. Inner products and norms

Vectors in R™ have a dot product, given by

(3.1.1) vew=vwi + -+ VW,

where v = (vi,...,v,), w = (wi,...,wy). Then the norm of v, denoted
||lvl|, is given by

(3.1.2) o> =v-v =04 +v2.

The geometrical significance of ||v|| as the distance of v from the origin is a
version of the Pythagorean theorem. If v,w € C", we use

(3.1.3) (v,w) =v-W=v1W1 + -+ V,Wp,
and then
(3.1.4) [v]]* = (v,0) = o1 ]* + - + |vn|*;

here, if v; = x; + iy;, with z;,y; € R, we have v; = x; — iy;, and |v;]? =
2 4 .2
x5 + Yj-

The objects (3.1.1) and (3.1.3) are special cases of inner products. Gener-
ally, an inner product on a vector space (over F = R or C) assigns to vectors
v,w € V the quantity (v, w) € F, in a fashion that obeys the following three
rules:

(3.1.5) (a1v1 + agua,w) = aj(v1,w) + az(ve, w),
(3.1.6) (v,w) = (w,0),
(3.1.7) (v,v) > 0, wunless v=0.

If F = R, then (3.1.6) just means (v, w) = (w,v). Note that (3.1.5)—(3.1.6)
together imply

(3.1.8) (v, bywy + bows) = El(v, wy) + 52(2}, wa).

A vector space equipped with an inner product is called an inner product
space. Inner products arise naturally in various contexts. For example,

b
(3.1.9) mm:/fuM@w

defines an inner product on C([a,b]). It also defines an inner product on P,
the space of polynomials in x. Different choices of a and b yield different
inner products on P. More generally, one considers inner products of the
form

b PR
(3.1.10) mm:/fmmmmmm,

on various function spaces, where w is a positive, integrable “weight” func-
tion.
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Given an inner product on V', one says the object |[v|| defined by
(3.1.11) vl = v/ (v,v)

is the norm on V associated with the inner product. Generally, a norm on
V' is a function v — ||v|| satisfying

(3.1.12) lav]| = la|-[[v], Va€F, veV,
(3.1.13) lvl[ > 0, wunless v=0,
(3.1.14) lo+w| <ol + [Jw]].

Here |a| denotes the absolute value of a € F. The property (3.1.14) is called
the triangle inequality. A vector space equipped with a norm is called a
normed vector space.

If ||v]| is given by (3.1.11), from an inner product satisfying (3.1.5)—
(3.1.7), it is clear that (3.1.12)—(3.1.13) hold, but (3.1.14) requires a demon-
stration. Note that

v+ w|?* = (v+w,v+w)
(3.1.15) = [lv]|* + (v, w) + (w,v) + [[w]®
= [[ol* + 2 Re (v, w) + ||,
while
(3.1.16) (vl + llwll)? = vl + 2lv] - ]l + [[w]?.
Thus to establish (3.1.14) it suffices to prove the following, known as Cauchy’s
inequality:

Proposition 3.1.1. For any inner product on a vector space V', with ||v||
defined by (3.1.11),

(3.1.17) |(v, W) < [Jof| Jw]l, ¥V ov,weV.
Proof. We start with

(3.1.18) 0 < |lv—wl|?* = |lv||* = 2Re (v,w) + ||Jw|?
which implies

(3.1.19) 2Re (v,w) < |[v]|? + |w|?, Vov,weV.

Replacing v by aw for arbitrary a € F of absolute value 1 yields 2 Re a(v, w) <
|v||? + |lw||?. This implies

(3.1.20) 2|(v, w)| < |lvl|> + [Jw]]?, Y v,weV.
Replacing v by tv and w by t~lw for arbitrary ¢ € (0, 0), we have
(3.1.21) 2|(v,w)| < E|v|? +t2|w|?, Yov,weV, te(0,00).

If we take t2 = ||w||/||v||, we obtain the desired inequality (3.1.17). (This
assumes v and w are both nonzero, but (3.1.17) is trivial if v or w is 0.) O



88 3. Linear algebra on inner product spaces

There are other norms on vector spaces besides those that are associated
with inner products. For example, on F", we have

1.22 _ _
(3.1.22) ol = fexl 4+ +loal, olloo = max ol

and many others, but we will not dwell on this here.
If V is a finite-dimensional inner product space, a basis {u1,...,u,} of
V' is called an orthonormal basis of V provided
(3.1.23) (uj,ur) = 0k, 1<4,k<n,
ie.,
(3.1.24) lujl| =1, j# k= (uj,ur) =0.
(When (u;,,ux) = 0, we say u; and uy, are orthogonal.) When (3.1.23) holds,

we have

v=a1u1 + -+ anp, w=0bju;+---+byuy
(3.1.25) - _
= (v,w) =aiby + -+ + apby.

It is often useful to construct orthonormal bases. The construction we now
describe is called the Gramm-Schmidt construction.

Proposition 3.1.2. Let {vy,...,v,} be a basis of V', an inner product space.
Then there is an orthonormal basis {u1,...,u,} of V such that

(3.1.26) Span{u; : j < ¢} = Span{v; : j < ¢}, 1</{<n.

Proof. To begin, take
1
= V1.
(1]
Now define the linear transformation P, : V. — V by Piv = (v,u1)u; and
set

(3.1.27) u

(3.1.28) Uy = vy — Plvg = v9 — (vo,u1)uq.

We see that (02, u1) = (v, u1) — (ve,u1) = 0. Also 0y # 0 since u; and vo
are linearly independent. Hence we set
1

[[02]]
Inductively, suppose we have an orthonormal set {ui,...,u,} with m <
n and (3.1.26) holding for 1 < ¢ < m. Then define P, : V — V (the
orthogonal projection of V' onto Span(uy,...,uy)) by
(3.1.30) Prv = (v,ur)uy + - 4 (0, Up) U,
and set
(3.1.31) Umt1 = Umt1 — PmUm41

= Um+1 — (Um+1aul)ul — (Um—i-lyum)um-
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We see that
(3.1.32) ] <m= (’(~)m+1,u]') = (Um+1,Uj) — (Um+1,Uj) =0.
Also, since vy +1 ¢ Span{vi,...,v,} = Span{ui,...,uy}, it follows that

Um+1 # 0. Hence we set

1
(3.1.33) U4t = o

- ’[}erl-
O ||

This completes the construction. O

EXAMPLE. Take V = Py, with basis {1, 2,22}, and inner product given by

(3.1.34) (p,q) = /11 p(z)q(z) d.
The Gramm-Schmidt construction gives first
(3.1.35) w(z) = —.

V2
Then
(3.1.36) Ua(z) = x,

since by symmetry (z,u;) = 0. Now fil r?dz = 2/3, so we take

3
(3.1.37) ug(x) = 2%
Next
1
(3.1.38) v3(z) = 22 — (2%, u)uy = 2% — 3

since by symmetry (z2,u2) = 0. Now f_11(372 —1/3)2dz = 8/45, so we take

(3.1.39) us(z) = ﬁ(;c? - 1).

See Figure 3.1.1 for graphs of these polynomials.
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u3

U2

uy

Figure 3.1.1. Orthogonal polynomials

Exercises

1. Let V be a finite dimensional inner product space, and let W be a

linear subspace of V. Show that any orthonormal basis {wy,...,wg} of W
can be enlarged to an orthonormal basis {w1, ..., wk, u1,...,ue} of V, with
k+{=dimV.

Hint. First enlarge the basis of W to a basis of V. Then apply Gramm-
Schmidt.

2. As in Exercise 1, let V' be a finite dimensional inner product space, and
let W be a linear subspace of V. Define the orthogonal complement
(3.1.40) Wt={veV:(v,w)=0,YweW}.

Show that

(3.1.41) W+ = Span{ui,...,u},
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in the context of Exercise 1. Deduce that

(3.1.42) wWhHt =w.

3. In the context of Exercise 2, show that

dimV =n, dmW =k = dim W+ =n — k.

4. Take V and W as in Exercise 1, and let {wy, ..., w;} be an orthonormal
basis of W. Define P € L(V) by
k
(3.1.43) Po=> (v,w;)w;.
j=1
Show that
(3.1.44) P: VW, P’=pP, I-P:V W

Show that the properties in (3.1.44) uniquely determine P, i.e., if Q € L(V)
has these properties, then () = P. In particular, P is independent of the
choice of orthonormal basis of W.

Hint. Write v=Pv+ (I — P)v=Qu+ (I — Q)v as

Pv—Qu=(I-Q)v—(I—-P)v.
The left side is an element of W.
We call P the orthogonal projection of V onto W.

5. Construct an orthonormal basis of the (n — 1)-dimensional vector space

U1
V:{ : eR":vl—F"'-f‘Un:O}‘

Un
6. Take V = Py, with basis {1, 2,22}, and inner product

1 P
(pq) = / p(2)(@) dz,

in contrast to (3.1.34). Construct an orthonormal basis of this inner product
space.

7. Take V', with basis {1, cosz,sinz}, and inner product

(f.9) = /0 " F@)a(@) dr.

Construct an orthonormal basis of this inner product space.
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8. Let A € G¢(n,R) have columns ay, ..., a, € R". Use the Gramm-Schmidt
construction to produce the orthonormal basis {q1,. .., ¢} of R™ such that
Span{ai,...,a;} = Span{qi,...,q;} for 1 <j <n. Denote by @) the matrix
with columns ¢y, ...,q,. Show that

(3.1.45) A=QR,

where R is the upper triangular matrix

11 @21 -t Qpl
Q22 - Op2

(3.1.46) R= e gk = (a5 ).
Qnn

This factorization is known as the QR factorization. See §3.4 for more. (We
will see that @ € O(n).)
Hint. Show that

a1 = 011491

as = 2141 + 2202
(3.1.47)

Ap = Qp1q1 + -+ Qpndn.

Exercises 9-12 make contact with topics in classical Euclidean geometry.

9. Recall that two vectors x, y € R™ are orthogonal (we write = L y) if and
only if x - y = 0. Show that, for x,y € R",

z Ly |z +yl? = zf® +lly]*.

10. Let e1,v € R™ and assume |le1|| = ||v]| = 1. Show that
e1—v Le +o.

Hint. Expand (e; — v) - (e1 + v).
See Figure 3.1.2 for the geometrical significance of this, when n = 2.

11. Let St = {z € R? : ||z|| = 1} denote the unit circle in R?, and set
e1 = (1,0) € S'. Pick a € R such that 0 < a < 1, and set u = (1 — a)e;.
See Figure 3.1.3. Then pick

v € S such that v —u L e, and set b = ||v — eq]|.
Show that

(3.1.48) b= 2a.
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—e] 0 el

Figure 3.1.2. Right triangle in a circle

Hint. Notethat 1 —a=wu-e1 =v-e;, hencea=1—v-e;y.
Now expand b = (v —e1) - (v — e1).

12. Recall the approach to (3.1.48) in classical Euclidean geometry, using
similarity of triangles, leading to

What is the relevance of Exercise 10 to this?

Exercises 13—15 compare two different norms on a finite-dimensional vector
space. Let V' be an n-dimensional vector space, with a norm || - ||.

13. Take a basis B = {uy,...,u,} of V. Show that V has a unique inner
product (, ) with respect to which B is an orthonormal basis of V. Denote
the associated norm by | - |, so

[of? = (v,v).
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Figure 3.1.3. Geometric construction of b = v/2a

14. Set M = max{||ui]|, ..., ||un||}. Show that
[0l < ndM Jv].

Hint. Start with v = ciu; + -+ - + cpun, ¢; = (v,u;), and apply the triangle
inequality to the resulting formula for ||v]|. Note that

sl < o]

15. This exercise treats the reverse inequality. It uses concepts developed
in Chapters 2-3 of [23]. The reader who has access to this text can fill in
the details of the following argument.

(a) Consider S = {x € V : |z| = 1}. This is a compact subset of V.
(b) Consider

p: 8 —R, o) =|v].

It follows from Exercise 14 that ¢ is continuous.
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(c) By (a) and (b), ¢ assumes a minimum on S. Hence there exists wy € V
such that

|lwol =1, and |lwp|| = min{||v]| : |v| = 1}.
(d) Since || - || is a norm, |Jwp|| = a > 0. We deduce that, for all v € V,

1
< — .
ol < <o



96 3. Linear algebra on inner product spaces

3.2. Norm, trace, and adjoint of a linear transformation

If V and W are normed linear spaces and T € L(V, W), we define
(3.2.1) 1T} = sup {|[T0]| : o]l <1}

Equivalently, ||T'|| is the smallest quantity K such that

(3.2.2) |Tv|| < Kljv||, VveV.

To see the equivalence, note that (10.2) holds if and only if | Tv|| < K for
all v such that ||v|| = 1. We call | T|| the operator norm of T. If V- and W
are finite dimensional, this norm is finite for all 7' € £(V, W). We will make
some specific estimates below when V and W are inner product spaces.

Note that if also S : W — X, another normed vector space, then

(3.2.3) STl < IS Tl < [ISIIT] [lv]], YVoveV,
and hence
(3.2.4) 1ST| < ST

In particular, we have by induction that
(3.2.5) T:V V= |T" <|T|"
This will be useful when we discuss the exponential of a linear transforma-
tion, in §3.7.
We turn to the notion of the trace of a transformation 7" € L(V), given

dimV < oco. We start with the trace of an n X n matrix, which is simply
the sum of the diagonal elements:

(3.2.6) A= (aj) € M(n,F) = TrA=> aj
j=1

Note that if also B = (bj,) € M (n,F), then

AB=C = (Cjk), Cjk = Zajébéky
¢

(3.2.7)
BA=D = (dj), djr=Ybjaum,
¢
and hence
(3.2.8) TrAB = ajby; = Tr BA.

JA
Hence, if B is invertible,

(3.2.9) TrB 'AB=TrABB ! =Tr A.
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Thusif T' € L£(V), we can choose a basis S = {v1,...,v,} of V, if dimV = n,
and define

(3.2.10) TrT =TrA, A=MT),

and (3.2.9) implies this is independent of the choice of basis.

Next we define the adjoint of T € L(V,W), when V and W are finite-
dimensional inner product spaces, as the transformation 7% € L(W, V') with
the property

(3.2.11) (Tv,w) = (v, T*w), YveV, weW.

If {v1,...,v,} is an orthonormal basis of V and {wi,...,w,,} an orthonor-
mal basis of W, then

(3.2.12) A= (aiy), ay = (Tvj,w;),

is the matrix representation of T, as in (1.4.2), and the matrix representation
of T* is

(3.2.13) Af = (Eji).

Now we define the Hilbert-Schmidt norm of 7' € L(V, W) when V and
W are finite-dimensional inner product spaces. Namely, we set

(3.2.14) T3¢ = Tr T*T.
In terms of the matrix representation (3.2.12) of T', we have
(3.2.15) T = bjr = Za@am
hence
(3.2.16) ITWEs =D big =D lagil.
j ‘7k
Equivalently, using an arbitrary orthonormal basis {vi,...,v,} of V| we
have
n
(3.2.17) ITl7s = D 17wl
j=1
If also {wi,...,wy} is an orthonormal basis of W, then

||TH%{S:Z‘ Tvj, wy)|? Z| vy, T*wy)
= ZHT*wkHHS

This gives ||T||gs = ||T*||Hg Also, the right side of (3.2.18) is clearly
independent of the choice of the orthonormal basis {v1,...,v,} of V. Of

(3.2.18)
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course, we already know that the right side of (3.2.14) is independent of
such a choice of basis.

Using (3.2.17), we can show that the operator norm of T is dominated
by the Hilbert-Schmidt norm:

(3.2.19) 1T < 1T || zrs-

In fact, pick a unit v; € V such that ||Tv;|| is maximized on {v : ||v]| < 1},
extend this to an orthonormal basis {v1,...,v,}, and use

n
(3.2.20) ITI? = 1 Torll? < Y 17051 = 1T s
j=1
Also we can dominate each term on the right side of (3.2.17) by || T||?, so
(3.2.21) IT|lms < VnlIT[|, n=dimV.
Another consequence of (3.2.17)-(3.2.19) is
(3.2.22) 1STlus < IS] | Tllzs < 1S ars| Tl s,

for S as in (3.2.3). In particular, parallel to (3.2.5), we have
(3.2.23) T:V V= |T"us < ||T||%ks-

Exercises

1. Suppose V and W are finite dimensional inner product spaces and T' €
L(V,W). Show that
T =T.

2. In the context of Exercise 1, show that
T injective <= T* surjective.
More generally, show that
N(T) = R(T*)* .

(See Exercise 2 of §3.1 for a discussion of the orthogonal complement W)

3. Say A is a k x n real matrix and the k columns are linearly independent.
Show that A has k linearly independent rows. (Similarly treat complex
matrices.)

Hint. The hypothesis is equivalent to A : R¥ — R™ being injective. What
does that say about A* : R* — Rk?
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4. If Ais a k x n real (or complex) matrix, we define the column rank of A
to be the dimension of the span of the columns of A. We similarly define
the row rank of A. Show that the row rank of A is equal to its column rank.

Hint. Reduce this to showing dimR(A) = dimR(A*). Apply Exercise 2
(and Exercise 3 of §3.1).

5. If V and W are normed linear spaces and S,T € L(V, W), show that
1S+ Tl < ISl + 171

6. Suppose A is an n x n matrix and ||A|| < 1. Show that
T-A)'=T+A+A2+. 44+

a convergent infinite series.

7. If Ais an n X n complex matrix, show that

A € Spec(A) = |A| < || A]|.

8. Show that, for any real 8, the matrix
cosf) —sinf
A= <sin9 cos 6 )
has operator norm 1. Compute its Hilbert-Schmidt norm.

9. Given a > b > 0, show that the matrix

=)

has operator norm a. Compute its Hilbert-Schmidt norm.

10. Show that if V' is an n-dimensional complex inner product space, then,
for T € L(V),
det T* = detT.

11. If V is an n-dimensional inner product space, show that, for T' € L(V),
1T} = sup{|(Tw, v)| : [Jul, [Jo]| < 1}.

Show that
IT*| =T, and |T*T| = |IT]>.
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12. Show that if B € M (n,F),

%det([ +tB)=TrB.

13. Writing
det(A +tB) = det(ay + tby, ..., an + tby),

with notation as in (1.5.5), and using linearity in each column, show that

d
— det(A+tB

p = det(by,ag,...,an) + - +det(a,...,bg,...,an)

+ -4 det(al, ceeyQp—1, bn)
Use an appropriate version of (1.5.52) to deduce that

M=o

d k
Jrdet(A+tB)|_, = jzk:(—l)J bjx det Ay,

with Ay; as in Exercise 8 of §1.5, i.e., Aj; is obtained by deleting the kth
column and the jth row from A. In other words,

d
p det(A + tB)’t:O = Z bjrcr; = Tr BC,
7,k

with C' = (¢;x) as in Exercise 10 of §1.5, i.e., ¢;, = (—1)F7 det Ajp.

14. If A is invertible, show that for each B € M(n,F),

d d -1 -1
g det(A +tB)|,_, = (det A)%(I +tA™'B)|,_, = (det A) Tr(A™'B).

Use Exercise 13 to conclude that
(det A)A™! = C.

Compare the derivation of Cramer’s formula in Exercises 9-10 of §1.5.
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3.3. Self-adjoint and skew-adjoint transformations

If V is a finite-dimensional inner product space, T € L(V) is said to be
self-adjoint if 7' = T* and skew-adjoint if 7' = —T™*. If {uj,...,u,} is an
orthonormal basis of V' and A the matrix representation of 7" with respect
to this basis, given by

then T is represented by A* = (@j;), so T is self-adjoint if and only if
a;; = aj; and T is skew-adjoint if and only if a;; = —a;;.

The eigenvalues and eigenvectors of these two classes of operators have
special properties, as we proceed to show.

Lemma 3.3.1. If \; is an eigenvalue of a self-adjoint T € L(V'), then A;
is real.

Proof. Say Twv; = A\jv;j, v; # 0. Then

(3.3.2) Allvil? = (T, v5) = (v, Twj) = Nllos 1%,

SO )\j = Xj. O
This allows us to prove the following result for both real and complex

vector spaces.

Proposition 3.3.2. If V is a finite-dimensional inner product space and
T € L(V) is self-adjoint, then V has an orthonormal basis of eigenvectors
of T.

Proof. Proposition 2.1.1 (and the comment following it in case F = R)
implies there is a unit v; € V such that Tvy = A\jv1, and we know A € R.
Say dimV = n. Let

(3.3.3) W={weV:(n,w) =0}

Then dim W = n — 1, as we can see by completing {v;} to an orthonormal
basis of V. We claim

(3.3.4) T=T"=T:W —W.
Indeed,
(3.3.5) weW = (v,Tw) = (Tv,w) = A (v1,w) =0=Tw e W.

An inductive argument gives an orthonormal basis of W consisting of eigen-
values of T', so Proposition 3.3.2 is proven. (]

The following could be deduced from Proposition 3.3.2, but we prove it
directly.
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Proposition 3.3.3. Assume T € L(V) is self-adjoint. IfTv; = \jvj, T, =
AUk, and Nj # Ay, then (v;,vg) = 0.

Proof. Then we have

Aj(vj,v) = (Tvj,vk) = (v, Tvg) = A (vj, vk)-

If F = C, we have
(3.3.6) T skew-adjoint <= T self-adjoint,

so Proposition 3.3.2 has an extension to skew-adjoint transformations if
F = C. The case F = R requires further study.

If V is a real n-dimensional inner product space and T' € L(V) is skew
adjoint, then V does not have an orthonormal basis of eigenvectors of T,
unless T' = 0. However, V does have an orthonormal basis with respect
to which T has a special structure, as we proceed to show. To get it, we
consider the complexification of V,

(3.3.7) Ve ={u+iv:u,v,eV}

which has the natural structure of a complex n-dimensional vector space,
with a Hermitian inner product. A transformation 7' € £(V') has a unique
C-linear extension to a transformation on V¢, which we continue to denote
by T, and this extended transformation is skew adjoint on V. Hence Vi
has an orthonormal basis of eigenvectors of T'. Say u + iv € V¢ is such an
eigenvector,

(3.3.8) T(u+iv) =iXu+iv), AeR\DO0.
We have

330 Tu=—-Mv

(3.3.9) Tv = M.

In such a case, applying complex conjugation to (3.3.8) yields

(3.3.10) T(u—iv) = —iXu — iv),

and i\ # —i\, so Proposition 3.3.3 (applied to i¢T') yields
(3.3.11) u—+w L u—1wv,

hence

0= (u+iv,u—iv)
(3.3.12) = (u,u) — (v,v) +i(v,u) +i(u,v)
= [lull* = [v]* + 2i(u, v),
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or equivalently

(3.3.13) lull = [lvll, and wLwv.
Now
(3.3.14) Span{u,v} CV

has an (n — 2)-dimensional orthogonal complement, W, and, parallel to
(3.3.4), we have

(3.3.15) T=-T"=T:W—W

We are reduced to examining the skew-adjoint transformation on a lower
dimensional inner product space. An inductive argument then gives the
following.

Proposition 3.3.4. If V is an n-dimensional real inner product space and
T € L(V) is skew adjoint, then V has an orthonormal basis in which the
matriz representation of T consists of blocks

(3.3.16) (_OAj AOJ> :

plus perhaps a zero matriz, when N(T) # 0.

ExaMPLE. Take V = R? and

0 -1 0
(3.3.17) T=[1 0 -1
0 1 0
Then det(T — M) = —A(A? + 2), so the eigenvalues of T are
(3.3.18) A =0, i\p=+V2.
One readily obtains eigenvectors in V¢ = C3,
1 1
(3.3.19) vo=10], ve=|FV2]|,
1 —1

readily seen to be mutually orthogonal vectors in C3. We can write

1 0
(3.3.20) vp=u+iv, u=[0], v=[-v2],
—1 0

and note that u and v € R? are orthogonal and each have norm v/2. Fur-
thermore, a calculation gives

(3.3.21) Tu=—V2v, Tv=+2u.
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Hence
1 1 1

—Uu, U= —F%=V, U3= —=
V2 e T e

gives an orthonormal basis of R? with respect to which the matrix represen-
tation of T is

(3.3.22) uy = Vo

0 V2
(3.3.23) A=1-/2 0

Let us return to the setting of self-adjoint transformations. If V is a
finite dimensional inner product space, we say T € L(V) is positive definite
if and only if T'=T* and

(3.3.24) (Tv,v) > 0 for all nonzero v € V.
We say T is positive semidefinite if and only if 7' = T™* and
(3.3.25) (Tv,v) >0, YvelV.

The following is a basic characterization of these classes of transformations.

Proposition 3.3.5. Given T' =T* € L(V), with eigenvalues {\;},
(i) T is positive definite if and only if each \j > 0.
(it) T is positive semidefinite if and only if each A; > 0.

Proof. This follows by writing v = ) a;v;, where {v;} is the orthonor-
mal basis of V' consisting of eigenvectors of T given by Proposition 3.3.2,
satisfying T'v; = A;v;, and observing that

(3.3.26) (Tv,v) = la;* ;.

J

The following is a useful test for positive definiteness.

Proposition 3.3.6. Let A = (a;;) € M(n,C) be self adjoint. For1 < ¢ <
n, form the ¢ x ¢ matriz Ay = (ajk)1<jk<e¢- Then

(3.3.27) A is positive definite <= det Ay >0, Ve {l,...,n}.

Proof. Regarding the implication =, note that if A is positive definite, then
det A = det A,, is the product of its eigenvalues, all > 0, hence is > 0. Also,
in this case, it follows from the hypothesis of (3.3.27) that each A, must be
positive definite, hence have positive determinant, so we have =-.

The implication < is easy enough for 2 x 2 matrices. If A = A* and
det A > 0, then either both its eigenvalues are positive (so A is positive
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definite) or both are negative (so A is negative definite). In the latter case,
A1 = (a11) must be negative. Thus we have < for n = 2.

We prove <= for n > 3, using induction. The inductive hypothesis implies
that if det Ay > 0 for each £ < n, then A,_; is positive definite. The next
lemma then guarantees that A = A,, has at least n — 1 positive eigenvalues.
The hypothesis that det A > 0 does not allow that the remaining eigenvalue
be < 0, so all of the eigenvaules of A must be positive. Thus Proposition
3.3.6 is proven once we have the following. ]

Lemma 3.3.7. In the setting of Proposition 3.3.6, if A,_1 is positive defi-
nite, then A = A, has at least n — 1 positive eigenvalues.

Proof. Since A = A*, C" has an orthonormal basis vq,...,v, of eigenvec-
tors of A, satisfying Av; = \jv;. If the conclusion of the lemma is false, at
least two of the eigenvalues, say A1, A2, are < 0. Let W = Span(v,v2), so
weW = (Aw,w) <0.
Since W has dimension 2, C"~! c C" satisfies C* "' NW #£ 0, so there exists
a nonzero w € C" ' NW, and then
(Ap—1w,w) = (Aw,w) <0,
contradicting the hypothesis that A,,_1 is positive definite. O

We next apply results on LU-factorization, discussed in §1.6, to A €
M (n,C) when A is positive definite. This factorization has the form

(3.3.28) A=1LU,

where L,U € M(n,C) are lower triangular and upper triangular, respec-
tively; see (1.6.48). As shown in §1.6, this factorization is always possible
when the upper left submatrices Ay described above are all invertible. Hence
this factorization always works when A is positive definite. Moreover, as
shown in (1.6.63), in such a case it can be rewritten as

(3.3.29) A= LoDLy,

where Lg is lower triangular with all 1s on the diagonal, and D is diagonal,
with real entries. Moreover, this factorization is unique. Since

(3.3.30) (Av,v) = (DLgjv, Lyv),

we see that if A is positive definite, then all the diagonal entries d; of D
must be positive. Thus we can write

(3.3.31) D = E?

where E is diagonal with diagonal entries ,/d;. Thus, whenever A €
M (n,C) is positive definite, we can write

(3.3.32) A=LL", L= ILyE, lower triangular.
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This is called the Cholesky decomposition.

Symmetric bilinear forms

Let V be an n-dimensional real vector space. A bilinear form @ on V' is
amap @ :V x V — R that satisfies the following bilinerity conditions:

Q(arur + agug,v1) = a1Q(u1,v1) + a2@Q(uz, v1),
Q(u1, bivr + bava) = b1Q(u1,v1) + b2Q(u1, v2),

for all uj,v; € V, a;,b; € R. We say @ is a symmetric bilinear form if, in
addition,

(3.3.34) Q(u,v) = Q(v,u), Yu,veV.

(3.3.33)

To relate the structure of such () to previous material in this section, we
pick a basis {e1,...,e,} of V and put on V an inner product ( , ) such that
this basis is orthonormal. Then we set

(3.3.35) ajr = Q(ej, ex),

and define A:V — V by

(3.3.36) Aej = Zajgeg, so (Aej,er) = Q(ej,ex).
¢

It follows that
(3.3.37) Q(u,v) = (Au,v), VYu,veV.

The symmetry condition (3.3.34) implies a;, = ag;, hence A* = A. By
Proposition 3.3.2, V' has an orthonormal basis {f1,..., fn} such that

(3.3.38) Afj = )\jfj, /\j e R.
Hence
(3.3.39) Q(fj, fx) = (Afj, fr) = Ajdj.

If @ is a symmetric bilinear form on V', we say it is nondegenerate pro-
vided that for each nonzero u € V, there exists v € V such that Q(u,v) # 0.
Given (3.3.37), it is clear that @ is nondegenerate if and only if A is invert-
ible, hence if and only if each A; in (3.3.38) is nonzero. If () is nondegenerate,
we have the basis {g1,...,gn} of V, given by

(3.3.40) g = NIV
then
(3.3.41) Q(gj, 91) = MMl TV2(ASS, i) = €505,
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where

)\A
(3.3.42) g = —L € {£1}.
A

If p of the numbers ¢; in (3.3.42) are +1 and ¢ of them are —1 (so p+¢ = n),
we say the nondegenerate symmetric bilinear form @) has signature (p, q).

The construction (3.3.41)—(3.3.42) involved some arbitrary choices, so
we need to show that, given such @, the pair (p,q) is uniquely defined. To
see this, let Vi denote the linear span of the g; in (3.3.41) such that ¢; = +1
and let V; denote the linear span of the g; in (3.3.41) such that ¢; = —1.
Hence

(3.3.43) V=VeW

is an orthogonal direct sum, and we have () positive definite on Vy x Vj, and
negative definite on V; x V. That the signature of ) is well defined is a
consequence of the following.

Proposition 3.3.8. Let ‘70 and 171 be linear subspaces of V' such that
(3.3.44) @ is positive definite on Vo X %, negative definite on Vi x V4.
Then

(3.3.45) dim% <p and dimV; < q.

Proof. If the first assertion of (3.3.45) is false, then dim % > p, so dim XN/O—I—
dim V7 > n = dim V. Hence there exists a nonzero u € Vi N V4. This would
imply that

(3.3.46) Q(u,u) >0 and Q(u,u) <0,

which is impossible. The proof of the second assertion in (3.3.45) is parallel.
O



108 3. Linear algebra on inner product spaces

Exercises
1. Verify Proposition 3.3.2 for V = R? and
1 0 1
T=10 10
1 0 1
2. Verify Proposition 3.3.4 for
0o -1 2
A=|1 0 -3
-2 3 0

3. In the setting of Proposition 3.3.2, suppose S,T € L(V) are both self-
adjoint and suppose they commute, i.e., ST = TS. Show that V has an

orthonormal basis of vectors that are simultaneously eigenvectors of S and
of T.

4. Let V be a finite-dimensional inner product space, W C V a linear
subspace. The orthogonal projection P of V onto W was introduced in
Exercise 4 of §3.1. Show that this orthogonal projection is also uniquely
characterized as the element P € £(V) satisfying

P?2=0, P*=P, R(P)=W.

5. If T e L£(V) is positive semidefinite, show that
|T|| = max{\: X € SpecT'}.

6. If S € L(V'), show that S*S is positive semidefinite, and
IS]1* = [15*S]I.

Show that
|15 = max{\'/? : X € Spec S*S}.

7. Let A € M(n,C) be positive definite, with Cholesky decomposition
A= L;Lj, as in (3.3.32). Show that A has another Cholesky decomposition
A = Lo L3 if and only if

Ly = LD,
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with D diagonal and all diagonal entries d; satisfying |d;| = 1.
Hint. To start, we must have

Ly'Ly = L5(L) 7,

both lower triangular and upper triangular, hence diagonal; call it D.

8. If V' is an n-dimensional real inner product space, and T € L(V), we say
T € Skew(V) if and only if T* = —T. (Compare (3.3.7).) Show that

S, T € Skew(V) = [S,T] € Skew(V),

where

[S,T] = ST — TS.

9. Given T'= T* € L(V) and an orthonormal basis {v;} of V' such that
Tv; = A\jvj, and given f : Spec(T") — C, define f(T") € L(V') by

F(T)vj = f(Aj)vy-

Show that
ft)y=t" ket = f(T)=T",
that
h(t) = f(t)g(t) = h(T) = f(T)g9(T),
and that

10. Let T'=T* € L(V), SpecT = {\;}, E; = E(T, \;), and let P; be the
orthogonal projection of V' onto E;. With f(T') defined as in Exercise 9,
show that

ST) =37 F)P;

11. If A € M (n,C) is invertible, its condition number c¢(A) is defined to be
c(4) = Al - [|A7H])

Take the positive definite matrix P = (A*A)Y/? (see Exercises 6 and 9).
Show that

12. Let V be a finite-dimensional inner product space, W C V a linear
subspace, T' € L(V). Show that

T W =W =T Wt wt
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13. Let V be a finite-dimensional, real inner product space, with inner
product denoted ( , ). Assume we have J € L(V), satisfying

J2=—I, J'=-

We can make V' into a complex vector space (denoted V), with the action
of a+ib € C on V given by

(a+1ib) - v =av+ bJv.
Then
dimcV =k = dimg V = 2k.
(See Exercise 13 in §1.3.) Now set
(u,v) = (u,v) +i{u, Jv), w,veV =V

Show that this is a Hermitian inner product on the complex vector space V,
especially

(v,u) = (u,v), (u,Jv)=—i(u,v).

14. In this exercise, let V' be a finite-dimensional real inner product space,
with inner product ( , ). Let A € £L(V), and assume

A" =—A, N(A) =0.

(a)  Show that dimg V' must be even.

(b)  Set
P=A*A=—A2
which is self adjoint and positive definite, and take
Q= P2
Show that @ and A commute.

Hint. Show that there is a polynomial p(\) such that p(u;) = ujl-/ ? for each
ij € Spec P, hence Q = p(P).

(¢) Set
J=AQ L.
Show that J = Q' A and
JP=—I, J'=-J

In particular, J puts a complex structure on V. Denote the associated
complex vector space by V, so

1
dimc V = 5 dimg V.
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(d)  Show that
AJ =JA,
so A:V — V is C-linear.

(e)  Asin Exercise 13, for the Hermitian inner product on V,
(u,v) = (u,v) + i{u, Jv).

Show that
(Au,v) = —(u, Av).

Thus A defines a skew-adjoint transformation on the complex inner product
space V.

(f) Say dimg V' = 2k. By Proposition 3.3.2 and (3.3.6), V has an orthonor-
mal basis {u; : 1 < j <k} (with respect to (, )), consisting of eigenvectors
of A e L(V), with eigenvalues i)}, so

Auj = NjJu;, 1<j<k, \jeR.
Deduce from part (c¢) that

Quj; = A\juj, hence each A; > 0.
(g) Note that Ju; € Spanc{u;}, and hence

(Juj,up) =0, for j#¢.
Show that
(uj,ug) = (uj, Jug) = (Juj, Jug) =0, for j # L.
Then show that
{uj, Ju; : 1 < j <k} is an orthonormal basis of V,
with respect to ( , ). With respect to this basis,
Auj = NjJuj, AJu; = —Aju;.

Compare this with the conclusion of Proposition 3.3.4.
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3.4. Unitary and orthogonal transformations

Let V be a finite-dimensional inner product space (over F) and T' € L(V).
Suppose

(3.4.1) Tt =1

If F = C we say T is unitary, and if F = R we say T is orthogonal. We denote
by U(n) the set of unitary transformations on C" and by O(n) the set of

orthogonal transformations on R"™. More generally, we use the notations
U(V) and O(V). Note that (3.4.1) implies

(3.4.2) |det T|> = (det T)(det T*) = 1,
i.e., detT" € IF has absolute value 1. In particular,
(3.4.3) T e€O(n) = detT = £1.
We set

SO(n) ={T € O(n) : det T = 1},
(3.4.4) SU(n)={T €U(n):detT = 1}.

As with self-adjoint and skew-adjoint transformations, the eigenvalues
and eigenvectors of unitary transformations have special properties, as we
now demonstrate.

Lemma 3.4.1. If \; is an eigenvalue of a unitary T € L(V'), then |\j| = 1.
Proof. Say Tw; = A\jvj, v; # 0. Then
(3.4.5) o[> = (T*Twj,05) = (Tvg, Twg) = [Ny,

U

Next, parallel to Proposition 3.3.2, we show unitary transformations
have eigenvectors forming a basis.

Proposition 3.4.2. IfV is a finite-dimensional complex inner product space
and T € L(V) is unitary, then V' has an orthonormal basis of eigenvectors
of T.

Proof. Proposition 2.1.1 implies there is a unit vy € V such that Tv; =
Avr. Say dim V' = n. Let

(3.4.6) W={weV:(v,w)=0}

As in the analysis of (3.3.3) we have dimW =n — 1. We claim
(3.4.7) T unitary =T : W — W.

Indeed,

(34.8) weW = (v,Tw) = (T v, w) = A\ (v, w) =0 = Tw e W.
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Now, as in Proposition 3.3.2, an inductive argument gives an orthonormal
basis of W consisting of eigenvectors of T, so Proposition 3.4.2 is proven. [J

Next we have a result parallel to Proposition 3.3.3:

Proposition 3.4.3. Assume T € L(V) is unitary. If Tv; = \jv; and
Ty = Aok, and Aj # g, then (vj,v,) = 0.

Proof. Then we have
Aj (v, vp) = (Twj, o) = (05, T o) = Ae(v5, vr),

since Ay = Ap. O

If V' is a real, n-dimensional, inner product space and T' € L(V) satisfies
(3.4.1), we say T is an orthogonal transformation and write T € O(V). In
such a case, V typically does not have an orthonormal basis of eigenvectors
of T. However, V does have an orthonormal basis with respect to which
such an orthogonal transformation has a special structure, as we proceed to
show. To get it, we construct the complexification of V,

(3.4.9) Ve={u+iv:uveV}

which has a natural structure of a complex n-dimensional vector space, with
a Hermitian inner product. A transformation 7" € O(V) has a unique C-
linear extension to a transformation on Vg, which we continue to denote
by T, and this extended transformation is unitary on V¢. Hence V¢ has
an orthonormal basis of eigenvectors of T. Say u + iv € V¢ is such an
eigenvector,

(3.4.10) T(u+iv) = e P(u+iv), ef¢{1,-1}.

(Peck ahead to (3.7.77) for the use of the notation e¥.) Writing ¢ =
c+1s, ¢,s € R, we have

Tu+iTv = (¢ —is)(u + iv)

3.4.11

( ) = cu + sv + i(—su + cv),
hence

(3.4.12) Tu = cu + sv,

Tv = —su+cv.

In such a case, applying complex conjugation to (3.4.10) yields
T(u—iv) = e (u — ),

and e £ 7% if ¢ ¢ {1, 1}, so Proposition 3.4.3 yields

(3.4.13) u+iv L u—iv,
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hence
0= (u+iv,u—iv)
(3.4.14) = (u,u) — (v,0) +i(v,u) + i(u,v)
= [lull® = floll* + 2i(u, v),
or equivalently
(3.4.15) |lul| = |jv]| and w L v.
Now
Span{u,v} C V
has an (n — 2)-dimensional orthogonal complement, on which 7" acts, and

an inductive argument gives the following.

Proposition 3.4.4. Let V be an n-dimensional real inner product space,
T :V — V an orthogonal transformation. Then V has an orthonormal
basis in which the matrix representation of T' consists of blocks

G —35j 2 2 _
(3.4.16) (sj ¢, ) , i tsi=1,

plus perhaps an identity matriz block if 1 € SpecT, and a block that is —1
if —1 € SpecT.

EXAMPLE 1. Picking ¢, s € R such that ¢ + s> = 1, we see that

B <c s )
s —c
is orthogonal, with det B = —1. Note that Spec(B) = {1, —1}. Thus there
is an orthonormal basis of R? in which the matrix representation of B is

b %)

If A: R3> — R? is orthogonal, it has either 1 or 3 real eigenvalues.
Furthermore, there is an orthonormal basis {u1,us,u3} of R? in which
c —s c —s
(3.4.17) A=|s ¢ or s ¢ ,
1 -1

depending on whether det A = 1 or det A = —1. Since ¢? +s? = 1, it follows
that there is an angle 6, uniquely determined up to an additive multiple of
27, such that

(3.4.18) c=cosf, s=sinb.
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If det A =11n (3.4.17) we say A is a rotation about the axis ug, through an
angle 6.

EXAMPLE 2. Take V = R? and

(3.4.19) T =

o = O
_— o O
OO =

Then det(T — M) = —(A\3 — 1) = —(A — 1)(A\% + A + 1), with roots

3.4.20 No=1, Ap—eris_ 1y V3,
( ' 2 2
We obtain eigenvectors in Vo = C3,
1 _% + 731 6:|:27ri/2
(3.4.21) v=|1], vi= 1 = 1 )
1 _% == 731 eF2mi/3

readily seen to be mutually orthogonal in C3. We can write

(3.4.22) Uy = u+ v,
with
—% cos %” V3 1 sin 2%
(3.4.23) u = 1 = 1 , V= - 0| = 0 ,
—% cos %’r -1 —sin 2%

and note that u and v € R3 are orthogonal (to each other and to v), and
each has norm /3/2. One can then apply 7" in (3.4.19) to u and v in (3.4.23)
and verify directly that

(3.4.24) Tu=cu+sv, Tv=—su+cv,
with

1 2 3 2
(3.4.25) c:—gzcosg, s:—\g:—sin;,

consistent with (3.4.10)—(3.4.12), with A, = e~%.

Collecting these calculations, we see that, with vy as in (3.4.21) and u, v
as in (3.4.23),

2 2 1
(3.4.26) uy = \/;u, uy = \/;v, uz = \/gvo
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form an orthonormal basis of R? with respect to which the matrix form of
T in (3.4.19) becomes

1

—3
(3.4.27) A=|_v3 _1
2 2

Returning to the basic definitions, we record the following useful com-
plementary characterization of unitary transformations.

Proposition 3.4.5. Let V be a finite-dimensional inner product space, T' €
L(V). Then T is unitary if and only if it is an isometry on V, i.e., if and
only if

(3.4.28) [Tull = [[ull, YueV.

Proof. First,
(3.4.29) | Tu||? = (Tu, Tu) = (T*Tu, ),

so T*T' = I = T is an isometry. For the converse, we see that if T is an
isometry, then A = T*T is a self-adjoint transformation satisfying

(3.4.30) (Au,u) = (u,u), VueV.
In particular, if u = u; is an eigenvector of A, satisfying Au; = pju;, then
(3.4.31) pillug|? = (Aug,ug) = Jluglf?,

so all eigenvalues of A are 1, hence A = 1. O
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33

= u/|lu|

0 (cos 0)]||v]|@

Figure 3.4.1. The cosine of an angle

Exercises

1. Let V be a real inner product space. Consider nonzero vectors u,v € V.
Show that the angle 8 between these vectors is uniquely defined by the
formula

(u, 0) = [[ul| - [[v]] cos#, 0 <6 <.

See Figure 3.4.1. Show that 0 < # < « if and only if v and v are linearly
independent. Show that

lu+ol* = J[ul® + oll* + 2lfull - [[]| cos 6.

This identity is known as the Law of Cosines.

If v and v are linearly independent, produce a linear isomorphism from
Span{u,v} to R? that preserves inner products and takes u to |lu||i. Peek
ahead at §3.7, and make contact with the characterization of cos and sin in
(3.7.76).
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For V as above, u,v,w € V, we define the angle between the line segment
from w to u and the line segment from w to v to be the angle between u — w
and v —w. (We assume w # u and w # v.)

2. Take V = R?, with its standard orthonormal basis i = (1,0), j = (0,1).
Let

u=(1,0), wv=(cosp,sing), 0<p<2m.
Show that, according to the definition of Exercise 1, the angle 6 between u
and v is given by
0=¢ if 0<p <,
2r — o if m < < 2m.

3. Let V be a real inner product space and let R € L(V') be orthogonal.
Show that if u,v € V are nonzero and &« = Ru, © = Rv, then the angle
between u and v is equal to the angle between @ and ©. Show that if {e;} is
an orthonormal basis of V', there exists an orthogonal transformation R on
V such that Ru = ||ul|e; and Rwv is in the linear span of e; and es.

4. Consider a triangle as in Fig.3.4.2. Show that

h =csin A,

and also
h=asinC.
Use these calculations to show that

sinA sinC sinB

a c b

This identity is known as the Law of Sines.

Exercises 5-11 deal with cross products of vectors in R?. One might recon-
sider these when reading Section 8.1.

5. If u,v € R3, we define the cross product u x v = II(u, v) to be the unique
bilinear map II : R? x R? — R3 satisfying

uXv=-—vXu and
ixj=k, jxk=1, kxi=yj,

where {4, j, k} is the standard basis of R3.
Note. To say 1II is bilinear is to say II(u,v) is linear in both u and v.
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Figure 3.4.2. Law of Sines

Show that, for all u,v,w € R3,

w1 Uy V1
(3.4.32) w-(uxv)=det |wy uz w2,
w3 uz U3

and show that this property uniquely specifies u x v. Explain how (3.4.32)
can be rewritten as

T U v U2V3 — U3V2
(3.4.33) uxv=det|j us wvo| = | ugvy —uivs
k us vs U1V — UV1

6. Recall that T € SO(3) provided that T is a real 3 x 3 matrix satisfying
T'T = I and det T > 0, (hence det T'= 1). Show that

(3.4.34) Te€SOB) = TuxTv=T(uxwv).
Hint. Multiply the 3 x 3 matrix in (3.4.32) on the left by 7.

7. Show that, if # is the angle between v and v in R?, then
(3.4.35) lux v|| = ||lu| - [|v]| - |sin@].
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More generally, show that for all u,v,w,z € R3,

(uxv) (wxz)=(u-w)(v-z)—(u-x)(v- w)
(3.4.36) — det (u-w u:v)

Hint. Check these identities for u = ¢, v = ai+ bj, in which case u x v = bk,
and use Exercise 6 to show that this suffices.
Note that the left side of (3.4.36) is then

0 w-i z=-1
bk-(wxz)=det [0 w-j x-j
b w-k x-k

Show that this equals the right side of (3.4.36).

8. Show that x : R3 — Skew(3), the set of antisymmetric real 3 x 3 matrices,
given by

0  —ys ¥ Y1
(3.4.37) cy)=wvw 0 —-wnl|, y=|v],
—Y2 N 0 Y3
satisfies
(3.4.38) k(y)r =y X x.

Show that, with [A, B] = AB — BA,

Kz x y) = [k(2), 5(y)],

(3.4.39) Tr (k(z)k(y)") =2z - y.

9. Show that if u,v,w € R3, then the first part of (3.4.39) implies
(uxv)xw=ux(vxw)—uvx(uxuw).
Relate this to the identity
[4, B],C] = [A,[B,C]] - [B, [A, CT],
for A,B,C € M(n,R) (with n = 3).

10. Show that, if u, v, w, € R3,
vX (uxw)=(v-wu-—(v-u)w.

Hint. Start with the observation that v x (u x w) is in Span{u,w} and is
orthogonal to v. Alternative. Use Exercise 6 to reduce the calculation to
the case u =1, w = ai + bj.
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11. Deduce from (3.4.32) that, for u,v,w € R3,

u- (v xw)=(uxv)- w.

12. Demonstrate the following result, which contains both Proposition 3.3.2
and Proposition 3.4.2. Let V be a finite dimensional inner product space.
We say T : V — V is normal provided T and T* commute, i.e.,

(3.4.40) TT* =T"T.
Proposition 3.4.6. IfV is a finite dimensional complez inner product space

and T € L(V) is normal, then V' has an orthonormal basis of eigenvectors
of T.

Hint. Write T = A+iB, A and B self adjoint. Then (3.4.40) = AB = BA.
Apply Exercise 3 of §3.3.

13. Show that if A € O(n) and det A = —1, then —1 is an eigenvalue of A,
with odd multiplicity.

Recall from §3.3 that if V' is an inner product space, T' € L£(V') belongs to
Skew (V') if and only if 7% = —T. For such T, all eigenvalues are purely
imaginary.

14. Show that

(3.4.41) C(T)=(I-T)"*I+1)

defines a map

(3.4.42) C:Skew(V) — {AecU(V):—1¢ Spec A},
with inverse

(3.4.43) CHA) = —(I+A)71I - A).

We call C the Cayley transform.
Hint. If A = C(T), start by showing

A=I+D*((I-T) "Y' =(I-T)I+T)".

15. Specializing Exercise 14 to V' = R", show that (3.4.42) becomes
C : Skew(n) — {A € SO(n) : —1 ¢ Spec A},

one-to-one and onto.
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16. Extend the scope of Exercise 8 in §3.1, on QR factorization, as follows.
Let A € G¢(n,C) have columns ay,...,a, € C". Use the Gramm-Schmidt

construction to produce an orthonormal basis {q1,...,q,} of C" such that
Span{ai,...,a;} = Span{qi,...,q;} for 1 < j < n. Denote by Q € U(n)
the matrix with columns ¢, ..., g,. Show that

A=QR,

where R is the same sort of upper triangular matrix as described in that
Exercise 8.

17. Let A € M(n,C) be positive definite. Apply to AY? the QR factoriza-
tion described in Exercise 16:
A2 =QR, Qe U(n), R upper triangular.
Deduce that
A=LL", L=R" lower triangular.
This is a Cholesky decomposition. Use Exercise 7 of §3.3 to compare this
with (3.3.32).
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3.5. Schur’s upper triangular representation

Let V be an n-dimensional complex vector space, equipped with an inner
product, and let T" € L£(V). The following is an important alternative to
Proposition 2.4.1.

Proposition 3.5.1. There is an orthonormal basis of V with respect to
which T has an upper triangular form.

Note that an upper triangular form with respect to some basis was
achieved in (2.3.11), but there the basis was not guaranteed to be orthonor-
mal. We will obtain Proposition 3.5.1 as a consequence of

Proposition 3.5.2. There is a sequence of vector spaces V; of dimension j
such that

(3.5.1) V=V,oV,.1D2---DWV
and
(3.5.2) T:V;—=Vj.

We show how Proposition 3.5.2 implies Proposition 3.5.1. In fact, given
(3.5.1)—(3.5.2), pick u,, L V,_1, a unit vector, then pick a unit u,—1 € V;,_1
such that u,,—1 L V,,_9, and so forth, to achieve the conclusion of Proposition
3.5.1. Otherwise said, {u; : 1 < j < n} is constructed to be an orthonormal
basis of V' satisfying u; € V; for each j. We see that, for each j, Tu,
is a linear combination of {uy; : ¢ < j}, and this yields the desired upper
triangular form. ([l

Meanwhile, Proposition 3.5.2 is a simple inductive consequence of the
following result.

Lemma 3.5.3. Given T € L(V) as above, there is a linear subspace V,_1,
of dimension n — 1, such that T : Vi1 — V1.

Proof. We apply Proposition 2.1.1 to 7™ to obtain a nonzero v; € V such
that T*v1 = Avq, for some A € C. Then the conclusion of Lemma 3.5.3 holds
with V,,_1 = (Ul)L. O

We illustrate the steps described above to achieve a “Schur normal form”
with the following example: V = C3 and

0 1 0
(3.5.3) T=[0 0 1
0 -1 2
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Note that
(3.5.4) det(AM — A) =23 —2X2 £ X = A(A —1)%
We have
0 0 O
(3.5.5) ™"=110 —-1],
01 2
and
1
(3.5.6) E(T*,0) = Span{ -2 }
1

Thus, in the notation of the proof of Lemma 3.5.3, we have v; = (1, —2,1).
Hence

1 |
(3.5.7) VQZ(vl)lzspan{ 1], [ o }
1) \-1

The unit vector ug L Vo might as well be
(3.5.8) ug = — [ —2

We next need a one-dimensional subspace Vi C V5, invariant under 7. In
fact,

0 1 0\ /1 1
(3.5.9) 0 0o 1)1]=(1],
0o -1 2/ \u1 1

so we can take V] to be the span of this vector. Thus V; is spanned by the
unit vector

1 1
3.5.10 u=—1\,11,
and this, together with
1

(3.5.11) up =

)
\
—
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forms an orthonormal basis of V5. We have

Tuy = uq,
0
1 3
TU2:7 —1 _—\/7’11,1—'-162,
(3.5.12) V2o 2
-2
1 1
TU3 = = —=U] — \/glIQ.

A RRE

Thus, with respect to the orthonormal basis {u1, ug, us}, the matrix repre-
sentation of T is

1 32 V12
(3.5.13) M=10 1 /3|,
0 0 0

and this is a Schur normal form of T'.

Recall from §3.2 that the Hilbert-Schmidt norm of a linear transforma-
tion is independent of the choice of orthonormal basis. In this case, we
readily verify that

ITlfs =1+1+1+4=T7,

(3.5.14)
IM|fis=1+1+3+3+3=".

Proposition 3.5.1 has uses that do not depend on knowing a specific
Schur normal form for T'. Here is an example of such an application, known
as Schur’s inequality. It involves the Hilbert-Schmidt norm, introduced in
63.2 and mentioned above.

Proposition 3.5.4. Let T € L(V), where V is a complex inner product
space of dimension n. Assume the eigenvlues of T are Ai,..., A\, (repeated
according to multiplicity). Then

n
(3.5.15) S INE < I s
j=1

Proof. Let A = (aj;) denote the matrix representation of T described in
Proposition 3.5.1. Since A is upper triangular, the eigenvalues of A are
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precisely the diagonal entries, a;;. Hence

n n
SN =D lag,l?
j=1 j=1
(3.5.16) < Z ’ajk’2
3.k
= [|Allfs = 1T llfss-

O

There is an interesting application of Proposition 3.5.4 to roots of a
polynomial. Take a polynomial of degree n,

(3.5.17) PN = A" 4 an 1 A"+ ag )+ ao,

with a; € C. As shown in Proposition 2.3.4, we can form the companion
matrix

0 1 0 0
0 0 0 0
0 0 0 1
—ap —a1 —0p—2 an—1
and
(3.5.19) det(\T — A) = p(\).

Thus the eigenvalues of A coincide with the roots A1, ..., A, of p(\), repeated
according to multiplicity. Applying (3.5.15), we have the following.

Corollary 3.5.5. If {\1,...,\,} are the roots of the polynomial p(\) in
(3.5.17), then

n n—1
(3.5.20) DM <n—1+) oy
k=1 j=0

REMARK. The matrix (3.5.3) is the companion matrix of the polynomial
A(A — 1)2, arising in (3.5.4).
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Exercises

1. Put the following matrices in Schur upper triangular form.

1 0 1 0 2 0
o 2 0], |3 o 3
-1 0 -1 0 -2 0

2. Let D(n) C M(n,C) denote the set of matrices all of whose eigenvalues
are distinct. Show that D(n) is dense in M (n,C), i.e., given A € M(n,C),
there exist Ay € D(n) such that A, — A.

Hint. Pick an orthonormal basis to put A in upper triangular form and
tweak the diagonal entries.

3. Fill in the details in the following proposed demonstration of the Cayley-
Hamilton theorem, i.e.,

Ka(\) = det(A\] — A) = K4(A) =0, VA& M(n,C).

First, demonstrate this for A diagonal, then for A diagonalizable, hence
for A € D(n). Show that ®(A) = K4(A) defines a continuous map ¢ on
M (n,C). Then use Exercise 2.

4. In the setting of Proposition 3.5.1, let S,T € L(V) commute, i.e., ST =
TS. Show that V has an orthonormal basis with respect to which S and T’
are simultaneously in upper triangular form.

Hint. Start by extending Lemma 3.5.3.

5. Let A € L(R™). Show that there is an orthonormal basis of R" with
respect to which A has an upper triangular form if and only if all the eigen-
values of A are real.

6. In the setting of Proposition 3.5.4, show that the inequality (3.5.15) is
an equality if and only if T is normal. (Recall Exercise 12 of §3.4.)
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3.6. Polar decomposition and singular value decomposition

For complex numbers, polar decomposition is the representation
(3.6.1) z=re?,

for a given z € C, with r > 0 and 8 € R. In fact, 7 = |z| = (22)'/2. If 2 # 0,
then r > 0 and €% is uniquely determined. The following is a first version
of polar decomposition for square matrices.

Proposition 3.6.1. If A € M(n,C) is invertible, then it has a unique
factorization

(3.6.2) A=KP, KeU(n), P=P" positive definite.

Proof. If A has such a factorization, then
(3.6.3) A*A = P?.

Conversely, if A is invertible, then A*A is self adjoint and positive definite,
and, as seen in §3.3, all its eigenvalues A; are > 0, and there exists an
orthonormal basis {v;} of C" consisting of associated eigenvectors. Thus,
we obtain (3.6.3) with

1/2,

(3.6.4) Pvj = \""v;.

In such a case, we have A = K P if we set

(3.6.5) K =AP !,

We want to show that K € U(n). It suffices to show that
(3.6.6) |Kull = ful

for all w € C™. To see this, note that, for v € C",
(3.6.7) ||[KPv|*> = ||Av||? = (Av, Av) = (A*Av,v) = (P?v,v) = | Pvl|*.

This gives (3.6.6) whenever u = Pv, but P is invertible, so we do have (3.6.6)
for all w € C™. This establishes the existence of the factorization (3.6.2).
The formulas (3.6.4)—(3.6.5) for P and K establish uniqueness. O

Here is the real case.

Proposition 3.6.2. If A € M(n,R) is invertible, then it has a unique
factorization

(3.6.8) A=KP, K e€O(n), P=P* positive definite.

Proof. In the proof of Proposition 3.6.1, adapted to the current setting, R™
has an orthonormal basis {v;} of eigenvectors of A*A, so (3.6.4) defines a
positive definite P € M(n,R). Then K = AP~! is unitary and belongs to
M (n,R), so it belongs to O(n). O
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We extend Proposition 3.6.1 to non-invertible matrices.

Proposition 3.6.3. If A € M(n,C), then it has a factorization of the form
(3.6.2), with P positive semidefinite.

Proof. We no longer assert uniqueness of K in (3.6.2). However, P is still
uniquely defined by (3.6.3)-(3.6.4). This time we have only A; > 0, so P
need not be invertible, and we cannot bring in (3.6.5). Instead, we proceed
as follows. First, somewhat parallel to (3.6.7), we have

(3.6.9) |Pu]l® = (P?0,0) = (A" Av,v) = | A0|]%,

for all v € C". Hence N (P) = N(A), and we have the following orthogonal,
direct sum decomposition,

C"=WeW,

where
(3.6.10) Vo = R(P) = Span{v; : \; > 0}, Vi = N(P) = N(A),
with v; as in (3.6.4). We set

Vo — Vo, Qui= ;"
(3.6.11) .?(0 : ;)/b — gn, Qléov :JAQJ7
It follows that
(3.6.12) KoPv = Av, Yv eV,

and that (3.6.7) holds for all v € Vj, so Ky : Vi — C™ is an injective isometry.
Now we can define

(3.6.13) Ky : Vi — R(Kp)*t = R(A)*

to be any isometric isomorphism between Vi and R(K)*t, which have the
same dimension. Then we set

(3.6.14) K=Ky® K, :Vo®Vi — C",

which is an isometric isomorphism, hence an element of U(n). We have
(3.6.15) KPv = Av,

both for v € Vp, by (3.6.12), and for v € V; = N(P) = N(A), thus proving
Proposition 3.6.3. O

Parallel to Proposition 3.6.2, there is the following analogue of Proposi-
tion 3.6.3 for real matrices.

Proposition 3.6.4. If A € M(n,R), then it has a factorization of the form
(3.6.8), with P positive semidefinite.
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We give some examples to illustrate polar decomposition.

ExaMPLE 1. Take

(3.6.16) A:@ D,

which is invertible. We have

R 5 T 1 N .
AA—<3 2)—P, with
(3.6.17)

Then A = K P, with

(3.6.18) K=AP = (; D (_11 _21> = (? (1)) .

EXAMPLE 2. Take

(3.6.19) A= (_11 _11> ,

which is not invertible. We have

wa (2 2) _ o .
AA—<2 2)—]3, with

(1Y),

Following the treatment of Proposition 3.6.3, we have R? = V, @ V1, with

(3.6.20)

1 1
(3.6.21) Vp =R(P) = Span <1>, Vi = N(P) = N(A) = Span <_1).
As in (3.6.11), we take
(3.6.22) Ko: Vo = R%,  Koyv=AQu.

where @ inverts P on Vp. Since Ply, has the single eigenvalue 2, Ky is
specified by

i u()-()- ()

Next, we take

(3.6.24) Ky : Vi = R(Ko)*t = R(A)* = Span (1)
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to be any isometric isomorphism. Since these vector spaces are 1-dimensional,
there are two choices:

1 1 1 1
.6.2 K = K S )
sox w() = o) o m()=-())
We can now specify K = Ky ® K7 in the polar decomposition A = K P, via
1 1 1
K( ) =3K 3K
(o) =4 0) + 4.,
0 1 1
K|, ]=3K -iK :
(1) =a) 4 ()
Hence, in the two respective cases given in (3.6.25),

woan x (3 0) (D)

In cases where dim V; > 1 (i.e., where dimN'(A4) > 1, or F = C), one would
have an infinite number of possibilities for K in the polar decomposition of

A.

(3.6.26)

Having treated polar decomposition, we now apply Propositions 3.6.3—
3.6.4 to the following factorization.

Proposition 3.6.5. If A € M(n,C), then we can write

(3.6.28) A=UDV* UV eU(n), DeM(n,C) diagonal,
in fact,
dq
(3.6.29) D= - . d; >0
dn,

If A e M(n,R), we have (3.6.28) with U,V € O(n).

Proof. By Proposition 3.6.3 we have A = KP, with K € U(n), P positive
semidefinite. By results of §3.3, we have P = VDV™*, for some V € U(n),
D as in (3.6.29). Hence (3.6.28) holds with U = KV. If A € M(n,R), a
similar use of Proposition 3.6.4 applies. U

A factorization of the form (3.6.28)—(3.6.29) is called a singular value
decomposition (or SVD) of A. The elements d; in (3.6.29) that are > 0 are
called the singular values of A.

Finally, we extend the singular value decomposition to rectangular ma-
trices.
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Proposition 3.6.6. If A € M(m x n,C), so A: C" — C™, then we can
write

(3.6.30) A=UDV* Ue€U(m), VeU(n),
and

(3.6.31) D e M(m xn,C) diagonal, with diagonal entries d; > 0.

Proof. We treat the case
(3.6.32) A:C"—C", m=n+k>n.

If m < n, one can apply the argument that follows to A*.
When (3.6.32) holds, there exists

(3.6.33) KeU(m), K:R(A) —CrcC™”,
so that

B
(3.6.34) KA:<O>, B e M(n,C), 0 € M(k xn,C).
By Proposition 3.6.5, we can write
(3.6.35) B=WDyV*, W,V eU(n), Dy diagonal,
SO

W DoV* %% Dy
5639 ("e)-(" ) ()
and hence (3.6.30) holds with

D

(3.6.37) U=K"! (W I> , D= ( 00>.

There is a similar result for real rectangular matrices.
Proposition 3.6.7. If A € M(m x n,R), then we can write
(3.6.38) A=UDV* Ue€O(m), VeO(n),
and D as in (3.6.31).

REMARK. As in the setting of Proposition 3.6.5, the nonzero quantities d;
in (3.6.31) are called the singular values of A.

Having Propositions 3.6.6 and 3.6.7, we record some additional useful
identities associated to the decomposition (3.6.30), namely

(3.6.39) A*A =V(D*D)V*, AA* =U(DD*)U",
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and
(3.6.40) D*D = D2, DD*z(l())O 8).
ExAMPLE. Take
1 -1
(3.6.41) A=1|1 0
1 1
We have
3 0 21 0
(3.6.42) A*A:(O 2), AA* =1 1 1
01 2

Hence we have the first identity in (3.6.39) with

e (30

which yields

V3 0 3
(3.6.44) DO:<‘/g ﬂ) D(o \/§> DD*( 2 o)C
0 0

To proceed, we have

(3.6.45) Spec AA™ = {3,2,0},
and
1 1
E(AA*,3)=Span | 1], E(AA*,2)=Span| 0 |,
1 -1
(3.6.46)
1
E(AA*,0) = Span | —2
1

The norms of these three vectors are v/3,v/2, and v/6, respectively. If we
take

(3.6.47) 1/V3 0 —2//6

1/vV3 1/vV2  1/v6

we verify that AA* = U(DD*)U*, and that the singular value decomposition
(3.6.30) holds, with V, D, and U given in (3.6.43), (3.6.44), and (3.6.47).

(1/\/§ —1/V2 1/\/6>
U= ;
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Returning to generalities, we record the following straightforward con-
sequence of (3.6.30).

Corollary 3.6.8. Assume A € M(m x n,C) has the SVD form (3.6.30)—
(3.6.31). Let {u;} denote the columns of U and {v;} the columns of V.
Then, for w e C™,

(3.6.48) Aw = Zdj(w,vj)uj.
J

This result in turn readily leads to the following.

Proposition 3.6.9. In the setting of Corollary 3.6.8, assume

(3.6.49) j>J=4d; <6.

Define Ay : C" — C™ by

(3.6.50) Ajw = Zdj(w,vj)uj.
J<J

Then

(3.6.51) |A—Ay| <6.

Proof. We have

I(A = Apwl® =) dil(w,v)?
(3.6.52) i>J
< 8%l

O

Proposition 3.6.9 is exploited in an approach to image compression,
which we can illustrate as follows. Suppose one has a picture of a scene,
made up of 2000 x 2000 pixels. The data can be regarded as encoded in a
matrix A € M(n,R), n = 2000. The entries could represent either a grey
scale or a color scale. Take the singular value decomposition of A, as in
(3.6.30). Doing this is way beyond hand calculation, but various numerical
software packages allow one to do this on a computer, using a command
with syntax like

(3.6.53) [U,D,V] = SVD(A).

In the current case, D is a diagonal matrix with 2000 diagonal entries d; > 0,
arranged in decreasing order, d; ~\,. For a discussion of how this can be done,
see [6].

Now it has been observed that, for many such matrices arising from
pictures of typical scenes, the entries d; get quite small fairly quickly, so
that Ay, given by (3.6.50), is a useful approximation to A for J = 100, or
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maybe even smaller. The task of storing the information needed to produce
Ay for such a value of J involves much less memory than is needed to
store the original matrix A. This would allow for the storage of many more
pictures on a device with a given amount of memory. For more on this, see
pp. 332-333 of [22].
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Exercises

1. Produce polar decompositions for the following matrices.
1 0 1

G () oz
10 -1

2. Produce singular value decompositions for the following matrices.
1 0 1

11> <111>
. o2 o, .
(21 Lo 1 10 1

3. Extend the results on polar decomposition given in this section from
A € M(n,F) to the setting of A € L(V'), where V is a finite-dimensional
inner product space (over R or C).

4. Extend the results on SVDs given in this section from A € M(m x n,F)
to the setting of A € L(V, W), where V and W are finite-dimensional inner
product spaces (over R or C).

5. Let P2 be the space of polynomials in = of degree < 2, with inner product

1 [
(ro)=5 | rep@ s,
and let A : Po — Py be given by
Af(z) = f'(z) + f(=).

Give the polar decomposition of A.

6. In the setting of Exercise 5, give the singular value decomposition of A.
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3.7. The matrix exponential

Take A € M(n,F), with F = R or C. The matrix exponential arises to
represent solutions to the differential equation

dz
7.1 —=A =
(3.7.1) 7 z, z(0)=w,

for a function x : R — F", given v € F". One way to approach (3.7.1) is to
construct the solution as a power series,

(3.7.2) z(t) = ixktk,
k=0

with coefficients zj € F". As shown in calculus courses, if (3.7.2) is abso-
lutely convergent on an interval |¢t| < T', then z(¢) is differentiable on this
interval, and its derivative is obtained by differentiating the series term by
term (cf. Chapter 4 of [23]). Anticipating that this will work, we write

(3.7.3) 2(t) = kapt" =) (04 Daggat.
k=1 =0
Meanwhile,
(3.7.4) Az(t) = ZA.rgte.
=0

Comparing (3.7.3) and (3.7.4), we require

1
(375) Tp41 = mA.’IJ(, / 2 0.
Meanwhile, the initial condition x(0) = v forces z¢p = v. Thus, inductively,
1 1
(3.7.6) xg =0, 11 = Av, To= §A20, ceey X = HAkU, ey
and we have the power series
(3.7.7) z(t) = HAkv.
k=0

This power series is absolutely convergent for all ¢t € R. To see this, we
use (3.2.4) and the triangle inequality (3.1.14) to obtain the estimate

M+N ‘t‘k

M+N tk
(3.7.8) | 3 54| < 3 Triaifiel.
k=M

which together with the ratio test guarantees absolute convergence for all
t € R. Thus the term by term differentiation of (3.7.7) is valid, and we have
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a solution to (3.7.1). We write this solution as z(t) = e!4v, where we set
A k
k=0

This is the matrix exponential. Calculations parallel to (3.7.3) give
d

(3.7.10) $et’4 = Ae!t = 1A,

In fact, e'v is the unique solution to (3.7.1). An essentially equivalent
result is that e!4 is the unique solution to the matrix ODE
(3.7.11) X'(t) = AX(t), X(0)=1I.
To see this, we apply the product rule
4
dt
to B(t) = e7* and X(t) as in (3.7.11). Thus, via (3.7.10), with A replaced
by —A,

(3.7.12) (Bt)X(t)) = B'(t)X(t) + B(t)X'(t)

(3.7.13) %(e_tAX(t)) = e MAX(t) + e AX (1) = 0,

so e 4 X (t) is independent of t. Evaluation at t = 0 gives

(3.7.14) e X(t)=1, VteR,

whenever X (t) solves (3.7.11). Since e* solves (3.7.11), we get

(3.7.15) e Mt =1, VteR,

i.e., e is the matrix inverse to ', Multiplying (3.7.14) on the left by
e then gives

(3.7.16) X(t) = e,

which is the asserted uniqueness.

A useful computation related to (3.7.13) arises by applying d/dt to the
product eTH4e=t4 We have

d

(3.7.17) a(e(‘g“)Ae—m) = e(5HA go=tA _ o504 go=tA —
so e(sT1)4e=t4 ig independent of ¢. Evaluation at t = 0 gives
(3.7.18) et A=t — 54 g t e R,

Multiplying on the right by e*4 and using (3.7.15) (with ¢ replaced by —t)
gives

(3.7.19) eBTDA — o344 g 1 e R,

The following result generalizes (3.7.19).
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Proposition 3.7.1. Given A, B € M(n,F), we have
(3.7.20) ATB) — et AetB -y e R,
provided A and B commute, i.e.,

(3.7.21) AB = BA.

Proof. This time we differentiate a triple product,

ﬁ(et(AJrB)e_tBe_tA) _ (MATB) (4 4 BetBotA

dt
(3.7.22) _ (HA+B) g—tB ~tA

_ HA+B) ,~tB 4 ,~tA

Next, we note that, for s € R,
By _ kA k
(3.7.23) ePA=>" B A= > 7 AB",
k=0 k=0

provided A and B commute, so
(3.7.24) AB = BA = e*BA = AP Vs e R

Taking s = —t allows us to push A to the left in the third term on the right
side of (3.7.22), yielding 0. Hence the triple product is independent of t¢.
Evaluating at t = 0 gives

(3.7.25) HATB)tBe—tA _ 1 vt eR.

provided (3.7.21) holds. Multiplying on the right first by e*4, then by !,
using again (3.7.15), we obtain (3.7.20). O

Returning to (3.7.1), we have seen that solving this equation is equivalent
to evaluating e!4. Typically, one does not want to do this by computing the
infinite series (3.7.9). We want to relate the evaluation of e/4v to results in
linear algebra.

For example, if v is an eigenvector of A, with eigenvalue A, then
Av = v = AFv = Ny

(3.7.26) >tk

A related identity is that, if C' € M (n,F) is invertible,

(3.7.27) A=C7'BC = A* = C71BFC = 4 = ¢!
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If B is diagonal,

B= = B =

(3.7.28)

which in conjunction with (3.7.27) gives

et)\l

(3.7.29) et =t c,
tAn

if A= C71BC with B as in (3.7.28), i.e., if A is diagonalizable.

As we know, not all matrices are diagonalizable. As discussed in §2.2,
a vector v € C" is a generalized eigenvector of A, associated to A € C,
provided

(3.7.30) (A= A0 =0, forsome (€N,
the case £ = 1 making v an eigenvector. When (3.7.30) holds, we can
compute et4v as follows. First
oty — HA-ADHAL
(3.7.31)

_ JAGHAND),

)

the second identity via (3.7.20), with A — Al in place of A and AI in place
of B, noting that the identity matrix I € M(n,C) commutes with every
element of M (n,C). Now the infinite series

tk
(3.7.32) Ay =3 (A= A

k
(3.7.33) ey =y t—(A — \)Fv,

which has the form e**w(t), where w(t) is a polynomial, of degree < ¢, with
coefficients in C". As shown in §2.2,

Given A € M(n,C), C" has a basis

3.7.34
( ) consisting of generalized eigenvectors of A.

Let us summarize our analysis on how to evaluate a matrix exponential.
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A

How to compute e?v.

1. Find a basis {v1,...,v,} of C", consisting of generalized eigenvectors of
A.

2. Find ¢q,...,¢, € C such that v = cqv1 + - + ¢,v,. Then

(3.7.35) ey = cretuop + -+ cpetiuy,.

3. Here is how to compute etAvj.

A. If v is an eigenvector, say Av; = A\jv;, then

(3.7.36) ety = e,

B. If v; is a generalized eigenvector, satisfying (A — \;I)%v; = 0, then

/-1

tk
(3.7.37) ety = ethi Z H(A — N
k=0
How to compute the n x n matrix e'4.

The jth column of et is et4

cn.

We work out a couple of examples.

ej, where e; is the jth standard basis vector of

ExXAMPLE 1. Take

1 01
(3.7.38) A=|0 1 0.
1 01
Then Spec A = {0,1,2}, and
(3.7.39)
1 0 1
E(A,0)=Span | 0 |, E(A,1)=Span|1]|, &E(A,2)=Span |0
-1 0 1
Hence
(3.7.40)
1 1 0 0 1 1
el ol=(0], edf1]=€e(1], ed[0o]=¢*]|0
-1 -1 0 0 1 1
Meanwhile,
1 1 1 0 1 1
1 1 1 1
0 -1 1 1 1 —1
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hence
(3.7.42)
1 1 1 0 1 1
1 2 2 1
etAO:§O+%O,etAO:%O—§O
0 —1 1 1 1 —1
From this and the second identity in (3.7.40), we have
(e +1) 0 (e —-1)
(3.7.43) et = 0 el 0
(e —1) 0 Z(e*+1)
ExAMPLE 2. Take
1 0 1
(3.7.44) A=|o0 1
-1 0 -1

Then Spec A = {0, 1}, and 0 is a double root of the characteristic polynomial
of A. We have

0 1
(3.7.45) E(A,1)=Span (1], &E(A,0)=Span| 0 |,
0 -1
and, noting that
000
(3.7.46) A =1(0 1 0,
000
we have
1 0
(3.7.47) QE(A,O):Span{ o, o }
0 1
Hence

(3.7.48) 1+¢ 0 L

It follows that

(3.7.49) A= 0 € 0
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Returning to generalities, let us note from (3.7.34) that, for each v € C",
et4v is a linear combination of terms of the form (3.7.33), with different \s.

We have the following.

Proposition 3.7.2. Given A € M(n,C), v e C",

(3.7.50) ety =) "Mt (1),
J

where {\;} is the set of eigenvalues of A and v;(t) are C™-valued polynomi-
als.

It is now our goal to turn this reasoning around. We intend to give a
proof of Proposition 3.7.2 that does not depend on (3.7.34), and then use
this result to provide a new proof of (3.7.34), via an argument very different
from that used in §2.2.

Second proof of Proposition 3.7.2. To start, by (3.7.27) it suffices to
show that e'? has such a structure for some B € M(n,C) similar to A4, i.e.,
satisfying A = C~!BC for some invertible C € M(n,C). We now bring
in Schur’s result, Proposition 3.5.1, which implies that A is similar to an
upper triangular matrix. We recall that the proof of Proposition 3.5.1 is
very short, and makes no use of concepts involving generalized eigenvectors.
In view of this, we are reduced to proving Proposition 3.7.2 when A has the
form

ai; a2 - Qip
a22 PEEErY 0/2

(3.7.51) A= ' ",
Gnn

with all zeros below the diagonal. It follows from (1.5.55), with A replaced
by A — AI, that the eigenvalues of A are precisely the diagonal entries a;;.

To proceed, set z(t) = e, solving
ail * *
d
(3.7.52) d—f = SO )

ann

with z(t) = (z1(t),...,z,(t))". We can solve the last ODE for z,, as it is
just

dx,

.7.53 —
(3.7.53) 7

= GpnTn, SO xp(t) = Cemnl,
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We can obtain z;(t) for j < n inductively by solving inhomogeneous scalar
differential equations

do
(3.7.54) % = ajjxj + bj(t),
where b;(t) is a linear combination of xj11(t),...,zn(t).

The equation (3.7.54) is a particularly easy sort, with solution given by
t
(3.7.55) zj(t) = e %iz;(0) + eI /0 e *%ib;(s) ds.

See Exercise 1 below. Given z,(t) in (3.7.53), b,—1(t) is a multiple of e%n?,
If ap—1n—1 # anp, then x,_1(t) will be a linear combination of ! and
e =tn=1t but if ay,—1p-1 = ann, Tn—1(t) may be a linear combination of
et and te® ', Further integration will involve [ p(t)e® dt, where p(t) is
a polynomial. That no other sort of function will arise is guaranteed by the
following result.

Lemma 3.7.3. If p(t) is a polynomial of degree < m and « # 0, then

(3.7.56) / p(t)e dt = g(t)e™ + C,

for some polynomial q(t) of degree < m. (If « =0, one also gets (3.7.56),
with q(t) of degree < m +1.)

Proof. The map p = Tq defined by

d

Z(a®e) = p(t)e™

is a linear map on the (m + 1)-dimensional vector space Py, of polynomials
of degree < m. In fact, we have

(3.7.58) Tq(t) = aq(t) + ¢ (1)

It suffices to show that T : P,, — P,, is invertible, when o« # 0. But
D = d/dt is nilpotent on P,,; D™ = 0. Hence

(3759) T'=a'I+a D) '=a'I-a'D+---+a™(=D)™).

This proves the lemma, and hence completes the proof of Proposition 3.7.2.

O

(3.7.57)

Having Proposition 3.7.2, we proceed as follows. Given A € C, let V)
denote the space of C"-valued functions of the form e*u(t), where v(t) is a
C™-valued polynomial in t. Then V) is invariant under the action of both
d/dt and A, hence of d/dt — A. Hence, if a sum Vi (t) +-- -+ Vi(t), V; € V),
(with A;s distinct) is annihilated by d/dt — A, so is each term in this sum.
(See Exercise 3 below.)
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Therefore, if (3.7.5) is a sum over the distinct eigenvalues \; of A, it
follows that each term e)‘jtvj(t) is annihilated by d/dt— A, or, equivalently, is
of the form et4

wj, where w; = v;(0). This leads to the following conclusion.

Proposition 3.7.4. Given A € M(n,C), A € C, set

(3.7.60) Gy = {veC": e =eu(t), v(t) polynomial}.

Then C™ has a direct sum decomposition

(3.7.61) C'"=G\, @ -Gy,

where A1, ..., Ag are the distinct eigenvalues of A. Furthermore, each G,

is invariant under A, and

(3.7.62) Aj = AlGAj has ezactly one eigenvalue, ;.

Proof. The decomposition (3.7.61) follows directly from Proposition 3.7.2.

The invariance of G, under A is clear from the definition (3.7.60). It

remains only to establish (3.7.62), and this holds because e!4v involves only

the exponential et when v € G A O

Having Proposition 3.7.4, we next claim that
Gy, = GE(A,N))

(3.7.63) 7 ’ .

={veC": (A—\I)" =0 for some k € N},

the latter identity defining the generalized eigenspace GE(A, A;), asin (2.2.3).
The fact that

(3.7.64) QE(A, )\j) C G)\j

follows from (3.7.33). Since N; = A; — A1 € L(G),) has only 0 as an

eigenvalue, we are led to the following result.

Lemma 3.7.5. Let W be a k-dimensional vector space over C and suppose
N : W — W has only 0 as an eigenvalue. Then N is nilpotent, in fact

(3.7.65) N™ =0 for some m < k.

Proof. The assertion is equivalent to the implication (2.3.3) = (2.3.4), given
in §2.3. We recall the argument. Let W; = NJ(W). Then W > Wy D Wz D

- is a sequence of finite dimensional vector spaces, each invariant under
N. This sequence must stabilize, so for some m, N : W,,, — W, bijectively.
If W, # 0, N has a nonzero eigenvalue. O

Lemma 3.7.5 provides the reverse inclusion to (3.7.64), and hence we
have (3.7.63). Thus (3.7.61) yields the desired decomposition

(3.7.66) C" = GE(A M) @ - @ GE(A, \p)
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of C™ as a direct sum of generalized eigenspaces of A. This provides another
proof of Proposition 2.2.6.

Exponential and trigonometric functions

When material developed above on the exponential of an n x n matrix
is specialized to n = 1, we have the exponential of a complex number,

(3.7.67) e’ = —z¢ zeC.

Then (3.7.10) specializes to
d
(3.7.68) aeat =ae”, VteR,acC.

Here we want to study
(3.7.69) y(t) =€, teR,

which is a curve in the complex plane. We claim «(t) lies on the unit circle,
ie., |v(t)| =1, where, for z = x + iy, =,y € R,

(3.7.70) |2 =2® +y? = 2%, with z=2 —iy.
It follows from (3.7.67) that

(3.7.71) e =¢e*, VzeC,

so, for t € R,

(3.7.72) et =7 hence |y(t)|? =ee " = 1.

Next, we consider the velocity
(3.7.73) v (t) = ie'.
From (3.7.70) it follows that, if also w € C, then |zw|? = |2z|?|w|?, so (3.7.73)
yields
(3.7.74) Y () =1.
Thus ~(t) is a unit speed curve on the unit circle, starting at v(0) = 1, in

the upward vertical direction +/(0) = ¢. Thus the path from ¢ty = 0 to ¢
travels a distance

(3.7.75) 0t) = /0 |7 (s)| ds = t,

for ¢ > 0. Now the ray from the origin 0 € C to 1 meets the ray from 0 to

v(t) at an angle which, measured in radians, is £(t) = ¢. See Figure 3.7.1
Having this geometrical information on the curve v(t), we bring in the

basic trigonometric functions sine and cosine. By definition, if ¢ is the angle
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c(t) +is(t)

Figure 3.7.1. The circle e’ = ¢(t) + is(t)

between the two rays described above, and if we write v(¢) in terms of its
real and imaginary parts as y(t) = ¢(t) + is(t), then

(3.7.76) cost = c(t), sint = s(t).
We have arrived at the important conclusion that
(3.7.77) e = cost + isint,

which is known as Euler’s formula.

Exercises

1. Given A € C, b: R — C continuous, show that the solution to

d
dii = Ay +b(t), y(0)=yo,
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is given by the following, called Duhamel’s formula:
¢
y(t) = eyo + eAt/ e~ 4%b(s) ds.
0
Hint. Show that an equivalent differential equation for z(t) = e~4y(t) is

d

— = Mb(t), 2(0) = yo.

2. Show that the result of Exercise 1 continues to hold in the setting
Ae M(n,C), yeC" b:R—C",

and one solves for y : R — C™.

3. Suppose v;(t) are C"-valued polynomials, Aq,...,A\; € C are distinct,
and

Moy (t) 4 - - + Mg (t) = 0.
Show that v;(t) = 0 for each j € {1,...,k}.

4. Examining the proof of Proposition 3.7.2, show that if A € M(n,C) is
the upper triangular matrix (3.7.51), then
611(t) e 61n<t)

e = ot et =e
enn(t)

tajj.

4A. Here is another approach to the conclusion of Exercise 4. Suppose A and
B € M(n,C) are upper triangular, with A as in (3.7.51) and B of a similar
form, with a;;, replaced by b;,. Show that C' = AB is upper triangular, with
diagonal entries

¢jj = ajjbjj.
Deduce that, for n € N, A™ is upper triangular, with diagonal entries a
Shoe that the conclusion of Exercise 4 follows from this.

n

77

5. Show that if A € M(n,C), then
det !t = et TH4,

Hint. Show that this follows from Exercise 4 (or 4A) if A is upper triangular.
Then show that it holds when A is similar to an upper triangular matrix.
6. Show that the identities

d
—cost = —sint, —sint = cost
dt Todt
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follow from (3.7.77) and (3.7.73).
7. Show that
(0 -1 tJ _ (cost —sint
7= <1 0> — = (sint cost)'

et = (cost)I + (sint).J.

Relate this to Euler’s formula.

Equivalently,

8. Show that
(0 1 tA _ [cosht sinht
A= <1 0) — ¢ = <sinht cosht)'
9. Show that, for A € M(n,C),

e = (e, VteR.

Note that this generalizes (3.7.71).

10. Show that
Ae M(n,R), A* = —A = ¢ € SO(n), Vt € R,

and
Ae Mn,C), A*=—-A= " cU(n), VteR.
Note that this generalizes (3.7.72).

11. Let =z : R — C solve the nth order ODE

2™ @) + a1V () + - + a2 (8) + apz(t) = 0.

Convert this to a first order n x n system for y : R — C", with

y(t) = (Wo(t), -, yn1(1)s  wi(t) = 29 (2).
Show that y(t) solves

dy
A
dt Y,
where
0 1 0 0
0 0 0 0
A= ,
0 0 0 1

—ap —aip -+ —0ap-2 —0ap-—-1
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the companion matriz for the polynomial p(\) = A" +a, (A" 1+ +a A+
agp, introduced in (2.3.20).

REMARK. z(t) = e solves the nth order ODE above if and only if p(\) = 0,
which, by Proposition 2.3.4, is equivalent to det(A] — A) = 0.

12. Let B = A1 + N be a “Jordan block,” as in (2.4.1). Assume B €
M (k,C). Show that

13. If p(A) = A" + a1 A" 1 + -+ + ag, and if ) is a root of p(A) of
multiplicity k;, show that the nth order ODE introduced in Exercise 11 has
solutions

theNt 0< <k 1.
Deduce that the Jordan normal form for the companion matrix A to p(\),
described in Exercise 11, has just one Jordan block of the form (2.4.1), and
it is a k; x k; matrix.
14. Establish the following converse to Proposition 3.7.1.
Proposition 3.7.6. Given A, B € M(n,C),

etATB) _ tAtB vy c R — AB = BA.

Hint. Apply d/dt to both sides and deduce that the hypothesis implies
(A4 B)etAB) = Act4etB 4 4 BelB Vi eR.
Replacing e!415) by et4etB on the left, deduce that
Bet* =B, VteR.

Apply d/dt again, and set t = 0.

15. Take the following route to proving (3.7.24). Set
Z(s) = e*BAe~5.

Show that
AB=BA=7'(s)=0
= Z(s) = A.

Deduce (3.7.24) from this (avoiding (3.7.23)).



FExercises 151

tB and €' in the following cases.

111
11 11
AZ(O 2)’ B:<o 1)’ ¢ = 1 ;

16. Compute €4, e
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3.8. The discrete Fourier transform

Here we look at a number of important linear transformations that arise on
the space of functions f : Z — C that are periodic, say of period n. It is
convenient to re-cast this function space as follows. We form

(3.8.1) Z)(n),

the set of equivalence classes of integers, “mod n,” where the equivalence

relation is
Ly
177 g,

(3.8.2) j~j =
Note that each integer j € Z is equivalent to exactly one element of the set
{0,1,...,n —1}. We then form the vector space

(3.8.3) (*(Z/(n)) = set of functions f : Z/(n) — C,

which we endow with the inner product

(o)== S fk)glh)

kEZ/(n)

(3.8.4) ol
= > f(k)g(k).
k=0

This is a complex inner product space. We will also be interested in the real
vector space,

(3.8.5) (3(Z/(n)) = set of functions f : Z/(n) — R,

with the same sort of inner product.

Special operators on these spaces arise from the fact that addition is well
defined on Z/(n):

(3.8.6) Jk€Z/(n)=j+keZ/(n),
which follows from the observation that

(3.8.7) j~g ke =+ k~j + K.
In particular, we have the translation operator

(3.8.8) Tf(k)=f(k+1),

acting as a unitary operator on £2(Z/(n)), and as an orthogonal operator on
?2(z/(n)). Thus ¢3(Z/(n)) has an orthonormal basis of eigenvectors for T,
which we proceed to find.

Note that
(3.8.9) T =1,
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so each eigenvalue of T is an element of

(3.8.10) {w:0<j<n-—1}, where w=e™/",
Note that an element e; € £2(Z/(n)) is an w’-eigenvector if and only if
(3.8.11) ej(k) = T"¢;(0) = wi*e;(0),
so setting e;(0) = 1 gives
(3.8.12) ej(k) = wi.
We have
. =
(3.8.13) ej €E(T,w’), el == ™ * =1

so our desired orthonormal basis of eigenvectors of T is

(3.8.14) {e;:0<j<n—1}
Note that
(3.8.15) G f =l =W,
so we can also write this set as
(3.8.16) {ej:7€Z/(n)}.
As a direct check on orthogonality, note that
1 L
(3.8.17) (ej,er) = - Z w0k,
kEZ/(n)
and
W™ Z wmk _ Z wm(k’-{—l)
keZ/(n keZ/(n
(3.8.18) <2/ €2/
= ) W
keZ/(n)

since k + 1 runs once over Z/(n) when k does. We see that w™ # 1 implies
this sum vanishes, hence if j # ¢ in Z/(n), then the inner product (3.8.17)
vanishes.

Using the orthonormal basis (3.8.16), we can write each f € ¢*(Z/(n))

as

(3.8.19) = > f(ie,
JEZ[(n)

where

(3.8.20) fG) = (f,e;) = Z f(Ow™E

ZeZ/ n)
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Thus, for k € Z/(n)

(3.8.21) = > fG*
LEL/(n)
This yields the discrete Fourier transform (or DFT)
(3.8.22) F 22/ (n)) — 3(Z)(n)),
as
(3.8.23) Ffk) = f(k).
By orthonormality of the basis {e;}, we have
(3.8.24) 1P =D 16
J€L/(n)
hence
1
(3.8.25) IF£17 = —I£11%,

i.e., n'/2F is a unitary operator on ¢%(Z/(n)). The identity (3.8.21), which
we call the discrete Fourier inversion formula, is equivalent to

(3.8.26) Fl=nF*

Another important operation on functions on Z/(n) is the convolution,
defined by

(3.8.27) gk Z ()

" vez)(n)

We can compute the Fourier transform of f % g as follows:

o) =~ S (f * g) (ko
k
(3.8.28) = % Z F(Og(k — w7

= Zf *Jf )W*j(k*f)7
n
and deduce that
(3.8.29) Fxg() = F()a().

One consequence is that

I *gl* = Zlf*g
=Z|fjgj ,
J

(3.8.30)
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which implies
(3.8.31) 17 %)l < (max| 7)) gl

The convolution product on functions on Z/(n) has many applications to
problems in differential equations, in concert with the process of discretiza-
tion. We refer to Chapter 3 of [26] for a discussion of this. Here we look as
another application, involving multiplying polynomials. Say you have two
polynomials of degree m — 1,

m—1 m—1
(3.8.32) p(z) = a;27, qlz) = bz
§=0 J=0
Then
m—1 '
p(2)a(z) = > abp? ™
(3.8.33) -

2m—2m—1

= Z Zajbk_jzk.

k=0 ;=0

Here we take n = 2m and regard a(j) = a; and b(j) = b; as functions on
Z/(n) that vanish outside {0,...,m — 1}. Then

n—2
(3.8.34) p(2)q(z) =n Z(a 5 b) (k) 2~
k=0

where ax*b is the convolution of two functions on Z/(n). Since F : £2(Z/(n)) —
?%(Z/(n)) gives

(3.8.35) F(a*b) = (Fa)(Fb),

we have

axb=F ' ((Fa)(Fb))

(3.8.56) = nF*((Fa)(Fb)).

A straightforward calculation of a % b involves approximately m? multipli-
cations and a comparable number of additions. If m = 1000, this adds up.
If one has in hand Fa and Fb, forming the product (Fa)(Fb) as a function
on Z/(n) takes just n multiplications. This leaves one with the problem of
how many operations it takes to compute Ff, for f € £2(Z/(n)). There is a
“fast” way of doing this, which we take up shortly.
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First we mention an application of (3.8.34)—(3.8.26) to the “fast multi-
plication” of large integers. Suppose p and ¢ are 1024-digit integers:

m—1 m—1
(3.8.37)  p= )Y a;10/, q= ) b10?, m=2" 0<a;b; <9
j=0 §=0

Then (3.8.34) gives
2046

(3.8.38) pg=mnY (axb)(k)10*, n=2",
k=0

with @ * b given by convolution on Z/(n), n = 21, satisfying (3.8.36). The
FFT described below leads to an efficient evaluation of axb on Z/(2'!). This
does not quite give the decimal representation of pq as a 2048-digit integer,
since we only know that

(3.8.39) 0 < nfa*b)(k) < 100 - 2.

However, a straightforward process of “carrying” yields from (3.8.38) a rep-
resentation

n—1
(3.8.40) pq = chlok, 0<¢; <9, n=2"

k=0
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The Fast Fourier Transform

We turn to the issue of providing an efficient evaluation of the Fourier
transform of a function f on Z/(n), which, recall, is given by

(3.8.41) f(]) = % Z f(g)w—jlf, w = e2mi/n

¢eZ/(n)

For each fixed j, computing the right side of (3.8.41) involves n—1 additions
and n multiplications of complex numbers, plus n integer products j£ = m
and loooking up w™"™ and f(¥¢). If the computations for varying j are done
independently, the total effort to compute Ff involves n? multiplications
and n(n — 1) additions of complex numbers, plus some further operations.
The Fast Fourier Transform (or FFT) is a method for computing Ff in
Cn(logn) steps, when n is a power of 2.

The possibility of doing this arises from observing redundancies in the
calculation of the Fourier coefficients f(j). To illustrate this in the case of
functions on Z/(4), we write

4£(0) = [£(0) + F(2)] + [F(1) + F(3)],

(3.8.42) i
4f(2) =[f0)+ f(2)] = [f(1) + f(2)],

and

(3.8.43) 4F(1) = [£(0) — )] —ilf (1) — F(3).

4f(3) = [£(0) = F(2)] +i[f(1) = F(3)).
Note that each term in square brackets appears twice. Furthermore, (3.8.42)
gives the Fourier coefficients of a function on Z/(2). In fact, if

(3.8.44) fo(0) = f(0) + f(1), fo(1)=f(1)+ f(3),
then

(3.8.45) 2f(25) = fo(j), for j=0or 1.

Similarly, if we set

(3.8.46) f1(0) = £(0) = £(2), fi(1) = —i[f(1) = F(3)],
then

(3.8.47) 2f(2j + 1) = fi(j), for j=0or 1.

This phenomenon is a special case of a more general result, which leads to
a fast inductive procedure for evaluating F f.

To proceed, assume n = 2, and set

(3.8.48) Gr=17/(n), n=2"
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Given f : G — C, define the functions

(3.8.49) fo, fi: Gy — C

by

(8850)  foll) = FO)+F(C+n/2).

(3.8.51) A0 = W) - f(L+n/2)], w=e2m

Note that the factor w™ in (3.8.51) makes f1(¢) well defined for £ € Gj_1,
i.e., the right side of (3.8.51) is unchanged if ¢ is replaced by £ + n/2. In
other words,

(3.8.52) f € P(Gy) yields fo, f1 € £*(Gy-1),
hence
(3.8.53) Ffel’(Gy), and Ffy, Ffi € P(Gpy).

The following result extends (3.8.42)—(3.8.43).

Proposition 3.8.1. Given f € (*(G}), we have the following identities
relating the Fourier transforms of fo, f1, and f:

(3.8.54) 2f(24) = fo(),
and
(3.8.55) 2f(2j +1) = [i(j),

forj€{0,1,..., 281 —1}.

Proof. Note that fo(j) and f1(j) are given by a formula parallel to (3.8.41),
with Z/(n) = G}, replaced by G}_1 and w replaced by w?. Hence

2k 1
nf(25) = fllw "
(3.8.56) -

[\V]

1
= () + (£ +25 D)),
=0

giving (3.8.54). Next, since w™? = —1,

~

nf2i+1) =Y f(Ow w
(3.8.57)

giving (3.8.55). O
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Thus the problem of computing Ff, given f € (?(G},), is transformed
after n/2 multiplications and n additions of complex numbers in (3.8.50)—
(3.8.51) to the problem of computing the Fourier transforms of two functions
on Gy_1. After n/4 new new multiplications and n/2 new additions for
each of these functions fy and fi, i.e., after an additional total of n/2 new
multiplications and n additions, this is reduced to the problem of computing
four Fourier transforms of functions on Gj_o. After k iterations, we obtain
2k = n functions on Gy = Z/(1) = {0}, at which point we have the Fourier
coefficients of f. Doing this takes

kn = (logy n)n additions and $kn = £ (logy n)n multiplications

of complex numbers, plus a comparable number of integer operations and
fetching from memory values of given or previously computed functions.

To describe explicitly this inductive procedure, it is convenient to bring
in some notation. To each j € Z/(n), n = 2*, we assign the unique k-tuple

(3.8.58) J=(J1, 2y, Jg)
of elements of {0, 1} such that

(3.8.59) Ji+Jo-24 -+ J, - 281 = j mod n,
and set
(3.8.60) ) = £(j).

Then the formulas (3.8.54)—(3.8.55) state that
(3.8.61) 2170, Jay ..y ) = fE(Jaye s i),
2, Jay ooy i) = FT (Jay .y ).

The inductive procedure described above gives, from fy and fi, defined on
G,_1, the functions

(3.8.62) foo=(fo)o, for="(fo)1, fio=C(f1)o, JSuu=C(f)r,
defined on Gj_s, and so forth. We see from (3.8.60)—(3.8.61) that

(35.63) FG) = 11 0) = f2(0).
From (3.8.50)—(3.8.51) we have an inductive formula for
(3.8.64) Frvedmimis t Grome1 — C,
given by

Frreedm0(€) = Fryecd (€) + fryeeg (€4 287771,

3.8.65
( ) frg,10(0) = w;f [er--Jm(g) — g (€ + 2k—m—1)]7
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where wy, is defined by wy = w = e2mi/n (n = 2’“), W1 = w2

= 1.e.,
(3.8.66) W = w?".

For the purpose of implementing this procedure in a computer program,
it is perhaps easier to work with integers j than with m-tuples (Ji,..., Jn).
Therefore, let us set
(3.8.67) Fon(5+2"0) = f..0,, 1),
where
(3.8.68) j=Jdi4+Jy- 244 Jn-2" 1 e{0,1,...,2m — 1},
and
(3.8.69) ¢e{0,1,...,28-m 1}

This defines F,,, on {0,1,...,2F —1}. For m = 0, we have
(3.8.70) Fo(h) = f(0), 0<e<2F—1.

The iterative formulas in (3.8.65) translate to

(3.8.71)

1 (4 2™140) = Fop (5 + 2™0) + F(j + 2™ + 2871,
Frn1(§ + 2™+ 270) = wi f[Fon (5 4 27™0) — F(j +2™0 + 257 1))
for
(3.8.72) 0<e<2b-m=l 1 o<j<2m—1.
The formula (3.8.63) for f becomes

(3.8.73) )= RG), 0<j<2to1
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Real DFT

We can construct an orthonormal basis for £4(Z/(n)) by taking the real
and imaginary parts of the elements e; € £2(Z/(n)). Let us set
(3.8.74) ej = c¢j + 185,

where

g 2
cj(k) = Re e?miak/m — cog %jk,

(3.8.75) - o
sj(k) = Im 2™9%/m — gin ~— jk.
n
Note that sp = 0 and, if n is even s, = 0. Otherwise, since T'e; = wle;
and w? #£ w™ e; Le_jin £2(Z/(n)), so
0= (¢j +isj,cj —isj)

(3.8.76) T
= lleill” = lsill” + 2i(cj, 55),

and we have

1
(3.8.77) lesllP = llsjl? = 50 ¢ Lsj, for 0<j< g
If also 0 < k < n/2 and j # k, we have e; orthogonal to e, and to e_y,
hence to ¢, and to sg. This yields the following.

Proposition 3.8.2. An orthonormal basis of (%(Z/(n)) is given by the fol-
lowing set of vectors:

(3.8.78) co=1, V2, V2s;, 1<j< g
together with
(3879) en/27

if n is even.

Note that, if n is even
(3.8.80) enya(k) = 2RO/ — Tk — (_1)k,

Computations such as done in Proposition 3.4.4 exhibit the behavior of
T on this basis. Let us set

w! = aj + ﬁj
(3.8.81) o 21
= cos —) +181in —.
n n
Then the identity Te; = W’ ej yields
(3.8.82) Tej+iTs; = (a; +1iB;)(cj + isy),
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hence

Tec; = ajc; — Bis;,
(3.8.83) o
TSj = ,BjCj + Oéij,

a set of identities completed by

(3.8.84) Tegy = ey,
and, if n is even,
(3885) T@n/Q = —en/Q.

We now take the Fourier transform F on ¢2(Z/(n)) and produce a pair
of transforms

(3.8.86) Fer Fs : £x(Z/(n)) — R(Z/ (n)),

as follows. If f is real valued, we split f (7) into its real and imaginary parts,
(3.8.87) FG) = fe() +ifs(),

where

feld) = (fre5) = Z f(k cosfyk

(3.8.88) ) kEZ/ "
i) =~(fs) === S0 fk)sin T ji
" kez/(m)
Note that
(3.8.89) freal = f(—j) = f(j),

so, as in Proposition 3.8.2, we use (3.8.87)—(3.8.88) for 1 < j < n/2. We
also have

(3.8.90) FO) = (feo) == 3 flh
kEZ/ n)

and, if n is even,

(3:8.91) P(5) = Grewn) =+ 3 (DM (R
keZ/(n)

We set f,(j) = 0 for j = 0 and (if n is even) for j = n/2. Then F, and F,
in (3.8.86) are defined by

(3.8.92) Fof(G) = foli), Fof(G) = f5(5).

In light of Proposition 3.8.2, we have

(3:8.93) 1A = 1£@ 2 +2 Y {ILG)E+ LGP,
1<j<n/2

plus |f.(n/2)[% if n is even.
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We next examine how the convolution operator C, given by
(3.8.94) Crg=fxg,

behaves on the basis (3.8.78)(3.8.79), when f is real valued. This follows
from the readily established identity

(3895) Cfej = f(j)Ej,
valid for complex valued f (and essentially equivalent to (3.8.29)). Writing
ej as in (3.8.74) and f(j) as in (3.8.87), we have

(3.8.96) Crej +iCrsj = (fe(§) +ifs(5))(c; + i),

hence

~

(3.8.97) Cres = Jelg)es = 1s(3)ss,

Cij = fs(j)cj + fc(j)sj'
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Exercises

1. Define &; € ¢*(Z/(n)) by
dij(k)=1, if j=kin Z/(n),

0, otherwise.

Show that, for all g € £2(Z/(n)),
9= _9()5; = g(i)T .
J J

2. Show that
frg=gxf=>Y_g{iHTf.
J

3. Given Cyg = f * g, show that Cy commutes with T".

4. Assume S : (?(Z/(n)) — (*(Z/(n)) commutes with T.. Show that
Sg=Cyg, for f= Sdo.

5. Given f,g € (4(Z/(n)), show that
Felf % 9)(5) = fe(1)3e(d) = Fs()as (),
Fs(f x9)(5) = [e(1)9s(G) + [s(5)Ge(5)-
= f(j)4(4), together with
FG) = fe() +ifs (),

g
g
Hint. Use F(f % g)(j)

etc.

In exercises below, we define multiplication operators M, on ¢2(Z/(n)) by

My f(k) = u(k) f(k)-

6. Show that
FCy = Mf]-", FT = M., F,

where e1(j) = w’. These identities are called intertwining relations.
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7. Define forward and backward difference operator on ¢?(Z/(n)) by

04 f(k) = f(k+1) = f(k), O-f(k)=f(k)— f(k—1).
Show that
0y =T—1, O_=1-T""' 0L=-0_,

and that
FOy = Mg, 1 F, FO_ =M _¢ F.
8. Set
A=0,0_.
Show that
A=T-21+T71,
and
FA = —M¢ppF,
where

€)= —1, 6P =21~ cos j).

9. Define J on ¢2(Z/(n)) by

Show that
Fr=JF=FJ,
and deduce via (3.8.26) that

Fl=n"17.

10. Define the unitary operator ® on ¢2(Z/(n)) by
o =nl/2F.

Show that the various intertwining relations in Exercises 6-8 hold with F
replaced by ®, and that

P> =7, d*=1.

11. Show that
A=—0""Mgpd.

12. Let
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Show that
PH® ' = H.

Hint. Reduce this to showing that
O Mgz = Mg2®”,
i.e., ._7M|£‘2 = M|§|2j



Chapter 4

Further basic concepts:
duality, convexity,
positivity

This chapter takes up four topics that are basic to linear algebra at the
level we have reached so far. Two of them, duality and quotient spaces, will
play an important role in the next chapter. The other two, convexity and
positivity, are presented for their intrinsic interest, with pointers to further
literature on their applications.

Section 4.1 deals with duality. If V is a vector space over F, its dual,
denoted V', consists of linear maps from V to F; in other words, V' =
L(V,F). We denote the dual pairing by

(4.0.1) (v,w), veV,weV.

IfdimV =nand {ey,...,e,} isabasis of V, then V' has a basis {¢1,...,en},
called the dual basis, satisfying

(402) <ej,6k> = Ojk, 1< j, k <n.
Also, if A € L(V,W), we have the transpose A* € L(W', V'), satisfying
(4.0.3) (Av,w) = (v, Alw), veV, weW.

Section 4.2 treats convex sets. If V' is a vector space, a subset K C V is
convex provided that, for each z,y € K, tx + (1 —t)y € K for all t € [0, 1],
that is to say, the line segment from x to y is contained in K. We concentrate
on convex sets that are closed and bounded, and assume dim V' < co. One
result is that K is equal to the intersection of all half-spaces that contain it.

167
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Another result involves extreme points, i.e., points p € K that must be an
endpoint of each line segment in K containing p. It is shown that whenever
dimV < oo and K C V is a convex set that is closed and bounded, then
each point in K is a limit of a sequence of convex combinations of extreme
points of K (we say K is the closed convex hull of the set of extreme points).

Section 4.3 treats quotient spaces. If V' is a vector space and W a linear
subspace, the quotient V/W consists of equivalence classes of elements of V,
where we say v ~ v’ & v —v' € W. The quotient V/W has the structure of
a vector space. When dimV < oo, we have

(4.0.4) dim V/W = dim V — dim W.
It is shown that if 7' € L(V, X)), then
(4.0.5) R(T) =~ V/N(T).

Together, (4.0.4)—(4.0.5) imply the fundamental theorem of linear algebra,
from §1.3. Another result established in §4.3 is the isomorphism

(4.0.6) (V/W) ~ W,
where, when W C V is a linear subspace,
(4.0.7) Wt={veV :(wv)=0, Vwe W}

Section 4.4 treats a class of matrices A € M (n,R) whose entries ajj, are
all > 0, i.e., positive matrices. We say A is strictly positive if each a;, > 0.
We say a positive matrix A is primitive if some power A is strictly positive,
and we say it is irreducible if

1 1
(4.0.8) A+ §A2 + 5/13 + -+ is strictly positive.

A key result called the Perron-Frobenius theorem shows that if A is positive
and irreducible, then there exist

(4.0.9) A >0, veR"strictly positive, such that Av = Av,

where to say v = (v1,. .., vy,)" is strictly positive is to say each v; > 0. Under
such conditions, the adjoint A’ is also positive and irreducible, and one has
(4.0.10) pu>0, weR" strictly positive, such that A'w = pw,

and in fact

(4.0.11) 0= A

Of particular interest are positive matrices A whose rows all sum to 1.
These are called stochastic matrices, and (4.0.9) holds with A =1, v =1 =
(1,...,1)% If such A is irreducible, then one has (4.0.10)—(4.0.11), so

(4.0.12) A'p =p, peR?, strictly positive.
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We can normalize p so that its components sum to 1 (i.e., p-1 = 1), and
regard p as an invariant probability distribution on the set {1,...,n}. A
further result established in §4.4 is that if A is a primitive stochastic matrix,
then

(4.0.13) AP — P, as k- oo,
where P € M(n,R) is a projection, given by
(4.0.14) P = 1p-.

Hence also (A)*F — P! = p1’.
Another topic treated in §4.4 is the notion of a Markov semigroup, which
is a set of matrices of the form

(4.0.15) (Mt >0}, X e M(mnR),

such that e~ is a stochastic matrix for each ¢ > 0. We characterize exactly
which X € M(n,R) give rise to such a Markov semigroup.
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4.1. Dual spaces

If V is an n-dimensional vector space over F (R or C), its dual space V' is
defined to be the space of linear transformations

(4.1.1) w:V —T.

We often use the notation

(4.1.2) w) = {(v,w), veV,weV

to denote this action. The space V' is a vector space, with vector operations
(4.1.3) (v, w1 +w2) = (v,w1) + (v,wa), (v,aw) = a(v,w).

If {e1,...,e,} is a basis of V, then an element w € V' is uniquely determined
by its action on these basis elements:

(4.1.4) (are1 + -+ + aney, w) = Zajwj, w; = (ej,w).

Note that we can write
n
(415) w = ijé‘j,
j=1

where ¢; € V' is determined by

(4.1.6) (ej,€x) = Ojk,

where d;, = 1 if j = k, 0 otherwise. It follows that each w € V' is written
uniquely as a linear combination of {¢;,...,e,}. Hence

(4.1.7) {e1,...,en} is a basis of V.

We say {e1,...,e,} is the dual basis to {e1,...,e,}. It also follows that
(4.1.8) dimV =n = dim V' = n.

Note that, not only is (4.1.2) linear in v € V for each w € V', it is also
linear in w € V' for each v € V. This produces a natural map

(4.1.9) gV — (V.
Proposition 4.1.1. IfdimV < oo, the map j in (4.1.9) is an isomorphism.

Proof. This follows readily from the material (4.1.4)—(4.1.8), as the reader
can verify. O

REMARK. If dim V' = oo, it still follows that j in (4.1.9) is injective, though
we do not show this here. However, j is typically not surjective in such a
case. In the rest of this section, we assume all vector spaces under discussion
are finite dimensional.
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REMARK. Given {e1,...,e,} in (4.1.5)—(4.1.7) as the basis of V' dual to
{e1,...,en}, its dual basis in turn is

(4.1.10) {e1,...,en},
under the identification
(4.1.11) Vo (VY

of Proposition 4.1.1.

We turn to associating to a linear map A : V. — W between two finite
dimensional vector spaces the transpose,

(4.1.12) AW — V)
defined by
(4.1.13) (v, Alw) = (Av,w), veEV, weW.
It is readily verified that, under (4.1.11) and its counterpart (W’) ~ W,
(4.1.14) (AN = A.
If also B : W — X, with transpose B! : X’ — W', then
(4.1.15) (BA)' = A'B".
Exercises

1. Show that if dim V' < oo and A € £(V), with transpose A' € L(V’), then
A and A have the same characteristic polynomial and the same minimal
polynomial,

Spec A" = Spec A, dim (A", \) = dimE(A, \),
and dim GE(AY, \) = dim GE(A, N).
2. Express the relation between the matrix representation of A € £L(V') with

respect to a basis of V' and the matrix representation of A? with respect to
the dual basis of V.

3. Let P,, denote the space of polynomials in z of degree < n. Consider the
subset {0, 11, ...,%n} of P/, defined by

(P, ¥r) = p(k).
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Show that this is a basis of P),. Exhibit the dual basis (of Py,).
Hint. See the results on the Lagrange interpolation formula, in Proposition
1.2.1.

4. Take the following basis {0y : 0 < k < n} of P},

(. 0k) =™ (0).
Express {1} as a linear combination of {d}, and vice-versa.

Hint. For one part, write down the power series expansion of p(x) about
x =0, and then evaluate at x = k € {0,...,n}. Show that this yields

Yy = 555-
=0

Relate the task of inverting this both to the Lagrange interpolation formula
and to material on the Vandermonde determinant.

5. Given the basis {qi(z) = 2¥ : 0 < k < n} of P,, express the dual basis
{ex : 0 < k < n} of P} as a linear combination of {1y}, described in Exercise
3, and also as a linear combination of {d}, described in Exercise 4.

6. If dim V < oo, show that the trace yields natural isomorphisms
LV) =L(V), LV) =LV,

via
(A,B) =TrAB, A,Be L(V),

and
(A, C) = Tr ACt, C e E(V’).

7. Let V be a real vector space, of dimension n. Show that there is a natural
one-to-one correspondence (given by (u,v) = (u,t(v))) between

(A) inner products on V' (as discussed in §3.1)

(B) isomorphisms ¢ : V' — V’ having the property that ¢ coincides with

LV — VY
where we identify V" with V as in (4.1.9), and the property that
0#ueV = (u,t(u)) >0.
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4.2. Convex sets

Here V' will be a vector space over R, of dimension n. We assume V is an
inner product space. We could just put V = R"”, carrying the standard dot
product, but it is convenient to express matters in a more general setting.

A subset K C V is called convex if
(4.2.1) r,yeK, 0<t<l=ter+(1-t)ye kK.

In other words, we require that if x and y are in K, then the line segment
joining x and y is also in K. We will mainly be interested in closed convex
sets. A set S C V is closed if, whenever x, € S and z, — x (we say z is
a limit point), then o € S. The closure S of a set S contains S and all its
limit points. It readily follows that if K C V is convex, so is K.

Here is a useful result about convex sets.

Proposition 4.2.1. If K C V is a nonempty, closed, convexr set and p €
V' \ K, then there is a unique point ¢ € K such that

4.2.2 —p| = inf |z —p|.
(4.2.2) la = pl = inf |z —pl
Proof. The existence of such a distance minimizer follows from basic prop-

erties of closed subsets of R"; cf. Chapter 2 of [23]. As for the uniqueness,
if p¢ K and q,¢ € K satisfy

(4.2.3) lg=pl=ld" - pl,
and if ¢ # ¢/, then one verifies that § = (¢ + ¢')/2 satisfies
(4.2.4) G —pl <lq—pl

The uniqueness property actually characterizes convexity:

Proposition 4.2.2. Let K C V be a closed, nonempty set, with the property
that, for each p € V' \ K, there is a unique q € K such that (4.2.2) holds.
Then K is convex.

Proof. If z,y € K, ty € (0,1), and tgz + (1 — tg)y ¢ K, one can find
t1 € (0,1) and p = t1x 4+ (1 — t1)y ¢ K equidistant from two distinct points
q and ¢’ realizing (4.2.2). Details are left to the reader. O

Closed convex sets can be specified in terms of which half-spaces contain
them. A closed half-space in V' is a subset of V' of the form
(4.2.5) {x eV :a(x) < ap} for some o € R, some nonzero a € V.

Here is the basic result.
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Proposition 4.2.3. Let K C V be a closed convex set, and let p € V' \ K.
Then there exists a nonzero o € V' and an oy € R such that

196 a(p) > ap, ofz) <ag, V€ K, and
(4.2.6) a(q) = ag for some q € K.

Proof. Using Proposition 4.2.1, take ¢ € K such that (4.2.2) holds. Then

let a(x) = (z,p — ¢) (the inner product). Then one can verify that (4.2.6)
holds, with ag = (q,p — q). O

Corollary 4.2.4. In the setting of Proposition 4.2.3, given p € V\ K, there
exists a closed half-space H, with boundary OH = L, such that

(4.2.7) p¢H, KCH, KNL#{.

Corollary 4.2.5. If K C V is a nonempty, closed, convex set, then K is
the intersection of the collection of all closed half-spaces containing K.

A set L = OH, where H is a closed half-space satisfying K € H, KNL #
(), is called a supporting hyperplane of K. If K is a compact, convex set,
one can pick any nonzero o € V', and consider
(4.2.8) L={zeV:alx)=ay}, ay=sup a(z).
zeK
Such L is a supporting hyperplane for K. See Figure 4.2.1 for an illustration
of supporting hyperplanes.

Extreme points

Let K C V be a closed, convex set. A point z € K is said to be an
extreme point of K if it must be an endpoint of any line segment in K
containing z. See Figure 4.2.2 for an illustration. If K C V is a linear
subspace, then K has no extreme points. Our goal is to show that if K C V'
is a compact (i.e., closed and bounded) convex subset of V', then it has lots
of extreme points. We aim to prove the following, a special case of a result
known as the Krein-Milman theorem.

Proposition 4.2.6. Let K C V be a compact, convex set. Let E be the set
of extreme points of K, and let F' be the closed, convex hull of E, i.e., the
closure of the set of points

(4.2.9) Zajxj, zj€E, a; >0, Zaj =1
Then F = K.

We first need to show that E # (). The following will be a convenient
tool.
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Ly
Ly

L3

Figure 4.2.1. Convex set K and three supporting hyperplanes

Lemma 4.2.7. Let K CV be a compact, conver set, and let L = OH be a
supporting hyperplane (so K1 = KNL #0). If xv1 € Ky is an extreme point
of K1, then x1 is an extreme point of K.

Proof. Exercise. O

Lemma 4.2.8. In the setting of Lemma 4.2.7, each supporting hyperplane
of K contains an extreme point of K.

Proof. We proceed by induction on the dimension n = dim V. The result
is clear for n = 1, which requires K to be a compact interval (or a point).
Suppose such a result is known to be true when n < N (N > 2). Now
assume dimV = N. Let L = 0H be a supporting hyperplane of K, so
K1 = LN K # (. Translating, we can arrange that 0 € L, so L is a vector
space and dim L = N — 1. Arguing as in (4.2.8), there is a supporting
hyperplane Ly = 0H; of Ky, so Ko = K1 N Ly # (. By induction, K; has
an extreme point in L;. By Lemma 4.2.7, such a point must be an extreme
point for K. (I
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Figure 4.2.2. Convex set K, and its extreme points, F

Proof of Proposition 4.2.6. Under the hypotheses of Proposition 4.2.6,
we know now that E # () and F is a (nonempty) compact, convex subset
of K. Suppose F' is a proper subset of K, so there exists p € K, p ¢ F.
By Proposition 4.2.3, with F' in place of K, there exists o € V' and ag € R
such that

(4.2.10) a(p) > ap, ofr) <ay, Yz eF.

Now let

(4.2.11) a1 =sup a(z), L={zecV:a(®)=a}.
zeK

Then L is a supporting hyperplane for K, so by Lemma 4.2.8, L contains
an extreme point of K. However, since a; > ag, LN F =0, s0 LN E = 0.
This is a contradiction, so our hypothesis that F' is a proper subset of K
cannot work. This proves Proposition 4.2.6. O
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Exercises

1. Let A:V — W be linear and let K C V be a compact, convex set,
E C K its set of extreme points. Show that A(K) C W is a compact,
convex set and A(F) contains the set of extreme points of A(K).

2. Let ¥ € S™ ! be a proper closed subset of the unit sphere S?~1 C R”,
and let K be the closed convex hull of ¥. Show that K must be a proper
subset of the closed unit ball B C R™.

3. Let K; and K3 be compact, convex subsets of V' that are disjoint (K7 N
Ky = (). Show that there exists a hyperplane L = H separating K; and
Ks,s0,e.g., K1 CH, Kby CV\H.

Hint. Pick p € Ki,q € Ko to minimize distance. Let L pass through the
midpoint of the line segment - from p to ¢ and be orthogonal to this segment.

4. Let K be the subset of L(R™) consisting of positive-semidefinite, sym-
metric matrices A with operator norm ||A|| < 1. Describe the set of extreme
points of K, as orthogonal projections.

Hint. Diagonalize.

5. Consider the following variant of Exercise 4. Let A € L(R") be a sym-
metric matrix, let A C L(R"™) be the linear span of I and the powers of A,
and let K consist of positive semi-definite matrices in A, of operator norm
< 1. Describe the set of extreme points of K.



178 4. Further basic concepts: duality, convexity, positivity

4.3. Quotient spaces

Let V be a vector space over F (R or C), and let W C V be a linear subspace.
The quotient space V//W consists of equivalence classes of elements of V|
where, for v,v' € V,

(4.3.1) v = v -0 eW.

Given v € V, we denote its equivalence class in V/W by [v]. Then V/W has
the structure of a vector space, with vector operations

(4.3.2) [v1] + [v2] = [v1 +v2], afv] = [av],

given v,v1,v2 € V, a € F. These operations are well defined, since
(4.3.3) V1~ VY, Vg ~ Uy = v) + vy ~ U]+ U

and

(4.3.4) v~ = av~av'.

Asseenin §1.3,if dimV =n < oo and W C V is a linear subspace, then
dimW =m <n (and m < n unless W = V). Furthermore, given any basis
{wy,...,wy,} of W, there exist vy,41,...,v, € V such that

(4.3.5) {wi, ..., Wiy Vg1, oy U}

is a basis of V. It readily follows that

(4.3.6) {[vm+1],---,[vn]} is a basis of V/W,
SO

(4.3.7) dimV/W =dimV — dim W,

if dimV < oo.

We denote the quotient map by 1I:
(4.3.8) II:v —Vv/w, Ilv=v].
This is a linear map. We have R(II) = V/W and N (II) = W.

Proposition 4.3.1. Take W C V as above and let X be a vector space and
T :V — X be a linear map. Assume N(T) D W. Then there exists a
unique linear map S : V/W — X such that

(4.3.9) Soll=T.

Proof. We need to take

(4.3.10) Sv] =Tw.

Now, under our hypotheses,

(4.3.11) vt 0=V eW=TwW—0)=0=Tv=TV,

0 (4.3.10) is well defined, and gives rise to (4.3.9). O
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Proposition 4.3.2. In the setting of Proposition 4.3.1,
(4.3.12) N(S) =N(T)/W.
Corollary 4.3.3. If T :V — X is a linear map, then
(4.3.13) R(T) =~ V/N(T).

In case dim V' < oo, we can combine (4.3.13) and (4.3.7) to recover the
result that

(4.3.14) dim V — dim N (T) = dim R(T),

established in §1.3.

If W C V is a linear subspace, we set
(4.3.15) Wt ={aecV :(w,a)=0 Ywe W}

Applying Proposition 4.3.1 with X = F, we see that to each a € W+ there
corresponds a unique & : V/W — F (i.e., @ € (V/W)') such that

(4.3.16) aoll =a.

The correspondence a — @& is a linear map:

(4.3.17) W — (V/WY.
Note that if « € W+, then & € (V/W)' is defined by
(4.3.18) ([v], @) = (v, @),

so @ =0« a=0. Thus v in (4.3.17) is injective. Conversely, given
B :V/W — F, we have = v(a) with a = S o1l, so v in (4.3.17) is also
surjective. To summarize,

Proposition 4.3.4. The map ~y in (4.3.17) is an isomorphism:

(4.3.19) Wt (V/w.
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Exercises

1. Let P denote the space of all polynomials in z. Let
Q={peP:p(l)=p(-1) =0}
Describe a basis of P/Q. What is its dimension?

2. Let P, be the space of polynomials in x of degree < n. Let &, C P,
denote the set of even polynomials of degree < n. Describe a basis of P,,/&,,.
What is its dimension?

3. Do Exercise 2 with &, replaced by O,, the set of odd polynomials of
degree < n.

4. Let A € M(n,C) be self adjoint (A = A*). Let A C M(n,C) be the
linear span of I and the powers of A. Let
B={Be M(n,C): AB= BA}.
Note that A C B. Describe
B/A

in terms of the multiplicity of the eigenvalues of A.

5. Do Exercise 4, with the hypothesis that A = A* replaced by the hypoth-
esis that A is nilpotent. Describe B/A in terms of the Jordan normal form
of A.
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4.4. Positive matrices and stochastic matrices

Let A be a real n x n matrix, i.e.,
(4.4.1) A = (ajr) € M(n,R).

We say A is positive if a;, > 0 for each j,k € {1,...,n}. There is a circle
of results about certain classes of positive matrices, known collectively as
the Perron-Frobenius theorem, which we aim to treat here. We start with
definitions of these various classes.

We say A is strictly positive if aj;, > 0 for each such j, k. We say A is
primitive if some power A™ is strictly positive. We say A is irreducible if,
for each j, k € {1,...,n}, there exists m = m(j, k) such that the (j, k) entry
of A™ is > 0. An equivalent condition for a positive A to be irreducible is
that

o
1
4.4.2 B=) —Ab=eA T
k!
k=1
is strictly positive. Clearly
(4.4.3) A strictly positive = A primitive = A irreducible.

An example of a positive matrix A that is irreducible but not primitive is

(4.4.4) A—G @.

We will largely work under the hypothesis that A is positive and irreducible.

Here is another perspective. With v = (v1,...,v,)! denoting an element
of R”, let

on

(4.4.5) Cl={veR":v; 20, Vj}, C,={veR":v;>0, Vj}.
One verifies that, for A € M(n,R),

(4.4.6) A positive <= A:CY — CY.
Also, given A positive

(4.4.7) A irreducible = A: CY \ 0 — CI\ 0.
In fact,

(4.4.8) B strictly positive = B:C?\0— C,

and if B = e4 — I, then Av =0 = Bv =0, so (4.4.7) follows from (4.4.8).

The first part of the Perron-Frobenius theorem is the following key result.
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Proposition 4.4.1. If A € M(n,R) is positive and satisfies the conclusion
of (4.4.7), then there exist

(4.4.9) A>0, veCy\0, suchthat Av = )v.
Proof. With (, ) denoting the standard inner product on R", let

1
(4.4.10) Y={vel}:(Lv)=1}, 1=|:

1
Thus ¥ is a compact, convex subset of R™. We define
(4.4.11) .Y —X
by

1

4.4.12 d(v) = Av.
(1.4.12) 0) = g A

Note that the hypotheses that A : ¥ — C% \ 0 implies (1, Av) > 0 for v € X.
It follows that ® in (4.4.11) is continuous. We can invoke the following
result.

Brouwer fixed point theorem. If > C R" is a compact, convex set and
® : ¥ — ¥ is a continuous map, then ® has a fixed point, i.e., there exists
v € ¥ such that ®(v) = v.

A proof of this result is given in Chapter 5 of [24]. In the setting of
(4.4.11), we have a vector v € ¥ such that

(4.4.13) Av = (1, Av)v.
This proves Proposition 4.4.1. ([l

From here, we have:

Proposition 4.4.2. If A is positive and irreducible, and (4.4.9) holds, then

on
each component of v is > 0, so in factv € C,.

Proof. If Av = \v, then Bv = (e* — 1)v. Now (4.4.8) implies Bv € C ., so

on

vel,. O

Clearly if A is positive and irreducible, so is its transpose, A!, so we have
the following.

Proposition 4.4.3. If A is positive and irreducible, then there exist

omn

(4.4.14) weC, and p>0 such that A'w = pw.
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It is useful to have the following more precise result.

Proposition 4.4.4. In the setting of Proposition 4.4.3, given (4.4.9) and
(4.4.14),

(4.4.15) = A

Proof. We have
(4.4.16) Mov,w) = (Av,w) = (v, A'w) = plv,w).

on

Since v,w € C = (v,w) > 0, this forces u = A. O

To proceed, let us replace A by A=t A, which we relabel as A, so (4.4.9)
holds with A = 1, and we have

U1
(4.4.17) Av=wv, v=| |, v;>0, Vj.
Un,
If we replace the standard basis {ej,...,e,} of R™ by {fi1,..., fn}, with

fj = vje;, then, with respect to this new basis, A is a positive, irreducible
matrix, and

(4.4.18) Al =1,

with 1 as in (4.4.10). A positive matrix A satisfying (4.4.18) is called a
stochastic matrix.

To continue, if A is an irreducible stochastic matrix, (4.4.14)—(4.4.15)
yield a vector p such that

p1
(4.4.19) Ap=p, p=|: |, p>0,
Pn

and we can normalize this eigenvector so that

(4.4.20) Y pi=1.

In connection with this, let us note that

(4.4.21) (1, Alw) = (A1,w) = (1,w),
(4.4.22) Al Y — Y,

with ¥ as in (4.4.10).
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‘We now introduce two norms on R":

(4.4.23) Ivlloo = sup 5], Jlolli = lvjl,
j ,
J
given v = (v1,...,v;)" € R". We see that if A is a stochastic matrix, so
(4.4.18) holds, then
(4.4.24) [Allo =1, and [A'[1 =1,

where || Al is the operator norm of A with respect to the norm || || on
R", and ||A||; is the operator norm of A with respect to the norm || ||; on
R™. It follows that all the eigenvalues of A and of A! have absolute value
<1

Before stating the next result, we set up some notation. If A is an
irreducible stochastic matrix, and p is as in (4.4.19)—(4.4.20), let V C R"
be the orthogonal complement of p:

(4.4.25) V={veR": (v,p) =0}
It follows that
(4.4.26) R"=V @& Spanl, A:V = V.

Proposition 4.4.5. Let A € M (n,R) be a strictly positive stochastic matriz.
Then

(4.4.27) lA]v]loo < 1.
Proof. This follows from the observation that if A is strictly positive and
its row sums are all 1, then
(4.4.28) veR" wv¢Spanl = ||Av|loc < ||V]|0-
O

Recalling how we modified a positive, irreducible matrix to obtain a
stochastic matrix, we have the following.

Corollary 4.4.6. Let B € M(n,R) be strictly positive, so B has an eigen-
omn

value A > 0 with associated eigenvector vg € C',, and Bt has a \-eigenvector
omn

wo € C . Let V be the orthogonal complement of wg, so
(4.4.29) R" =V & Spanvg and B:V — V.
Then

(4.4.30) B € Spec Bly = |B| < A.

Corollary 4.4.7. In the setting of Corollary 4.4.6, X is an eigenvalue of B
of algebraic multiplicity 1.
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That is to say, the generalized eigenspace GE(B, \) of B associated to
the eigenvalue A is 1-dimensional, spanned by vjg.

Proposition 4.4.8. Let A € M(n,R) be an irreducible stochastic matriz.
Then 1 is an eigenvalue of A of algebraic multiplicity 1.

Proof. Form B = e —1, asin (4.4.2). Then B is strictly positive, so Corol-
laries 4.4.6-4.4.7 apply. Note that 1 is an eigenvector of B, with eigenvalue
e — 1. Now each vector in the generalized eigenspace GE(A, 1) of A is also in
the generalized eigenspace GE(B, e — 1) of B. By Corollary 4.4.7, this latter
space is 1-dimensional. ([l

To state the next result, we bring in the following notation. Given the
direct sum decomposition (4.4.26), let P denote the projection of R™ onto
Span 1 that annihilates V.

Proposition 4.4.9. Let A € M(n,R) be a stochastic matriz, and assume
A is primitive. Then, given v € R",

(4.4.31) Afy — Po,  as k — oo.
Proof. The hypothesis implies that, for some m € N, B = A™ is a strictly
positive stochastic matrix. Proposition 4.4.5 applies, to give
(4.4.32) IBv|eo =8<1, By =Bl|y.
Now, given v € R", j €N, £ € {0,...,m — 1},
AT = At ATy

= ABiy

(4.4.33) ' i
= A" (Pv+ B{,(I —P)v)
=Pv+ A'B.(I — P,
and
(4.4.34) 1A B, (I = P)vlloo < (1 = P)vl|oc-
This completes the proof. O

NOTE. In the setting of Proposition 4.4.9, we also have

(4.4.35) (AYE — P! as k — oo
More precisely,

(4.4.36) (AHImHE = Pt (ABL (1 - P))Y,
and

(4.4.37) I(A“BL (I = P) | = [|A*BL(I = P)|loo < BT — Pllco-
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Note also that P! is the projection of R” onto Span p that annihilates {u €
R™: (u,1) = 0}. We also have

(4.4.38) P =1p', P'=pl.

If A is a stochastic matrix, the set {A* : k € Z*} is called a discrete-time
Markov semigroup. It is also of interest to consider the following continuous
time analogue.

Definition. Given X € M(n,R), we say
(4.4.39) {e ¢t >0}

is a Markov semigroup provided e'X is a stochastic matrix for each t > 0.
In such a case, we say X generates a Markov semigroup.

The following result characterizes n x n Markov semigroups.

Proposition 4.4.10. A matriz X = (z;;) € M(n,R) generates a Markov
semigroup if and only if

(4.4.40) X1=0,
and
(4.4.41) xj;, > 0 whenever j # k.

Proof. First, assume X generates a Markov semigroup. Since

(4.4.42) %e“ L:O — X,

we see that the relation e*1 = 1 implies (4.4.40). The positivity (4.4.41)
follows from (4.4.42) and the positivity

(4.4.43) ajp(t) >0, X = A(t) = (an(t)),

plus the fact that a;;(0) = 0 for j # k.

For the converse, we first note that if (4.4.41) is strengthened to z;, > 0
whenever j # k, then, via

(4.4.44) X =T +tX + O(t?),

we have ¢ty > 0 such that e!X is positive for 0 < t < t;. Then positivity for
all ¢ > 0 follows from

(4.4.45) "X = ()",

To deduce positivity of e/ for general X € M(n,R) satisfying (4.4.41), we
can argue as follows. Take Y = (y;;) with y;, = 1, and consider X + ¢Y’.
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X+eY)

Then the arguments above show that et is positive for allt > 0, € > 0.

Now we claim that

(4.4.46) lim ef(X+eY) = X

e\
which then yields positivity of e/X. To see (4.4.46), note that Z.(t) =
!X +eY) gatisfies
d
dt
so, by Duhamel’s formula (cf. Exercise 1 of §3.7),

(4.4.47) Z(t) = XZ(t) + eY Zo(t),  Z.(0) =1,

t
(4.4.48) Z.(t) = e +¢ / e =IXY 7 (s) ds,
0

which leads to (4.4.46), and completes the proof of this proposition. O

The study of discrete and continuous Markov semigroups is an important
area in probability theory. For more on this, see [19].

Exercises

1. Show that the matrix A in (4.4.4) is an irreducible stochastic matrix for
which (4.4.31) fails.

2. Pick a € (0,1) and consider the stochastic matrix
a 1—a
().
Show that A is primitive. Compute A0,

3. Let A € M(n,R) be a stochastic matrix, and set T = A’. By (4.4.22),
T:¥ — X, with ¥ as in (4.4.10). Pick vy € 3, and set

1
v = Trvg,  wy, = E(UO +vp 4+ Up1).
Note that v, w, € X. Show that
1
Tw, = w, + ﬁ(vn — ).

Since ¥ C R™ is closed and bounded, {w,} has a convergent subsequence,
wp; — w € X. (See [23], Chapter 2, for a proof.) Show that

Tw = w.
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Compare this with the production of p in (4.4.19).



Chapter 5

Multilinear algebra

Depending on perspective, one can say that multilinear algebra is an exten-
sion of linear algebra or that it is part of linear algebra. It is our goal to
develop both perspectives here.

Section 5.1 treats multilinear maps, bringing in
(5.0.1) M(Vi, ..., Ve W),

the space of maps 8 : V4 x --- x V, — W that are linear in each variable.
The first example of such a map arose in §1.5,

(5.0.2) det : F" x .-+ x F" — F,

with ¢ = n, V; = F". In this case, V; = --- = Vy = V (which equals F"),
and the resulting special case of (5.0.1) is denoted

(5.0.3) MEV, W),

The determinant det provides an element of

(5.0.4) ALt (V, W),

with ¢ = n,V = F", W = F, where an element of (5.0.4) is a multilinear
map 3(vi,...,v) that changes sign when two elements, e.g., v; and vy with

j # k, are interchanged.

In §5.2 we treat tensor products. If V; are finite-dimensional vector
spaces, of dimension dj, then V1 ® --- ® V; is a vector space, of dimension
dy - - - dy, for which we have a natural isomorphism

(5.0.5) MWV, . Ve W) L@@V, W),

for each vector space W. This tensor product construction ties together
linear algebra and multilinear algebra.

189
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Section 5.3 treats exterior algebra, which provides a natural algebraic
extension of the theory of the determinant described in §1.5. If V is a
finite-dimensional vector space over F, we set A°V/ = F, A'V/ = V', and,
generally,

(5.0.6) ARV = ARV, F).
This sequence of vector spaces carries a wedge product,
(5.0.7) ac AV Be ANV = a A B e A

Topics treated in §5.2 include an approach to Cramer’s formula, first estab-
lished in §1.5, given here in terms of the structure of the exterior algebra. In
the exercises we also treat an extension of Cramer’s formula, due to Jacobi,
using exterior algebra.

Results from exterior algebra are important in the development of the
theory of differential forms, as a tool in multivariable calculus. Such a
development is given in Chapters 4-6 of [24].

In §5.4 we establish an isomorphism

(5.0.8) Skew(n) ~ A*R",
and use this, when n = 2k is even, to produce a map called the Pfaffian
(5.0.9) Pf : Skew(2k) — R,

satisfying the remarkable identities
Pf(A)? = det A,
Pf(B'AB) = (det B) Pf(A),
for A € Skew(2k), B € L(R?*). One notable consequence of the latter

identity is that the Pfaffian is invariant under conjugation by elements of
SO(2k), but not invariant under conjugation by other elements of O(2k).

(5.0.10)
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5.1. Multilinear mappings

If Vi,...,Vy and W are vector spaces over I, we set

MOV, ..., Vi; W) = set of mappings : Vi x---xVp =W
(5.1.1) . . .

that are linear in each variable.
That is, for each 7 € {1,...,/},
vj,w; €V, a,beF =
(5.1.2) B(ur,...,av; +bwj, ... up)
=af(ur,...,vj,...,up) +0B(ut,...,wj, ..., up).

This has the natural structure of a vector space, and one readily computes
that

(5.1.3) dim M(V4,..., Vi W) = (dim V3) - - - (dim V) (dim W).

If {ej1,...,€ja;} is a basis of V; (of dimension d;), then § is uniquely
determined by the elements

bjeW, bj=p(erj,----€e5}
J=01-d0), 1<jy<d.

In many cases of interest, all the V; are the same. Then we set
(5.1.5) MV =MV, Ve W), Vi=--.=V,=V.

This is the space of ¢-linear maps from V to W. It has two distinguished
subspaces,

(5.1.6) Sym‘(V, W), AltY(V, W),
where, given 8 € MYV, W),
B e Sym*(V, W) «—

(5.1.4)

B(U1y ey Viyee ey Uy ey Up) = B(U1y e ooy Uy ey Uy, Ug),y
(5.17) ( o ) = 5( j )

B e ALt (V, W) <=

B(01, ey Uy Vky ey 00) = —B(V1, 000, Vky oo, Uy o2, V),

whenever 1 < j < k < /.

We mention some examples of multilinear maps that have arisen earlier
in this text. In §1.5 we saw ¥ = det : M (n,F) — F as an element

(5.1.8) 9 € Alt"(F™, ),

in Proposition 1.5.1. As put there, for A € M(n,F), det A is linear in each
column of A and changes sign upon switching any two columns. In §3.4 we
came across the cross product

(5.1.9) k€ Alt2(R3,R?), k(u,v) =ux v,
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defined by (3.4.32). Other examples of multilinear maps include the matrix
product

(5.1.10) I € M?*(M(n,F), M(n,F)), II(A,B)= AB,
and the matrix commutator,

(5.1.11) C € At (M (n,F), M(n,F)), C(A,B) = AB — BA,
and anticommutator,

(5.1.12) A € Sym?(M (n,F), M(n,F)), A(A,B) = AB + BA.

Considerations of multilinear maps lead naturally to material treated in
the next two sections, namely tensor products and exterior algebra. In §5.2
we define the tensor product V; ®- - - ® V} of finite-dimensional vector spaces
and describe a natural isomorphism

(5.1.13) MWV, VW)= LV @@V, W).
In §5.3 we discuss spaces A*V and describe a natural isomorphism
(5.1.14) AltF(V, W) ~ L(AFV, W).

Exercises

1. If V and W are finite dimensional vector spaces over I, produce a natural
isomorphism

MV, W;TF) ~ L(V,W).

2. More generally, if V; and W are finite dimensional, produce a natural
isomorphism

M(Vl, .. .,Vk,W;F) ~ M(Vl, .. .,Vk;W/).

3. Take V; = Vo = W = R? and draw a connection between the cross
product (5.1.9) and Exercise 2.

4. Let H,, 1, denote the space of polynomials in (z1, ..., xy) (with coefficients
in IF) that are homogeneous of degree k. Produce an isomorphism

Hn,k ~ Symk(Fn7F)
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5. If dim V = n, specify the dimensions of

ME(V,F),  Sym*(V,F), Alt*(V,F).

6. Show that
M2(V,F) = Sym?(V,F) @ Alt*(V,F).

7. What can you say about
MP(V,F)/(Sym*(V,F) @ Alt*(V,F))?
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5.2. Tensor products

Here all vector spaces will be finite-dimensional vector spaces over F (R or

Q).

Definition. Given vector spaces Vi, ..., Vp, the tensor product V1 ®---®@V;
is the space of ¢-linear maps

(5.2.1) B:V{x-xV/ —F.

Given v; € Vj, we define 11 @ --- @ € V1 ® --- ® Vp by
(5.2.2) (11 @ @ug)(wy, ..., we) = (v, wr) - (ve,wg), wj € V],

If {ej1,...,¢ejq,} is abasis of V; (of dimension d;), with dual basis {e;1,...,€j4;}
for Vj’ , then 3 in (5.2.1) is uniquely determined by the numbers

(5.2.3) bj = B(ergy- 04t = (1seede) 1<y < dy

It follows that

(5.2.4) dmVi® - @Vy=dy - dy,

and a basis of 1 ® --- ® V; is given by

(5.2.5) €1, @ ®egj,, 1<, <dy.

The following is a universal property for the tensor product.

Proposition 5.2.1. Given vector spaces V; and W, there is a natural iso-
morphism

(5.2.6) MV, Ve W) S L@@V, W).

Proof. Given an f-linear map

(5.2.7) a:Vix--xVp— W,

the map ®a: V4 ® --- ® Vp — W should satisfy

(5.2.8) Pa(vy ® - ®@vp) = alv,...,v), v €V

In fact, in terms of the basis (5.2.5) of V; ® --- ® Vj, we can specify that
(5.2.9) Qaler;, @---®ep;,) =alerj, - erj), 1<j,<dy,

and then extend ®«a by linearity. Such an extension uniquely defines ®a €
LVI®---®V, W), and it satisfies (5.2.8). In light of this, it follows that
the construction of ®« is independent of the choice of bases of Vi,..., V.
We see that @ is then injective. In fact, if ®a = 0, then (5.2.9) is identically
0, so « = 0. Since M(Vp,...,Vi; W) and L(V] ® --- ® Vp, W) both have
dimension dj - - - dg(dim W), the isomorphism property of ® follows. O
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We next note that linear maps A; : V; — W; naturally induce a linear
map

(5.2.10) AR RA: VM-V, — W Q- W,

as follows. If wj € Wy, and 8: V] x--- x V/ — F defines B € V1 ® --- @V},
then

(5.2.11) (Al K- Q Ag)ﬂ(wl, ce ,wg) = ﬁ(Aﬁwl, ... ,AZWg),
with A;-wj € V}’. One sees readily that, for v; € V},

(5.2.12) (A1®-- @A) (01 @ - Ruy) = (A1) ® -+ - @ (Agup).

For notational simplicity, we now restrict attention to the case £ = 2, i.e.,
to tensor products of two vector spaces. The following is straightforward.
Compare Exercises 9-11 of §2.2.

Proposition 5.2.2. Given A € L(V), B € L(W), inducing A ® B €
L(V @ W), suppose Spec A = {\;} and Spec B = {uy}. Then

(5.2.13) Spec A ® B = {\ju}.
Also,

E(AR B,o) =Span{v®w :v € E(A, \;),
(5.2.14) ( ) = Span{ (4, A5)

w e S(B,,U,k), 0= )‘juk}v
and
(5.2.15) GE(A® B,o) =Span{v @ w : v € GE(A, \j),
- w € GE(B, uk), 0= \jp}

Furthermore,
(5.2.16) Spec(A® I +1® B) = {\; + pur},

and we have

E(ARI+1®B,7)=Span{v@w : v € E(A, )j),

5.2.17
( ) wGE(B”uk), T:Aj—’_ru’k}’
and

GE(ARITI+I®B,7)=Span{v®@w:v € GE(A,N,;),
(5.2.18) ( ) = Span{ (A, A))

w € GE(B, k), T=N\j+ pi}-
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Exercises

1. If V and W are finite dimensional vector spaces, produce a natural
isomorphism
LV.W)=V' @W.

2. Prove Proposition 5.2.2.

3. With A and B as in Proposition 5.2.2, show that
Tr(A® B) = (Tr A)(Tr B),
det(A ® B) = (det A)% (det B)4V,
where dy = dimV, dy = dim W.

4. Taking W =F in (5.2.6), show that there is a natural isomorphism
(V1®“'®VZ)/%V1/®'”®V£/-

5. Show that there exists a natural isomorphism

Vi@ @V)@Wi® - W) ~xe - Vi aWi®- - @ W,

6. Produce a natural isomorphism

Vie(Vae V)~ (Vi ®Va) e Vs.

7. Produce a natural isomorphism
‘C(Vi & sz’ Wl ® WZ) ~ ‘C(Vlv Wl) ® ‘C(Véa WZ)

8. Determine various vector spaces that are naturally isomorphic to

L@ @V, W@ @ Wp).

9. Show that there exists a natural isomorphism

M:L(V)® LW) = L(L(V,W)), M(B® AT = ATB.
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5.3. Exterior algebra

Let V be a finite dimensional vector space over F (R or C), with dual V.
We define the spaces A*V” as follows:

(5.3.1) AV =F, AWV =V,
and, for k > 2,
(5.3.2) ARV = set of k-linear maps a: V x --- x V = F
that are anti-symmetric,
ie.,
(5.3.3) a(vl, ..,V UE) = — (UL, Uy, Vg, U,
for v1,...,v, € V, 1 < j < ¥ < k. Another way to picture such « is as a
map
(5.3.4) a: Mk xnF)—TF
that is linear in each column vy,...,v; of A = (vy,...,v;) € M(k x n,F),
and satisfies the anti-symmetry condition (5.3.3), if
(5.3.5) n=dimV, so V~F".

In case k = n, Proposition 1.5.1 applies, to show that any such a : M (n x
n,F) — F must be a multiple of the determinant. We have

Proposition 5.3.1. Given (5.3.5),
(5.3.6) dim A"V’ = 1.

Before examining dim A*V’ for other values of k, let us look into the
following. Pick a basis {e1,...,e,} of V, and let {e1,...,e,} denote the

dual basis of V'. Clearly an element o € A*V” is uniquely determined by its
values

(537) (Zj :oz(ejl,...,ejk), j:(jl,...,jk),
as j runs over the set of k-tuples (ji,...,Jk), with 1 < j, < n. Now, «
satisfies the anti-symmetry condition (5.3.3) if and only if

(5.3.8) ajy..j, = (sgn U)aja(l)"'ja(k)’
for each o € Sy, i.e., for each permutation o of {1,...,k}, with sgn o defined
as in §1.5. In particular,

(5.3.9) Ju = jv for some p # v = a(ej,...,e; ) =0.
Applying this observation to k > n yields the following:
Proposition 5.3.2. In the setting of Proposition 5.3.1,
(5.3.10) k>n= AV’ =0.
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Meanwhile, if 1 < k < n, an element o of AV’ is uniquely determined
by its values

(5311) aj:a(ej17"'7ejk)7 1§]1 <<]k§n

There are (Z) such multi-indices, so we have the following (which contains
Proposition 5.3.1).

Proposition 5.3.3. In the setting of Proposition 5.3.1,

(5.3.12) 1<k <n= dimA*V = <Z>
Here is some useful notation. Given the dual basis {¢1,...,e,}, we define
(5.3.13) Ejp N Ngj, € AkV’,

for j, € {1,...,n}, all distinct, by

(Ejl /\---/\Ejk)(ejl,...,ejk) =1,
(6.71 /\'“/\Ejk)(efu'"?efk) :07 if {éla"'vgk} 7& {jlvajk}

The anti-symmetry condition then specifies

(5.3.14)

(5.3.15) (Ejn A A )€,y - -5 €jpy) =S8R0, for o € Sp.
Note that
(5.3.16) Ejp N Nej = (8810) €5,y A" ANEj s

if 0 € Sy. In light of this, if not all {j1,..., i} are distinct, i.e., if j, = j,,
for some p # v, we say (5.3.16) vanishes, i.e.,

(5.3.17) gjy N Nej, =0 if j, = j, for some p # v.

Then, for arbitrary a € A*V’, we can write
1
(5.3.18) QZHZGjEjIA"'/\ﬁjk,
J

as j runs over all k-tuples, and a; is as in (5.3.7). Alternatively, we can
write

(5.3.19) a = Z aj€jy N+ NEj,,

1<j1<<jr<n
with a; as in (5.3.7). Proposition 5.3.3 has the following more explicit form.
Proposition 5.3.4. In the setting of Proposition 5.3.3, if 1 <k < n,

(5.3.20)  {ej, A---Aegj 1 <j1 <---<jr<n} is a basis of AV
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The products arising in (5.3.13)—(5.3.20) are called wedge products. As
these formulas suggest, it is useful to define wedge products as bilinear maps

(5.3.21) w: ARV x AV — AMTYV D w(a, B) = a A B,
such that
(5.3.22) (gj; A== Nej ) AN(Emi A Nemy) = €3 A €ju NEmy A+ N ey,

with equivalencies as in (5.3.16)—(5.3.17). We also want to define (5.3.21) in
a fashion that does not depend on the choice of basis of V' (and associated
dual basis of V'). The following result gives a clue as to how to do this.

Proposition 5.3.5. If;, A---Agj, € ARV is specified by (5.3.14)~(5.3.17),
then, for vi,...,vx € V,

(5:323) (g5 A M) (W1 eeyv) = 30 (810085, 0 (01) 5oy (00)-
oES

Proof. The argument is parallel to the proof of Proposition 1.5.1. We set

n

(5.3.24) vy = Zajéeja aje = €j(ve),

j=1
and substitute into the left side of (5.3.23), obtaining

n
(5.3.25) > en(v1)- e () (e A Mg )(ens e,
1, l=1

and (5.3.14)—(5.3.17) gives
(5.3.26) (ejy A= Nej) ey eq) =0,
unless {j1,...,Jx}t = {l1,...,¢}, and the k& numbers are all distinct, in

which case £, = j,(,) for some o € Sy, and we get sgno in (5.3.26). Thus
(5.3.25) is converted to the right side of (5.3.23). (Both sides of (5.3.23)
vanish if the numbers ji, ..., jx are not all distinct.) O

REMARK. In case n = k, we obtain precisely Proposition 1.5.1. Note also
that the right side of (5.3.23) is equal to

(5.3.27) > (sgno)es, (Vo) -+ i (Voi)):

oESk

Compare (1.5.36).
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As a further preparation for defining a A 8 in (5.3.21), note that
1
(5.3.28) ac AV = afvy,...,v) = i Z (sgno)a(ve(1), - - s Vo(k))-
og€Sy,

We now define the wedge product:

Definition. If o € A*V’ and 8 € AV’ then a A 8 € AV’ is given by
(A B) (o1, Vk+e)

1
(5.329)  _ T Z (sgno)a(vo(1), - s Vo(k)) * BVo(kt1)s -+ > Vo(kre))-

0ESk4e

Our first task is to check the fundamental identity (5.3.22).

Proposition 5.3.6. With a A (3 defined as in (5.3.29), the identity (5.3.22)
holds.

Proof. With o =€, A---AN¢gj, and B8 =&, A+ A&, we have

(Oé A\ B)(Ul, - 7'Uk+£)

1
(5.3.30) = D (sgno)(e A Agg) Wo()s s Vo(k)

TESpie
“(Emy A AN emg) Vo (kg1)s -+ Vo(krt))s
which expands out to
S S (semo)(san)(sem )
(5.3.31) €Sy TESK PESE
€51 (Vor(1)) ** €ji (Wor(k)) * Emi (Vop(hr1)) = Emy (Vo p(re))-

Here, o permutes {1,...,k + ¢}, 7 permutes {1,...,k}, and p permutes

{k+1,...,k+(}. Note that such o, 7, p yield v(o, 7, p) € Ski¢, with
5339 v(o,7,p)(v) = or(v) for 1 <v <Kk,
(5332 op(v) for k+1<v<k+/,

and sgny(o, 7, p) = (sgno)(sgn7)(sgn p). Also, for each fixed 7 € Sk, p € Sy
v(o, 7, p) Tuns over Sk, once as o runs over Skyp. Hence, if we fix 7 and p
in (5.3.31) and just sum over o, we get

Z (Sgn7(0—7 T, p))5j1 (v'y(U,T,p)(l)) C o E g (v’y(a,r,p)(k’)>
(5333) O'GSk+e
“€ma (Vy(omp)(kt1)) "+ Eme (Va(omp) (k40)):
and each such sum is equal to

(5.3.34) (6]'1 N NEj NeEmy N--e /\€m2)(U1, ey Uk Ukl v+ Uktp)-
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Then summing over 7 € S; and p € Sy and dividing by k¢! also yields
(5.3.34), as desired. O

From here, the following is straightforward.

Proposition 5.3.7. The wedge product a A 3, defined by (5.3.29), produces
a well defined bilinear map AFV' x AV’ — AV FPurthermore, given
a € AV and B € AV,

(5.3.35) aAB= (DB Aa,
and, if also v € A"V,
(5.3.36) (aNB)Ay=aA(BA7).

The wedge product gives us an algebra. We define the exterior algebra
A*V' to be
(5.3.37) AV =P AV,

k>0

keeping in mind that the summands on the right are nonvanishing only for
k < n = dimV. Proposition 5.3.7 says this is an algebra. The element
1 € F =A%’ C A*V' acts as the unit in this algebra. The identity (5.3.36)
is the associative law for the wedge product. By (5.3.35), this is not a
commutative algebra (if n > 1).

We next consider the action a linear map on V induces on A*V’'. A
linear map A : V — V induces a linear map

(5.3.38) AR AL ARV ARV
via
(5.3.39) (A*ADa(vr, ... v) = a(Avy, ..., Avg).

In particular, A'A* = A* : V/ — V', A straightforward calculation from
(5.3.29) yields

a eV Be AV, Ae L(V)

— (AM AN (a A B) = (AFAY)a A (A AD)B.
Here is a natural extension of the identity (AB)! = BtA%.
Proposition 5.3.8. If A, B € L(V), then
(5.3.41) A*(AB)! = (A*B?) (AkAY).

(5.3.40)

Proof. We have
A (AB) a(vy, ..., v) = a(ABvy, ..., ABuy)
A AYa(Buy, ..., Buy)
A BY (AR AY ooy, ... o).

(5.3.42) = (
= (
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We now return to determinants.

Proposition 5.3.9. If A€ L(V) and n =dimV, then, for w € A"V,

(5.3.43) (A" AMw = (det A)w.

Proof. We may as well take w = 1 A---Ae,. Then an iteration of (5.3.40)
gives

(5.3.44) (A"ANw = (Aler) A--- A (Aley).

If A= (aj;) with respect to the basis {¢;}, then A’e; = >, ajxe, so

(AnAt)w = Z Ak " Onk, €y N - NEE,

1<k, <n
(5345) = Z (Sgn U)alo'(l) .. ano’(n) €1 /\ . /\ En
oESH
= (det A)e; A+ Nep,
the last identity by (1.5.36). O

Combining Propositions 5.3.8 and 5.3.9 yields the following alternative
proof of Proposition 1.5.3.

Corollary 5.3.10. If A, B € L(V), then
(5.3.46) det(AB) = (det A)(det B).

Interior products

We next define the interior product
(5.3.47) L ARV — ARV for v eV,
k> 1, as follows. If & € A¥V’, then t,a € A¥=1V" is defined by
(5.3.48) (Lpa)(v1,...,v6—1) = a(v,v1,...,06_1).

From this we can compute that, if {e1,...,e,} is a basis of V, with dual
basis {e1,...,e,} for V' then, if ji,..., ji are distinct,

(5.349) a=ej A Agj, = e, o= (=1) e A AE A Ay,
where €, denotes removing the factor ¢;,. Furthermore, for such a,
(5.3.50) m & {j1,. .,k = te,,a = 0.

By convention, t,a = 0 if @ € AOV’.
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We make use of the operators A and ¢, on A*V':
(5.3.51) AR =€ N O, O = Le, QL
There is the following useful anticommutation relation:
Proposition 5.3.11. With the notation (21.51),
(5.3.52) Agle 4+ LeNg = Ope,
where S = 1 if k = ¢, 0 otherwise.

The proof is an exercise. We also have
(5.3.53) Nj N+ N Nj =0, it + ey = 0.
We mention that (5.3.52) implies the following.
(5.3.54) (Awty + tyAw)a = (v, w)a,
given a € AFV’, w e V', v € V, with the notation
(5.3.55) A = w A a.

Cramer’s formula

Cramer’s formula, given in (1.5.54), computes a matrix inverse A~! in
terms of det A and the (n — 1) x (n — 1) minors of A (or better, of A?).
We present an alternative derivation of such a formula here, using exterior
algebra.

Let V be n-dimensional, with dual V’. Let A € £(V), with transpose
At € £(V'). We bring in the isomorphism

(5.3.56) KV QAW S ALY
given by
(5.3.57) R(u®@w)(vi,...,0p—1) = w(u,v1,...,0p—1).

We aim to prove the following version of Cramer’s formula.
Proposition 5.3.12. If A € L(V) is invertible, then
(5.3.58) (det A)A'@T=r"ToA" 1A o g,

in L(V @ A"V').

Proof. Since A"A! = (det A)I in L(A™V"), the desired identity (5.3.58) is
equivalent to

(5.3.59) (A" AN ok =Ko (A @ AMAY),
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in L(V @ A"V’ A""1V"). Recall that A" 1A! € L(A"~1V) is defined by
(5.3.60) (A" ANB(vy, ... vp_1) = B(Avr, ..., Avy_1).
Hence if we take u @ w € V @ A"V’ we get
n—1 4t _
(5.3.61) (A" A o k(u @ w)(v1, ., Vp—1) - Z((Zitl)(Alevnj;n_l)
On the other hand, since
(5.3.62) (AP A"AN(u®w) = A lu e A"Alw,
we have
ko (AL @ A"AY (u @ w)(vy,. .., v0-1)
= k(A u @ A"A'W) (v, ..., vp—1)
= (A"A'w) (A u, v, v 1)

= w(u,A’Ul, e ,A'Un—l)v

(5.3.63)

which agrees with the right side of (5.3.61). This completes the proof. [

The exterior algebra A*V

If V is an n-dimensional space, we define AV in a fashion to the defini-
tion of A*V’, simply by switching V and V’, using the natural isomorphism

V ~ (V')". Thus we set A’V =TF, A'V =V, and, for k > 2,
AFV = set of k-linear maps 8: V' x -+ x V' > F
(5.3.64) . )
that are anti-symmetric.

All the results from the early part of this section go through, with the roles of
V and V', and also of the bases {e1,...,e,} and {e1,...,&,}, interchanged.
For example, for 1 < k < n,

(5.3.65) {ejy Ao Aej, i 1< g1 < <ji <n} is a basis of A*V.
With these facts in mind, we can pass from A € L(V) to A € L(V’) to
(5.3.66) APA ARV — ARV
and, parallel to (5.3.40),
(5.3.67) aeAV, Be AV, Ae L(V)
— (A A) (a A B) = (AFA)a A (ACA)B.
Consequently,

(5.3.68) (AkA)(ejl VANEIIAN e]-k) = Aejl A A Aejk.
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We now mention a “universal property” possessed by A*¥V. Let W be
another finite-dimensional vector space over [, and set

AltF(V, W) = set of k-linear maps V x --- x V — W
(5.3.69) . .
that are anti-symmetric.
This has the structure of a finite-dimensional vector space.
Proposition 5.3.13. There is a natural linear isomorphism

(5.3.70) @ AP (V, W) = L(AFV, W).

One way to describe @ is with the aid of a basis {e1, ..., e,} of V, leading,
as mentioned, to the basis (5.3.65) of A¥V. Given o € Alt®(V, W), hence

(5.3.71) a:Vx- - xV—W,
we can define ®a : AFV — W by
(5.3.72) (Pa)(ej, A== Nej) = alej, ..., €j).

It is clear that this defines a linear map ® : Alt"(V, W) — L(A*V,W). One
needs to show that this is an isomorphism and that it is independent of the
choice of basis {e;} of V. We leave these tasks to the enthusiastic reader.

Now that, in case W = F, we have
(5.3.73) AltR(V,F) = A*V!, L(ARV,F) = (ARVY,
and Proposition 5.3.13 implies that there is a natural isomorphism

(5.3.74) AV = (AR

Exercises

1. Let A € M(n,C) have eigenvalues {\1,...,\,}, repeated according to
multiplicity. Show that, for 1 < k <mn,

TrA*A = o), (M, .. M)
= D N
1<j1 < <gp<n

Here o are the elementary symmetric polynomials, introduced in Exercise
7 of §2.1.
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2. Deduce from Exercise 1 above, plus Exercise 7 of §2.1, that

det(A\ — A) = Zn:(—l)k(Tr AR A)NE,
k=0

3. Let V be an n-dimensional vector space over I, with dual V’. Show that
there is a natural isomorphism

k: AFV @ AmV — ARV,
satisfying

KU1, A A vk @ @) (Wi, .oy W) = (V1 + ooy Uy Wiy« ooy W— k)

4. In the setting of Exercise 3, establish the following generalization of
Proposition 5.3.12 (due, in other language, to Jacobi).

Proposition 5.3.14. If A € L(V) is invertible, then
(det A)A*FA T @ T =k to A" FAl ok,
in L(AFV @ A"V').

Hint. Adapt the proof of Proposition 5.3.12.

5. Establish the following variant of Proposition 5.3.8. If A, B € £(V'), then
A*(AB) = (A*A)(A*B).

If {e1,...,e,} is the standard basis of R", define an inner product on A*R”
be declaring an orthonormal basis to be

{ejl Ao Nej t 1< g1 < N Jg <n}.
If A:AFR™ — AFR™, define A* : AFR™ — AFR" by
(Aa, B) = (0, A*B), a,B € AFR™,

where ( , ) is the inner product on A¥R™ defined above.

6. Show that, if T : R™ — R" is linear, with adjoint 7, then
(AFT)* = AR (T™).
Hint. Check the identity ((A*T)a, B) = (a, (A¥T*)3) when a and § run over

the orthonormal basis described above. That is, show that if & = ej A---Aej,
and B8 =e;; A---Aej,, then

<T€j1 AR /\Tejk76’1'1 ARRE: /\eik> = <ej1 ARRE /\ejk,T*eil ARRE: /\T*eik>.
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Hint. Say T = (t;;). In the spirit of (5.3.45), expand T'ej; A --- ATej,, and
show that the left side of the asserted identity above is

Z (sgn U)tiau)ﬁ v 'tig(k)jk'
€Sy,

Similarly, show that the right side is equal to
Z (SgnT)tiljf(n iy -
TES)

To compare these two formulas, see the derivation of (1.5.36).

7. Show that if {uq,...u,} is any orthonormal basis of R", then the set
{uh/\--~/\ujk 1< < <]k§n}

is an orthonormal basis of A¥R™.

Hint. Use Exercises 5 and 6 to show that if 7' : R” — R"” is an orthogonal
transformation on R™ (i.e., preserves the inner product) then AFT is an
orthogonal transformation on AFR™.

8. Let vj,w; € R", 1 < j <k (k <n). Form the matrices V, whose k
columns are the column vectors v, ..., v;, and W, whose k columns are the
column vectors wy, ..., wg. Show that

<v1/\-~/\vk,w1A---/\wk>:detWtV
= det V'W.

Hint. Show that both sides are linear in each v; and in each w;. (To treat the
right side, use material in §5.) Use this to reduce the problem to verifying
the asserted identity when each v; and each wj; is chosen from among the
set of basis vectors {ey,...,e,}. Use anti-symmetries to reduce the problem
further.

9. Deduce from Exercise 8 that if v;, w; € R", then

(VLA Avg,wi A Awg) = Z (sgn ) {(v1, Wr(1)) ** * (Vks Wr(r))-
TESE

10. Show that the conclusion of Exercise 7 also follows from Exercise 9.

11. Let A, B : R¥ — R™ be linear maps and set w = e; A --- A ej, € AFRF,
We have AFAw, A*Bw € A*R™. Deduce from Exercise 8 that

(A*Aw, A¥Bw) = det B'A.
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Given A : R® — R”, an ¢ x £ minor of A is the determinant of an ¢ x £
matrix of the form
Gi(k) T GGk
@ik T Ak
where 1 < j(1) <---<jl) <n, 1 <k(1) <--- <k(l) <n,and A = (a;i).
The (n — 1) x (n — 1) minors were introduced in Exercises 3-4 of §1.5 and
played a role in Cramer’s formula.

12. Relate the ¢ x ¢ minors of A to the matrix entries of A*A, with respect
to the basis of A’R™ given by (21.65) (with k = /).

13. Say also B : R® — R™. Restate the identity A(AB) = (A‘A)(A’B)
(cf. Exercise 5) in terms of an identity for the product of the matrices of
¢ x £ minors of A and of B, respectively. The result is a version of the
Cauchy-Binet formula.

14. Assume A : R™ — R" is invertible. Using the result of Exercise 12, with
{ =k and ¢ = n — k, respectively, derive from Exercise 4 a formula relating
the k x k minors of A~! to the (n — k) x (n — k) minors of A’. This yields
the classical version of Jacobi’s generalization of Cramer’s formula.
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5.4. Isomorphism Skew (V) ~ A?V and the Pfaffian

Let V' be an n-dimensional real inner product space. Recall from §3.3 that,
given X € L(V), we say X € Skew(V) if and only if X* = —X. The inner
product produces an isomorphism

(5.4.1) n: Skew (V) =5 Alt2(V,R), n(X)(u,v) = (Xu,v).

It also produces an isomorphism V = V’, hence Alt>(V,R) ~ Alt*(V',R) =
A2V. Composition with (5.4.1) yields an isomorphism

(5.4.2) ¢ : Skew(V) = A%V,

If {e1,...,en} is an orthonormal basis of V and X € Skew(V') has the matrix
representation (Xj;) with respect to this basis, then

1
(5.4.3) §(X) =3 > Xjrej Aey.
jk
Compare (5.3.18).

Note that if X € Skew (V) and T' € L(V), then also TXT* € Skew(V).
We have

(5.4.4) n(TXT*)(u,v) = (TXT* u,v) = n(X)(T"u, T"v),
hence

(5.4.5) E(TXT*) = (A*T)E(X).

By (5.4.3) and (5.3.68),

(5.46) (N*T)E(X) = ;jZkak (Tes) A (Te),

which can also be seen to yield the left side of (5.4.5) directly.

We now add the assumption that dim V' = n = 2k, and define a function
called the Pfaffian,

(5.4.7) Pf : Skew (V) —» R,
as follows. Recalling the orthonormal basis {e;} of V', we set
(5.4.8) w=eN---Ne, € A"V.

Previous results from this section imply that w is independent of the choice
of orthonormal basis of V, up to sign. In fact, each A*V gets an inner
product, and w is the unique element of A™V of norm 1, up to sign. The
choice of such an element is called an orientation of V, so we are set to
define (5.4.7) when V is an oriented, real inner product space, of dimension
n = 2k. The defining equation, for X € Skew(V), is

(5.4.9) P{(X)w = % (X)N---NEX) (K factors).
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Here is an important transformation property. Take T" € L(V). It
follows from (5.4.5) that

(5.4.10) Pf(TXT*)w = (A’*T) Pf(X )w,

hence, by (5.3.43),

(5.4.11)  PHTXT*) = (detT) Pf(X), VX € Skew(V),T € L(V).
With this, we can relate Pf(X) to the determinant.

Proposition 5.4.1. IfV is an even-dimensional, oriented, real inner prod-
uct space and X € Skew(V'), then

(5.4.12) Pf(X)? = det X.

Proof. There is no loss of generality in taking V' = R", with its standard
orthonormal basis. It follows from results of §3.3 that, given X € Skew(V),
we can write X = TYT* where T € SO(n) and Y is a sum of 2 x 2
skew-symmetric blocks, of the form

(5.4.13) Y, = <_0AV %) . M ER
Then

(5.4.14) EY)=XerNea+ -+ A eap_1 A ea,
so (5.4.9) yields

(5.4.15) PE(Y) = Ap - Ap.

Now det Y = (A1 -+ \x)?, so (5.4.12) follows from this and (5.4.11). O



Chapter 6

Linear algebra over
more general fields

We extend the class of vector spaces we work with in the following way.
Instead of taking IF to be R or C, we allow [F to be an arbitrary field. A field
is a set endowed with operations of addition and multiplication, and these
operations satisfy the same set of commutative, associative, and distributive
laws as do R and C. A set with this structure is called a commutative ring.
In addition, we assume F has a multiplicative identity, 1, and that every
nonzero element a € F has associated an element a~! such that aa=! = 1.
See the beginning of §6.1 for more details.

In §6.1 we review topics from previous chapters and discuss how many of
them extend from R and C to more general fields. We also produce various
examples of fields. Examples include

(6.0.1) Z/(p),

when p € N is a prime, and
(6.0.2) F(t),

the set of quotients p(t)/q(t) (with ¢ # 0) of polynomials in ¢ with coefficients
in a field F. These polynomials form a ring, denoted F[¢], and (6.0.2) is an
example of the quotient field of a ring R, which is defined when R has the
property that if a,b € R and ab = 0, then a = 0 or b = 0 (we then say R
is an integral domain). Applying this construction to the ring Z of integers
gives the field Q of rational numbers.

Other examples discussed in §6.1 involve algebraic numbers, i.e., roots
of a polynomial with coefficients in QQ. For example, we can take ai,...,ax
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to be algebraic numbers (we say they are elements of A) and form

(6.0.3) Qla, ..., axl,

the set of numbers in C that are polynomials in a1, ..., a; with coefficients in
Q, or equivalently the ring generated by Q and {ai,...,ax}. The fact that
(6.0.3) is actually a field is a special case of the following result established
in §6.1. Assume R is a ring satisfying

(6.0.4) QcRcC.
It follows that R is a vector space over Q. Then
(6.0.5) dimg R < oo = R is a field.

The proof is a simple application of the fundamental theorem of linear al-
gebra (which extends readily to the setting of vector spaces over a general
field). Taking off from here, it is shown in §6.1 that A is a field. Further-
more, A is shown to be algebraically closed, i.e., each polynomial p € Alt]
has roots in \A. One consequence is that if 7' € M(n,.A), then T can be
conjugated to its Jordan canonical form via an element of M (n, A).

In §6.2 we show that the set A of algebraic numbers coincides with the
set of numbers that are eigenvalues of square matrices with entries in Q. We
use this together with some matrix constructions to obtain another proof
that A is a field.

See Appendix A.4 for further results on construction of fields, including
general finite fields, of which the fields Z/(p) are the first examples. This ap-
pendix pushes beyond algebraic extensions of Q (which give rise to elements
of A), to algebraic extensions of general fields.
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6.1. Vector spaces over more general fields

So far we have considered vector spaces over I, when F is either the set R
of real numbers or the set C of complex numbers. We now introduce a more
general class of candidates for IF, called fields. By definition, a field is a set
F, endowed with two operations, addition and multiplication. That is, given
a,b € F, then a + b and ab are defined in F. Furthermore, the following
properties are to hold, for all a, b, c € F. First, there are laws for addition:

(6.1.1) Commutative law : a+b=0b+a,

(6.1.2) Associative law : (a+b)+c=a+ (b+c¢),
(6.1.3) Zero : 3J0€TF, a+0=a,
(6.1.4) Negative : I—a, a+ (—a)=0.

If only these conditions hold, we say F is a commutative, additive group.
Next, there are laws for multiplication:

(6.1.5) Commutative law : ab = ba,
(6.1.6) Associative law :  a(bc) = (ab)c,
(6.1.7) Unit : 31€F, 1-a=aq,

and a distributive law, connecting addition and multiplication:
(6.1.8) a(b+c) = ab+ ac.

Compare the conditions (1.1.10)—(1.1.17). If (6.1.1)-(6.1.8) hold, one says
F is a commutative ring with unit. If (6.1.7) is omitted, one says F is a
commutative ring. If (6.1.5) is also omitted, one says F is a ring, provided
that (6.1.8) is supplemented by

(6.1.9) (b+ c)a = ba + ca.
We say F is a field provided (6.1.1)—(6.1.8) hold and also the following holds:
(6.1.10) Inverse : Va #0, 3a~! € Fsuch that aa™' =1, 1#0.

The reader should be familiar with the fact that R and C satisfy (6.1.1)—
(6.1.10). (Proofs can be found in Chapter 1 of [23].) Another field is Q, the
set of rational numbers. The set Z of integers satisfies (6.1.1)—(6.1.8), but
not (6.1.10), so Z is a commutative ring with unit, but not a field. The sets
M(n,R) and M (n,C) of matrices satisfy (6.1.1)—(6.1.9), with the exception
of (6.1.5) (if n > 1), so they are rings (with unit), but not commutative
rings. More generally, M (n,F) is a ring for each field F, and, even more
generally, for each ring F.

Another important class of rings comes from modular arithmetic. Given
an integer n > 2, we define Z/(n) to consist of equivalence classes of integers,
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where, given a,d’ € 7Z,
(6.1.11) a~ a' <= n divides a — d’.

(Another notation is @ = o’ mod n. We also say a = a’ in Z/(n).) It is easy
to verify that

(6.1.12) a~d,b~b = a+b~d +V and ab ~ d'l/,

so addition and multiplication are naturally well defined on Z/(n). One also
readily verifies (6.1.1)—(6.1.8), so Z/(n) is a commutative ring with unit, for
each such n.

If n is not a prime, say n = jk with integers j and k, both > 2, then
(6.1.13) Jok#0 in Z/(n) but jk=0 in Z/(n),

which is impossible if j has a multiplicative inverse as in (6.1.10). Thus
Z/(n) is not a field if n is not a prime. Conversely, we have the following.

Proposition 6.1.1. If p € N is a prime, then Z/(p) is a field.

Proof. Pick a € Z such that a # 0 in Z/(p), i.e., a is not a multiple of p.
Let

(6.1.14) Z={aj+pk:jkel}
The set Z C Z has the following properties:
(6.1.15) a,fel=a+pel, acl feZ=afcl

(One says Z is an ideal.) Let ¢ be the smallest positive element of Z. It
follows from (6.1.15) that

(6.1.16) J={k: kel = JCT.
If J # Z, then there exists kK € N and p € Z such that
(6.1.17) ke < p < (k+1)L.

But then we get
(6.1.18) O<pu—kl</l, and p—kl € Z,

contradicting the fact that ¢ is the smallest positive element of Z. Hence it
is impossible that J # Z, so

(6.1.19) J=T.
Looking at (6.1.14), we see that

both a and p must be multiples of £.
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Now if the prime p is a multiple of ¢, then either £ = 1 or £ = p. Our
hypothesis on a does not allow £ = p, so £ = 1. Hence J = Z, so I = Z.
Thus there exist j, k € Z such that

(6.1.20) aj + pk = 1.

Then the equivalence class of j in Z/(p) is the desired inverse a~!. This
proves Proposition 6.1.1. U

We recall that the notion of an ideal arose in §2.2, in the production of
the minimal polynomial. Compare (2.2.9). In that setting, we were dealing
with the set P of polynomials, of the form

(6.1.21) p(A) = ap, \" + 1AL\ + ag,

with a; € C. Now addition and multiplication of polynomials is well defined,
and one readily verifies that P satisfies (6.1.1)—(6.1.8), so P is a commutative
ring with unit. We can then construct the space R of rational functions,
consisting of quotients

(6.1.22) % PaEP, q#0.
We say
p P .
(6.1.23) S~ = pi =g
q q
It is readily verified that (6.1.1)—(6.1.8) hold for R. Also (6.1.10) holds:
-1
(6.1.24) (3) =4 i p£o.
q p

Hence R is a field.

More generally, instead of requiring the coefficients a; in (6.1.21) to
belong to C, we can take any field F and consider all objects of the form
(6.1.21) with a; € F. We obtain a commutative ring with unit, typically
denoted F[A]. Then one can pass to the set of quotients as in (6.1.22) and
obtain a field, denoted F(\). It is useful to make a comment about the
nonvanishing condition. Namely, given p € F[A], as in (6.1.21), with a; € F,
we say

(6.1.25) p=0<=aqay=---=a,=0.
Now, such a polynomial also defines a function
®(p):F— T,

whose value at a € F is p(a). When F = R or C, we make no notational
distinction between p and ®(p), because

(6.1.26) if F =R or C, then p(a) =0Va € F=p=0in F[\].
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However, for some fields this can fail. For example, if r is a prime,
(6.1.27) F=2Z/(r), p(A) =A"=A=p(a) =0, Va €F.

In such a case, one must carefully distinguish between p € F[A] and the
associated function ®(p) on F.

Having defined the notion of a field and given several examples, we turn
to the notion of a vector space over a field. Actually, this is formally just
like that introduced in §1.1. If I is a field, then a vector space over F is a
set V', endowed with two operations, vector addition and multiplication by
scalars (elements of F), satisfying the conditions (1.1.10)—(1.1.17).

One standard example of such a vector space is F", defined exactly as in
(1.1.8). An n x n matrix A with entries in F produces a map A : F* — F"
just as in (1.2.3)—(1.2.5). This map is linear, where the concept of a linear
map 1T : V — W from one vector space over F to another is defined just as
in (1.2.1)-(1.2.2). Then L(V,W), the space of linear transformations from
V to W, has the structure of a vector space over F, just as in (1.2.11)-
(1.2.12). Composition of such operators is given by matrix multiplication,
as in (1.2.15)—(1.2.18). Given such T' € L(V, W), the spaces N (T') and R(T)
are defined just as in (1.2.24)—(1.2.25), and they are vector spaces over F.

The results on linear independence, bases, and dimension developed in
§1.3 extend to this more general setting, as does the fundamental theorem
of linear algebra, Proposition 1.3.6, and its corollaries, which finish up §1.3.

Material on determinants and invertibility developed in §1.5 extends to
n X n matrices with coefficients in a general field F, though one wrinkle is
encountered. The argument in Proposition 1.5.1 needs to be modified for
those fields F (such as Z/(2)) for which 1 = —1. Details are given at the end
of this section; see Proposition 6.1.9. For the special case F = Z/(2), see
Exercise 4 below. For another approach, valid for matrices over commutative
rings, see material in §7.1, involving (7.1.19)—(7.1.25). One result of §1.5
that is special to the fields F = R and C is Proposition 1.5.8 on denseness
of G¢(n,F) in M(n,F). This does not extend to general fields.

Material in §2.1 on eigenvalues and eigenvectors extend to general fields
IF, except for results that invoke the fundamental theorem of algebra, such
as Proposition 2.1.1. For Proposition 2.1.1 to work when V is a vector space
over a field F, one needs to know that, whenever p()) is a polynomial of
the form (6.1.21), with a; € F, n > 1, and a, # 0, then p(\;) = 0 for
some Ap € F. When a field F has this property, we say F is algebraically
closed. The content of the fundamental theorem of algebra (established in
Appendix A.1) is that C is algebraically closed. On the other hand, R is
not algebraically closed, since A? 4+ 1 has no root in R. It is significant that
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R is contained in the algebraically closed field C. Generally, we have the
following.

Proposition 6.1.2. Each field F is a subfield of some algebraically closed
field F.

A proof of this would take us too far afield (so to speak), and we refer
o [11], Chapter 7, §2.

If F is a subfield of F and V is an n-dimensional vector space over
F, we can pass to a vector space V over F by taking a basis {e1,...,e,}
of V and letting the coefficients a; in aje; + --- + ane, run over F. For
example, V = F" gives rise to V = F”. An element T’ € £(V) with matrix
representation (aji), aji € F, naturally acts also on V.

If V is an n-dimensional vector space over IF and F is algebraically closed,
then Proposition 2.1.1 works, and the results of §2.2 on generalized eigenvec-
tors also work. Going further, the results of §2.3 on triangular matrices and
nilpotent matrices extend to the setting where V' is a vector space over an
algebraically closed field F (including the Cayley-Hamilton theorem), and
so do the results of §2.4, on the Jordan canonical form.

On the other hand, results of Chapter 3 are special to vector spaces over
R and C.

Back to generalities, results of §§4.1 and 4.3, and §§5.1-5.3 extend readily
to vector spaces over a general field IF, except for wrinkles in exterior algebra
when 1 = —1in F.

The reader can have fun verifying these claims, none of which are hard
(though they require a vigorous re-examination of these previous sections).

We return to the issue of describing examples of fields, and discuss some
subsets of R and C that can be shown to be fields. To start, we take the
irrational number v/2 and consider

(6.1.28) QV2] = {a+bvV2:a,beQ}.

It is readily verified that Q[v/2] is a subset of R that is closed under addition
and multiplication, so it is a commutative ring with unit. As for (6.1.10),
note that if a,b € Q,

1 a—bv2
(6.1.29) ol Q[v2],

if either a # 0 or b # 0. Indeed, in such a case, the fact that /2 is irrational
implies that the denominator a? —2b? on the right side of (6.1.29) is nonzero.
Thus Q[v/2] is a field. A similar analysis applies to

(6.1.30) Qi ={a+bi:a,beQ},
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where i = /=1, and to many other cases, such as Q[v/3] and Q[v/—5]. Note
that these are vector spaces over Q of dimension 2.

We next look at Q[v/2,v/3], the ring generated by Q, /2, and /3, i.e.,
(6.1.31) Q[V2,V3] = {a+bV2+¢cV3+dV6:a,b,cdc Q).

This is a vector space over Q of dimension 4. It is in fact a field, but
the demonstration is perhaps not as straightforward as that for Q[v/2] in
(6.1.29). That it is a field is, however, a special case of the following.

Proposition 6.1.3. Let R be a ring such that Q C R C C. Assume R is a
finite-dimensional vector space over Q. Then R is a field.

Proof. Given a nonzero a € R, consider
(6.1.32) M, :R—TR, M,b=ab,

which is linear over Q. As long as a # 0, M, is clearly injective. The finite
dimensionality of R then implies M, is surjective (cf. Corollary 1.3.7), so
there exists b € R such that ab = 1. O

Let R be as in Proposition 6.1.3. Say its dimension, as a vector space
over Q, is n. We write

(6.1.33) dimg R = n.

Take £ € R. Then {1,¢&,...,£"} is a subset of R with n + 1 elements, so it
is linearly dependent. Thus there exist a; € Q, not all 0, such that

(6.1.34) an€"™ + -+ ap = 0.

We say ¢ is an algebraic number (of degree < n) if it satisfies an equation
of the form (6.1.34). We have established the following.

Proposition 6.1.4. If R O Q is a ring satisfying (6.1.33), then each £ € R
is an algebraic number of degree < n.

This has an easy converse.

Proposition 6.1.5. If £ € C is an algebraic number of degree n, then the
ring Q] has dimension < n.

Proof. If ¢ satisfies (6.1.34) with a; € Q, not all 0, then the set {1,&,...,£" 1}
spans QI[¢]. O

Suppose we have two algebraic numbers, &, satisfying (6.1.34), and 7,
satisfying

(6.1.35) byn™ + -+ + by = 0,
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with b; € Q, not all 0. Consider the ring Q[¢,n] C C. Elements of this ring
have the form
N

(6.1.36) > aptn*, ajpeQ NeN
]7k:0

The equations (6.1.34) and (6.1.35) guarantee that
{€nF:0<j<n—1,0<k<m—1} spans Q[¢,1),

as a vector space over Q. Thus

(6.1.37) dimg Q[¢, 7] < mn,

and Propositions 6.1.3-6.1.4 apply. Thus Q[¢, 7] is a field, and both £ + 7
and £n belong to it, as does €71, if € # 0. Since, by Proposition 6.1.4, each
element of Q[£, 7] is an algebraic number, we have the following.

Proposition 6.1.6. The set A of algebraic numbers in C is a field.

A different proof of this result is given in section 6.2.

We can extend the argument leading to (6.1.37). If a; € C are algebraic

numbers, of degree < myj, for 1 < j < pu, and if Qay,...,a,] is the ring
generated by them, whose elements have the form
N .

(6.1.38) > byl -dlt, b, €Q, NN,

F1seeerjn=0
then
(6.1.39) dimg Qlay, ..., a,] <mq---my.
Suppose now that & € C satisfies
(6.1.40) a ' + -+ a1 +ag =0,
with a; € A as above, a, # 0. Consider the ring
(6.1.41) Qla, . €] = Flé],
where F is the field (thanks to (6.1.39) and Proposition 6.1.3)
(6.1.42) F = Qlay,...,aul.
The equation (6.1.40) implies
(6.1.43) dimp F[¢] < p,
This together with (6.1.39) gives
(6.1.44) dimg Qlay, ..., au, & < pmy---my,.
Thus Qlai, ...,au,¢] is a field, consisting of algebraic numbers, and in par-

ticular we conclude that £ € A. This proves the following.
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Proposition 6.1.7. The field A of algebraic numbers is algebraically closed.

REMARK. The proof of Proposition 6.1.7 given above started with a root
¢ € Cof (6.1.40), and hence made use of the fundamental theorem of algebra
(established in Appendix A.1).

In light of Proposition 6.1.7, results of §§2.1-2.2 on eigenvectors and
generalized eigenvectors apply, as do results of §13 on the Jordan canonical
form. We record the latter.

Proposition 6.1.8. Let A C C denote the field of algebraic numbers. Given
A€ M(n,A), each eigenvalue of A is an element of A, and there exists an
invertible B € M(n, A) such that B~*AB is in Jordan normal form.

More on determinants

Earlier in this section we noted that material in §1.5 extends to n x n
matrices with coefficients in a general field F, except that a modification
is needed for fields in which 1 = —1. (One says F has characteristic 2.)
Here we provide a development of the determinant that works uniformly
for all fields, including those of characteristic 2. The key is to establish the
following variant of Proposition 1.5.1.

Proposition 6.1.9. Let F be a field. There is a unique function
(6.1.45) v:M(n,F) —F
satisfying the following three properties:

(a) ¥ is linear in each column of A,
(t') V(A) =0 if A has two columns that are identical,

(c) O(I)=1.

We denote this function by det.

The way this differs from Proposition 1.5.1 (aside from involving more
general fields) is that here the hypothesis (b’) replaces

(b) 9(A) = —9(A) if A is obtained from A by interchanging two columns.

From (b) it follows that ¥(A) = —9(A) if two columns of A are identical,
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and this implies ¥(A) = 0 unless F has characteristic 2. On the other hand,
we claim that, for every field F,

(6.1.46) (a) and (b') = (b).

To see this, let A be obtained from A by switching columns j and k; say
j<k,soA=(ai,...,a;,...,ak,...,a,). Then (a) and (b’) imply

Y(A) =d(ar,...,a5;+ ak, ..., 0, ..., a4n)

=d(a1,...,a5+ ..., —Cj, ..., ap)
6.1.47
( ) =9(a1, ... sy —Qj, ..., Ap)
::'_ﬁ(A)v

as desired.

Proof of Proposition 6.1.9. In light of (6.1.46), calculations made in the
proof of Proposition 1.5.1 apply here to show that if 9 satisfies (a), (b’) and
(c) (and hence also (b)), then the following identity must hold:

(6.1.48) 9(A) =) (800)ag(1y1** Ao(j)** Aaliph " Ao(nyn-
oESy

It remains to show that ), given by (6.1.48), satisfies (a), (b’), and (c).
Arguments given in §1.5 show that ¢ satisfies (a), (b), and (c). It remains
to show that o satisfies (b').

For this, let us set
(6.1.49) S,=S8Tus,, Sft={o€S,:sgno==+1},
SO
9(A) =67 (A) =07 (4),
(6.1.50) §E(A) = Z Ao(1)1 " Ao (i) Qo(k)k " * Go(n)n-

0653

Now suppose A is obtained from A by switching columns j and k (say j < k).
Then

SHA) = D g1 Qg Go(h)j *** Tanin

S
(6.1.51) 7c
- Z ao'jk(l)l T aajk(j)j U aajk(k)k’ e ao’jk(n)rm
oesS;t
where

6.1.52 Oik = 0 0%k, ik € Sn switches j and k.
J j j
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For each such j and k, {o o, : 0 € S;F} = 5,7, so (6.1.51) yields

§T(A) =D ap)1 Qo) Qo Go(mn

(6.1.53) oSy
=40 (A).
In particular,
(6.1.54) A=A= §"(A) =0 (A) = 9(A) =0,
and we have (b’). This proves Proposition 6.1.9. O
Exercises

1. Let F be a field. Show that, if a,b € I,
a+b=a=0=0,
a+0-a=(1+0)a=a,
0-a=0,
a+b=0=b= —a,
a+(—1)a=0-a=0,
(—Da

Hint. See Exercise 2 of §1.1.

—a.

2. Let V be a vector space over F. Take a € F, v,w € V. Show that the
results (1.1.18) hold. Show also that

a-0=0€V, a(-v)=—av.
Hint. See Exercises 2—-3 of §1.1.

3. Check (6.1.27) explicitly for r = 2,3, and 5.
Try to prove it for all primes r. Hint. See Appendix A.3.

4. Given A = (a;) € M(n,Z/(2)), pick
A= (aj) € M(n,Z) € M(n,R), ajj = a;; mod 2.

Show that det A mod 2 is independent of the choice of such A. Show that
taking _
det: M(n,Z/(2)) — Z/(2), det A= det A mod 2,

gives a good determinant on M (n,Z/(2)).
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5. For which primes p does —1 have a square root in Z/(p)?

6. Set F = Z/(3) and consider the ring R = F[\/—1]. Show that R is a field.
What is dimp R?

In Exercises 7-8, we take

A= <(1) _01) € M(2,F).

7. Find the eigenvalues and eigenvectors of A when

F=17/(2),
F =7/(5).

8. Find the eigenvalues and eigenvectors of A when
F = Z/(3)V=1].

Hint. One task is to figure out what this object is and why it is a field. This
was set up in Exercise 6. One might also peek ahead at Exercises 1718 of
§7.1. For still more, see Appendix A.4.

Exercises 9-12 expand on arguments used to prove Proposition 6.1.1.

9. Recall that an ideal in Z is a nonempty subset Z C Z satisfying (6.1.15).
Show that, if Z C Z is a nonzero ideal and ¢ is the smallest positive element
of Z, then

I=)={lk:kelZ}.

Hint. Review the proof of Proposition 6.1.1.

10. Generally, if ¢1,...,£, € Z, we set
(617"‘7€M) = {flkl +"'+£Mkjﬂ : k:j € Z}.

Show that this is an ideal. This is called the ideal in Z generated by the set
{0, 0}

11. Given m,n € Z, both nonzero, apply Exercises 9-10 to the ideal (m,n)
to conclude that there exists ¢ € N such that (m,n) = (¢). Explain why ¢ is
called the greatest common divisor of m and n. We write

¢ =ged(m,n).
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12. Given m,n € Z, both nonzero, we say they are relatively prime if
they have no common prime factors. Show that this holds if and only if
ged(m,n) = 1, and hence if and only if there exist j, k € Z such that

mj +nk = 1.

13. Given m,n € N, we denote by lem(m,n) the least common multiple of
m and n, i.e., the smallest element of N that is an integral multiple of both
m and n. Show that

lem(m,n) - ged(m,n) = mn.

14. Take m; and mo in N, say ma < my. This exercise sketches a method to
compute ged(my,ms), known as the Fuclidean algorithm. To start, divide
mg into my, computing quotient and remainder, to write

mp =qgma+ms3, ¢ €N, 0<m3 < ma.
If mg = 0, then ged(mq, ma) = may. Otherwise, show that
ged(my, me) = ged(ma, ms).
To proceed, write
mg = qzsmz +ma, g3 €N, 0 <myg <mg,

and continue. Show that this process terminates in a finite number of steps,
with

My = qu+1My+1,
hence my 41 = ged(mq, ma).

15. Show that the set A of algebraic numbers is countable.
Hint. The set of polynomials with rational coefficients is countable.
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6.2. Rational matrices and algebraic numbers

Algebraic numbers are numbers that are roots of polynomials with rational
coefficients. In other words, given a € C, a is an algebraic number if and
only if there exists a polynomial

(6.2.1) p(z) = 2"+ ap12""t+ - +arz+ag, aj€Q,
such that
(6.2.2) p(a) = 0.

Clearly numbers like 21/2 and 3'/3 are algebraic numbers. It might not be
so clear that 21/2 4 31/3 and (2'/2 + 31/3)(5Y/2 4- 71/3) are. Such results are
special cases of the following (which was proved in Proposition 6.1.6, by a
different method).

Theorem 6.2.1. If a,b € C are algebraic numbers, so are a + b and ab.
If also a # 0, then 1/a is an algebraic number. Hence the set of algebraic
numbers is a field.

Here we present another proof of this, using some linear algebra. The
following result is the first key.

Proposition 6.2.2. Given a € C, a is an algebraic number if and only if
there exists A € M(n,Q) such that a is an eigenvalue of A.

Proof. This proposition has two parts. For the first part, assume A €
M(n,Q). The eigenvalues of A are roots of the characteristic polynomial

(6.2.3) p(z) = det(z] — A).
It is clear that such p(z) has the form (6.2.1), so by definition such roots are
algebraic numbers.

For the converse, given that a € C is a root of p(z), as in (6.2.1), we can
form the companion matrix,

0 | 0 0
0 0 0 0
(6.2.4) A=|: |
0 0 0 1
—ap —ap -+ —Gp-2 —0ap-1

as in (2.3.20), with 1s above the diagonal and the negatives of the coefficients
ag, - - -, an—1 along the bottom row. As shown in Proposition 2.3.4, if A is
given by (6.2.4), and p(z) by (6.2.1), then (6.2.3) holds. Consequently, if
a € Cisaroot of p(z), in (6.2.1), then a is an eigenvalue of the matrix A in
(6.2.4), and such A belongs to M(n,Q). O
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Returning to Theorem 6.2.1, given algebraic numbers a and b, pick A €
M (n,Q) such that a is an eigenvalue of A and B € M (m,Q) such that b is
an eigenvalue of B. Consider

(6.2.5) AR Iy +1,®B:C" — C™.

It follows from Proposition 5.2.2 that

(6.2.6)  Spec(A® I, +1,® B)={a+f:«a € Spec A, 3 € Spec B}.
Thus

(6.2.7) a + b is an eigenvalue of A® I, + I,, ® B € M (mn,Q),

so a + b is an algebraic number.

Next, consider

(6.2.8) A®B:C™ —; C™™,
Proposition 5.2.2 also gives

(6.2.9) Spec(A® B) = {af : o € Spec A, B € Spec B}.
Thus

(6.2.10) ab is an eigenvalue of A® B € M(mn,Q),

so ab is an algebraic number.

Finally, let a # 0 be an algebraic number. Then a is a root of a polyno-
mial of the form (6.2.1), and since a # 0, we can assume ag # 0 in (6.2.1).
(Otherwise, factor out an appropriate power of z.) Now the identity (6.2.3)
for the companion matrix A in (6.2.4) implies

(6.2.11) det A= (—1)"p(0) = (—1)"ap # 0,
so A € M(n,Q) in (6.2.4) is invertible. Formulas for A~! from §1.5 yield
(6.2.12) At e M(n,Q),

and 1/a is an eigenvalue of A~!. Hence 1/a is an algebraic number, as
asserted. This finishes the proof of Theorem 6.2.1.



Chapter 7

Rings and modules

The concept of a ring arose in Chapter 6, on the way to defining the concept
of a field. A commutative ring R is endowed with operations of addition and
multiplication, satisfying the usual commutative, associative, and distribu-
tive laws. One can drop the commutative law of multiplication to obtain
the general class of rings. However, most of our attention in this chapter
will be devoted to commutative rings with unit, as we discuss the extension
of linear algebra from the study of vector spaces over fields to the study of
modules over such a class of rings.

The basic definitions of these two classes of objects look quite similar.
A module M over a ring R is a commutative, additive group, for which
there is a “scalar multiplication” a € R, u € M = au € M, satistying the
same sorts of associative and distributive laws as one has for vector spaces
(including 1 - u = u). However, passing to rings allows for a much greater
variety of phenomena.

To give some flavor of the difference, consider the n-fold product R",
whose elements are n-tuples of elements of a ring R; picture these as columns.
We can also bring in M (n,R), consisting of n x n matrices of elements of
R, and form

(7.0.1) AueR", for Aec¢ M(n,R), ueR",

just as done in Chapter 1. Furthermore, the notion of determinant extends,
yielding det A € R, whenever R is a commutative ring. However, if you
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examine the properties
A is injective,
(7.0.2) A is surjective,
det A # 0,

no two of these are necessarily equivalent. Some examples of differences
arise from the fact that some rings, such as Z/(k) when k is composite, have
zero-divisors, i.e., there exist a,b € R, both nonzero, such that ab = 0. A
ring with no such zero-divisors is called an integral domain. Yet, even when
R is an integral domain, one does not have equivalence in (7.0.2).

Going further, recall that if V' is a vector space over a field F, and if it is
spanned by a finite set of elements, then it has a basis, and it is isomorphic
to F™ for some n. On the other hand, for many rings R, a module M over
R spanned by a finite number of elements (we say finitely generated) need
not be isomorphic to R™ for any n. If it is, we say M is free. Lots of finitely
generated modules are not free.

Section 7.1 pursues such matters on a general level. It also introduces
such concepts as submodules, quotient modules, and dual modules, and dis-
cusses similarities and differences with the vector space case. In subsequent
sections we look at modules over several special classes of rings.

The first special class of rings we treat is the class of principal ideal
domains (PIDs). A commutative ring with unit R that is an integral domain
is a PID provided that, if Z C R is an ideal, i.e.,

(7.0.3) a,bel=—=a+becZ, acZ,beR=—abel,
then it has a single generator, i.e.,
(7.0.4) 7= (ao) = {aob :be R}

Such a condition (though without the name) arose in the study of generalized
eigenvectors, in §2.2. In current parlance, the content of Lemma 2.2.3 is that
the polynomial ring C[t] is a PID. The same argument shows that F[t] is a
PID whenever F is a field. Another example of a PID is Z, and numerous
further examples are considered in §7.2. There is a structure theory for
finitely generated modules over a PID, R. First, if £ is such a module, there
is a submodule F C & that is free, and a direct sum decomposition

(7.0.5) E=&oF,

where &, consists of torsion elements of £, i.e., of u € £ such that au = 0 for
some nonzero a € R. The set &; is seen to be a submodule of F, necessarily
finitely generated. Furthermore, there is an analysis of the structure of such
a finitely generated torsion module, given in Proposition 7.2.14.
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In §7.3 we apply the structure theory of §7.2 to the study of a transfor-
mation A € £(V) when V is a finite-dimensional vector space over a field
F. The transformation A gives V' the structure of an F[¢t]-module, via

(7.0.6) p-v=p(Aw, pelFt], veV.

The set of p € F[t] such that p(A) = 0 is an ideal, hence generated by a single
element my € F[t], called the minimal polynomial of A. Since my4 -v =0
for all v, this makes V' a torsion module over F[t], and the structure theory
of Proposition 7.2.14 applies. If I is algebraically closed, m4(t) factors into
linear factors, and (for F = C) we recover results of Chapter 2 on generalized
eigenspaces and on the Jordan canonical form for A, now in the setting of a
general algebraically closed field. The reader might compare the approach
here with that taken in Chapter 2, keeping in mind how the notion of C[t]
as a PID arose in that earlier chapter.

We mention two other significant properties of PIDs established in §7.2.
One is that if R is a PID,
Z; CRideals, 7y CZo C--- CI C ---
(7.0.7)
—= Ty =2Zp41 =---, forsome /.
Another is that if R is a PID and a € R\ 0 is not invertible, then we can
write

(7.0.8) a=pi---pN, pjE€ R irreducible,

ie.,, pj =bc, b,c € R = b or cis invertible. Furthermore, this factorization
is unique, up to ordering and multiplication by invertible elements. It is
of great interest that these properties hold for all PIDs, and one also seeks
other classes of rings for which they hold. In connection with this, we note
that the polynomial rings

(7.0.9) Z[t] and Clz,y] are not PIDs.

We take this as motivation to discuss two further classes of rings, in §§7.5—
7.6, after an intermezzo in §7.4, devoted to the ring of algebraic integers and
its finitely generated subrings, some of which are PIDs and others of which
belong to categories considered below.

Section 7.5 is devoted to Noetherian rings. Such a ring R is a commuta-
tive ring with unit, satisfying (7.0.7). Another characterization is that each
ideal Z C R is finitely generated. The content of (7.0.7) applied to PIDs
is that each PID is a Noetherian ring. It is of great interest to know that
the rings in (7.0.9) are also Noetherian rings. This is a consequence of a
fundamental result known as the Hilbert basis theorem, which states that

(7.0.10) R Noetherian = R|[t] Noetherian.
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Section 7.5 also treats Noetherian modules, an important extension of the
class of finitely generated modules over a PID.

Section 7.6 treats unique factorization domains (UFDs). Such a do-
main is a commutative ring with unit that is an integral domain and satis-
fies (7.0.8), together with the accompanying essential uniqueness statement.
The content of (7.0.8) applied to PIDs is that each PID is a UFD. As it
turns out, in addition the rings in (7.0.9) are UFDs. More generally, as
established in §7.6,

(7.0.11) R is a UFD = R[] is a UFD.

This opens up a substantially larger class of rings that are seen to be UFDs.
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7.1. Rings and modules

The notion of a ring was defined in §6.1. For the purpose of this section,
a ring will always have a unit, so it satisfies the conditions (6.1.1)—(6.1.10),
except for (6.1.5) (whose validity then defines the notion of a commutative
ring).

Given such a ring R, a module over R is a set M with the following
structure. First, it is a commutative, additive group. Next, there is a
product R x M — M, associating to each a € R and © € M an element
au € M, and the product satisfies the following conditions, for all a,b € R
and u,v € M:

a(u+v) = au + av,
(a + b)u = au + bu,
(ab)u = a(bu),

1-u=u.

(7.1.1)

Note that these conditions are close to those defining a vector space. In fact,
a vector space is precisely an R-module when R is a field.

Such an R-module is also called a left R-module. A right R-module is
a commutative additive group M with a product M x R — M, assigning
ot each a € R,u € M an element ua € M, satisfying, in place of (23.1), the
conditions

(u+v)a = ua + va,
u(a + b) = ua + ub,
u(ab) = (ua)b,

u-1=u.

(7.1.2)

One class of examples of modules is provided by the class of commutative
additive groups. If M is such a group, then M naturally has the structure
of a Z-module, with

(7.1.3) ku=u+---+u (ksummands),

for k € Nyu € M, and (—k)u = —(ku).

To take another class of examples, the set R, consisting of columns

uy
(7.1.4) u= ||, u €R,
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has the structure of a left R-module, with
auy

(7.1.5) au = : , a€ER, ueR"
Uy

and also the structure of a right R-module, with
u1a

(7.1.6) ua = ], a€eR, ueR"
Una

Next, consider M(m x n, R), the set of m x n matrices with entries in
R, with a typical element

Uil v Uln
(7.1.7) U= : : . ujr €R.
Um1 + Umn
Matrix operations are defined as in §1.2. We see that M (m x n,R) is a left
M (m, R)-module, and also a right M (n, R)-module, with products
(7.1.8) (A,U)— AU, (U,B)— UB,
given by matrix multiplication.
Suppose M7 and My are both left R-modules. A map

(7.1.9) T: My — M

is said to be a module homomorphism (also called an R-linear map) provided

(7.1.10) T(au+ bv) = aTu+ bTv,

forall a,b € R, u,v € Mj. If instead M7 and My are right R-modules, the
condition for T' to be R-linear is

(7.1.11) T (ua + vb) = (Tu)a + (T')b,
for all such a,b,u,v.

For some examples of module homomorphisms, take A € M(m x n,R)
and consider

(7.1.12) A:R" — R™,

with Au given by matrix multiplication, as in (1.2.5). This is an R-module
homomorphism, for R™ and R™ considered as right R-modules. Generally,
it is not a homomorphism of left R-modules, unless R is a commutative
ring (or at least all the matrix entries a;, commute with each element of
R). Partly for this reason, modules over commutative rings have more in
common with vector spaces than those over non-commutative rings.
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Given R-modules M;, we denote by L£(M1, Ms3) the set of R-linear
maps from M to Mo, if the ring R is understood. If we want to emphasize
what R is, we write Homg (M7, M32). One might see a need for notation
that distinguishes between the cases of left R-modules and right R-modules,
but we will not bring in further notational baggage.

In fact, we will have no need to. From here on, we will restrict our atten-
tion to the case where R is a commutative ring, with unit (and, without loss
of generality, all modules will be left modules). Note that Homg (M1, M)
gets the structure of an R-module, such that

(7.1.13) (aT)(u) = a(Tu).

In linear algebra over such a commutative ring, some results we have seen
in the vector space setting extend quite cleanly, and some need moderate
to substantial modification. We look at some clean extensions first, starting
with determinants.

If m=nin (7.1.12), the n x n matrix
aip - Qg
(7.1.14) A= | : s ajr €R,
anl1 ' Qnn

represents the general R-linear map from R"™ to itself. We can extend Propo-
sition 1.5.1 to produce the determinant function

(7.1.15) det : M(n,R) — R,

with essentially no change in the argument, as long as R has the property
that

(7.1.16) a€R, a# 0= a# —a.

In such a case, we again obtain the formula (1.5.29), i.e.,

(7.1.17) det A = Z (sgn O')ag(l)l © Oo(n)n-
0ESH

Next, the proof of Proposition 1.5.3 goes through, so we have
(7.1.18) det(AB) = (det A)(det B),

provided A, B € M(n,R), where R is a commutative ring, with unit, satis-
fying (7.1.16).

There are rings that do not satisfy (7.1.16), such as Z/(2), which is not
only a commutative ring with unit, but actually a field. What fails when R
does not satisfy (7.1.16) is the deduction (1.5.12) from rule (b) in Proposition
1.5.1, since what rule (b) gives directly is det B = — det B, whenever B has
two identical columns. As we will see, we can extend the determinant to
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work for all commutative rings R with unit, even when (7.1.16) fails. We
describe one approach below. For another, see Exercise 7 below.

To do this, let {z, : @ € A} be a (possibly infinite) set of “variables,”
and form the ring

(7.1.19) R = Zlta,a € A,

Le., the ring of polynomials in these variables, with coefficients in Z. Cer-
tainly R satisfies (7.1.16), so we have a determinant

(7.1.20) det : M(n,R) — R,

satisfying (7.1.17) and (7.1.18). Now let R be an arbitrary commutative
ring with unit, perhaps not satisfying (7.1.16). Pick a set .4 and a map
T > aq such that {a, : a € A} generates R, i.e., every element of R is a
polynomial (with integer coefficients) in these elements a,,. (One possiblility
is that A = R and a, = «.) This gives rise to a map

(7.1.21) ©:R— R,

taking a polynomial in {z,} with integral coefficients to the corresponding
polynomial in {as}. This is a ring homomorphism, i.e.,

(7.1.22) o(p+q) = o(p) +9(q), lpg) = 0P)e(q),

for all p,q € R. Also it is surjective, i.e., given a € R, a = ¢(p) for some
p € R (perhaps not unique). This gives rise to ring homomorphisms

(7.1.23) ¢n: M(n,R) — M(n,R),

taking (z;i)1<jj<n to (¢(z;1)), and these maps are surjective. Thus, given
A€ M(n,R), one can pick

(7.1.24) X € M(n,R) such that ¢,(X) = A.
We propose to define det : M(n,R) — R so that
(7.1.25) det A = ¢(det 3 X),

for X as in (7.1.24). We need to show that (7.1.25) depends only on A, so
we get the same result if X in (7.1.24) is replaced by Y € M(n,ﬁ) such
that ¢, (Y) = A. Indeed, since the analogue of (7.1.17) holds for dets in
(7.1.20), it follows that, whenever (7.1.24) holds, for A € M(n,R), of the
form (7.1.14), then det A satisfies (7.1.17), which indeed depends only on A.
Thus det : M(n,R) — R is well defined by (7.1.24)—(7.1.25). The fact that
¢ is a ring homomorphism then gives (7.1.18).

With these arguments accomplished, one can extend the results of Exer-
cises 7-9 of §1.5, on expanding determinants by minors, to matrices whose
entries belong to a commutative ring R, first in case R satisfies (7.1.16),
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hence for R = R as in (7.1.19), then for general commutative R. One can
then proceed from (1.5.52) to the Cramer formula (1.5.54), i.e.

(7.1.26) CA=(det I, C=(ci), cjr=(—1)7""det Ay;,

with Ay; € M(n —1,R) as in (1.5.52). If we replace A € M(n,R) by its
transpose A', the argument yielding (1.5.37), i.e.,

(7.1.27) det A = det A,

continues to hold. Then we can replace A by A in (7.1.26) and take the
transpose of the resulting identity, to get

(7.1.28) AC = (det A)].

One consequence of the identities above is the following variant of Propo-
sition 1.5.6.

Proposition 7.1.1. Let R be a commutative ring with unit and let A €
M(n,R). Then A is invertible if and only if

(7.1.29) det A has a multiplicative inverse in R.

Proof. If det A has an inverse b € R, then bC is the inverse of A. Conversely,
if A has an inverse B then (det B)(det A) = 1, so det B is the multiplicative
inverse of det A. ([

Invertibility of such A is equivalent to the map A : R™ — R" being both
one-to-one (injective),
(7.1.30) and
onto (surjective).
In the case of n-dimensional vector spaces over a field, these two properties

are equivalent, and they are also equivalent to the condition det A # 0.
Matters are different for other rings.

For example, taken = 1, R = Z, and A € Z\{-1,0,1}. Then A: Z — Z
is injective but not surjective. Generally, for n = 1, A surjective = Au =1
for some u € R = A invertible. The converse is clear, so

(7.1.31) For n =1, A is surjective < A is invertible.

On the other hand, if we set

(7.1.32) Z(R) ={a € R :ab= 0 for some nonzero b € R},
then

(7.1.33) For n =1, A is injective & A € R\ Z(R).

The set Z(R) is called the set of zero divisors in R. If R is a commutative
ring with unit and Z(R) = 0, we say R is an integral domain. Clearly Z is
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an integral domain. Every field is an integral domain, including Z/(p) for p
prime. However, if n is composite, say n = jk, j,k > 2, then

(7.1.34) n=jk= j,ke€ Z(Z/(n)).
Returning to the study of A € M(n,R) for general n, we see from
(7.1.26) and (7.1.28) that

- 135 A and C both injective <= det A ¢ Z(R),
(7.1.35) A and C both surjective <= det A invertible in R.

In particular, if R is an integral domain, then A and C are both injective if
and only if det A # 0. In this case, we can go further.

Proposition 7.1.2. If R is an integral domain and A € M(n,R), then
(7.1.36) A is injective <= det A # 0.

Proof. The “«<” part follows from the first part of (7.1.35). To establish
the “=" part, we bring in the following important construction. O

Given an integral domain R, we associate a field Fg, called the quotient
field of R, as follows. Elements of Fr consist of equivalence classes of objects

(7.1.37) a,beR, b0,

a
37
where the equivalence relation is

!
7.1.38 oLl = b
b/

S e

If also ¢,d € R, d # 0, set

a ¢ ad+bc a c

7.1.39 -4 -= - == —.
( ) b + d bd > b d bd
Since R is an integral domain, we have bd # 0. These operations respect
the equivalence relation (7.1.38) and lead to a well defined sum and product

on Fr, which is then seen to be a field. In particular, for a,b € R,

ac

a—1 b
(7.1.40) a#0, b£0 = (3> ==,
We have a map
(7.1.41) t:R—Fgr, a)= %,

and if R is an integral domain, this is an injective ring homomorphism. Note
that

(7.1.42) R =7 = Fr = Q.
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Also, in notation introduced below (6.1.24),
(7.1.43) R =7Z[N = Fr = Q(\).

We now turn to the implication “=” in Proposition 7.1.2. Using (7.1.41),
we induce the injective ring homomorphism

(7.1.44) tn: M(n,R) — M(n,Fr).
Given A € M(n,R),
(7.1.45) det(1,A) = v(det A).
Denote ¢, A by A#. We have
(7.1.46) A:R" — R, A% (Fr)" — (Fr)",
and both operations are given by left multiplication by the same matrix.
Suppose u € (Fg)". Then u = (u,...,u,)" and each u; = a;/b; with
aj,b; € R, bj #0. Then
(7.1.47) Ay =0= Av =0,
where
U1 "
(7.1.48) v=| 1|, vi=uj (H bg) =a; (H bg) €R.
o, (=1 (4]
Hence
(7.1.49) A injective = A" injective.

But since Fg is a field, results discussed in §6.1 give
(7.1.50) A7 injective < A7 surjective < det A7 %0,
and then the identity (7.1.45) finishes the proof of Proposition 7.1.2.

Contrast with the vector space case indicates that we will not be seek-
ing a version of a decomposition of R"™ into something like generalized
eigenspaces of A € M(n,R) for general commutative rings with unit. De-
spite this, we are able to generalize the Cayley-Hamilton theorem in this
setting.

Proposition 7.1.3. Let R be a commutative ring with unit. Given A €
M(n,R), form

(7.1.51) Ka(\) =det(A] — A), Ka€RI\.
Then
(7.1.52) Ky(A) =0.
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Proof. We bring in the ring
(7.1.53) R¥ = Zlzjk,1 < j, k < n

of polynomials in the variables zj;, with coefficients in Z, and consider
(7.1.54)
Z = (zjr), p(Z2)=(pni(2)) = Kz(Z), pni € Zlzjr,1 < j, k <n.

The Cayley-Hamilton theorem for complex matrices established in §2.3 gives
(7.1.55) p(B) =0, VBe M(n,C).

Now, parallel to (6.1.26), we deduce that, for p as in (7.1.54),

(7.1.56) pri =0 in Zzjg, 1 < j,k < nl,

i.e., all the coefficients of the polynomial p(Z) are zero. Now K4(A) = p(A),
and if we plug in the values a;, € R into the polynomial p(Z), we also get
0, proving the proposition. O

The last few pages have concentrated on R-modules of the form R™.
These are special cases of finitely generated modules. We say a set S = {54}
in an R-module M generates M (over R) provided each u € M can be
written as a finite linear combination

(7.1.57) U= Zaasa, aq € R.

Borrowing notation from §1.3, we write
(7.1.58) M = Span S.

If a finite set S generates M, we say M is finitely generated. For R" we
have the set of generators {ej : 1 < j < n}, where ej € R"™ has a 1 in the
jth slot and zeroes elsewhere. If R = F is a field and V is an F-module,
then we know that any minimal spanning set is a basis of the vector space
V, any two bases have the same number of elements, denoted dim V', and
if dimV = n, then V is isomorphic to F". For other rings R, a finitely
generated R-module might not be isomorphic to R" for any n.

For a class of examples, take n € N, n > 2, and consider Z/(n). As seen
in §6.1, this is a ring. It is also a Z-module. It is clearly not isomorphic
to ZF for any k € N. Of course, it is finitely generated, by the unit 1.
Suppose n = jk, with j,k > 2, and assume j and k are relatively prime,
so ged(j, k) = 1. Then, by Exercise 12 of §6.1, the set {j,k} generates
Z/(n), over Z. It is a minimal generating set, since neigher {j} nor {k}
generate Z/(n). Thus we have different minimal generating sets of Z/(n)
with different numbers of elements.
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Recall from §6.1 that (n) = {nk : k € Z} is an ideal in Z. More generally,
if R is a commutative ring, an ideal in R is a set Z C R saisfying

(7.1.59) a,bel=a+beZ, acZ, beR=abecl.

As noted above (6.1.21), examples of ideals in C[A] arose in §2.2. Namely,
if A€ M(n,C), we have the ideal

(7.1.60) Za={p € C[\ :p(4) =0}.

We could replace C by an arbitrary field, or even by an arbitrary commuta-
tive ring.

It is clear from the characterization (7.1.59) that an ideal Z in a commu-
tative ring R is an R-module. In the case R = Z, Z = (n) discussed above,
we have 7 isomorphic to Z, as a Z-module. A similar circumstance happens
for R = C[\], Z = Zy, as in (7.1.60); such Z4 is isomorphic to C[\] as a
C[A]-module. This is a consequence of Lemma 2.2.3, producing the minimal
polynomial m4(A), as in (2.2.13). In fact, Lemma 2.2.3 and Exercise 9 of
§6.1 imply that C[A] and Z are both principal ideal domains (PIDs). By
definition, a commutative ring with unit R is a PID provided that it is an
integral domain and each ideal Z C R has the form

(7.1.61) Z=(b)={ab:a€R},
for some b € R. Whenever R is a PID, then each nonzero ideal Z in R is
isomorphic to R, as an R-module.

An example of a ring that is not a PID is C|x, y|, the ring of polynomials
in two variables (with coefficients in C). Then the ideal

(7.1.62) 1= (z,y) ={p € Clz,y] : p(0,0) = 0}
is not of the form (7.1.61). As a C[z,y] module, this has a minimum of two
generators. It is not isomorphic to C[z,y|™ for any n.

Given a commutative ring with unit R and an ideal Z C R, one can
also form the quotient R/Z, whose elements consist of equivalence classes of
elements of R, with the equivalence relation
(7.1.63) a~ad << a—d €Tl
Clearly R/Z has both a natural ring structure and a natural R-module

structure.

The case R =Z, T = (n), yielding Z/(n), has been discussed. We turn
to the ideal (7.1.60), and expand the scope a bit. Let V be an n-dimensional
vector space over a field F, and let A € £(V'). Then set

(7.1.64) Za={p€F[\:p(A) =0}
The map p — p(A) is a ring homomorphism
(7.1.65) p:FA] — L(V),
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and the null space N () of such a ring homomorphism is readily seen to be
an ideal. The proof of Lemma 2.2.3 extends to yield, for any field I,

(7.1.66) F[\] is a PID.
Thus
(7.1.67) Za = (ma),

for some polynomial m4 € F[)\], called the minimal polynomial of A, when
normalized to have leading coefficient 1. The ring homomorphism (7.1.65)
induces an isomorphism

(7.1.68) @ F[N/Ts =5 Ry C L(V),
where
(7.1.69) R 4 is the ring generated by I and A in L(V).

In (7.1.68), ¢ is also an isomorphism of F[A]-modules, where F[)\] acts on
L(V) by

(7.1.70) p-B=p(A)B,
making £(V') a left F[A]-module, and this action preserves R 4.

We move from constructions that involve ideals in a ring to constructions
that involve submodules. If M is an R-module, a nonempty subset N' C M
is a submodule provided

(7.1.71) a,beR, u,ve N = au+bveN.

Examples arise from homomorphisms of R-modules, defined in (7.1.9)—
(7.1.10). If T € Homg (M1, Ms), we have
N(T) ={ue My :Tu=0},
(7.1.72) () =A ! J
R(T) ={Tu:ue My},

which are submodules of M; and Maj, respectively. Whenever M is an
R-module and N is a submodule, we can form the quotient module M /N,
consisting of equivalence classes of elements of M, with the equivalence
relation

(7.1.73) u~u = u—u €N,

and this has a natural R-module structure. An R-homomorphism 7" : M; —
M induces an isomorphism

(7.1.74) T : My/N(T) =5 R(T)

of R-modules. Using these concepts, we have the following description of
an arbitrary finitely-generated R-module.
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Proposition 7.1.4. Assume M is a finitely generated R-module, with n
generators. Then there is an isomorphism of R-modules

(7.1.75) M~R"N,
for some submodule N' of R™.

Proof. Let {u; : 1 < j < n} generate M. Take the generators {e; : 1 <
Jj < n} of R™ mentioned below (7.1.59), and define

(7.1.76) p:R" — M, @(Z ajej) = Zajuj, a; € R.
Then ¢ is a surjective R-homomorphism, and the isomorphism (7.1.75),
taking N' = N (), follows from (7.1.74). O

Next we consider duals of modules. If R is a commutative ring with unit
and M is an R-module, we define the dual module

(7.1.77) M' = Homp (M, R).
It is readily verified that

(7.1.78) (R™) ~ R™.

On the other hand, the Z-module Z/(n) satisfies
(7.1.79) Homgz(Z/(n),Z) = 0.

This example illustrates that frequently (M’)’ is not isomorphic to M, in
contrast to the case for finite dimensional vector spaces over a field. The
following relative of Proposition 7.1.4 also contains (7.1.79). The proof is
left to the reader.

Proposition 7.1.5. Given the R-module M = R"™ /N, where N is a sub-
module of R™,

(7.1.80) M = {pe(R") :¢|,, =0}
More generally, extending the scope of §5.1, we can consider multi-linear
maps. If V; and W are R-modules, we set

(7.181) MVy, ..., Vi, W) = set of maps B : V1.>< cee X Vg'—> w
that are R-linear in each variable,
in the sense that, for each j € {1,...,¢},

vj,wj € Vj, a,b € R =
(7.1.82) But,...,av; +bwj, ..., up)

=aB(ui,...,vj,...,up) +bB(ur,...,wj, ..., up).
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This has the natural structure of an R-module. If all the V; are the same,
we set

(7.1.83) MY W) =MWV, VW), Vi=--=V = V.
It has two distinguished subspaces,
(7.1.84) Sym‘(V, W), Alt‘(V, W),

defined as in (5.1.7). In case of Alt“(V, W), one often wants to work under
the assumption that R has the property

(7.1.85) a€R, a#0= a# —a.
Otherwise anomalies occur. For example,
(7.1.86) R =17/(2) = Sym?*(V,R) = Alt>(V, R).

In particular,
(7.1.87) V=R =12/(2), B(u,v) =uv = B € Alt}(V,R) = Sym?(V, R).
By contrast, whenever (7.1.85) holds, if 5 € Alt‘(V, W), £ > 2, then
(7.1.88) B(v1,...,v) =0 whenever v; = v, for some j # k.

One can use methods parallel to those of §5.2 to define tensor products

of R-modules, for a commutative ring with unit R, as least under a certain
restriction. Namely, given R-modules V;, we can define

(7.1.89) N --@Vy=MOWV,..., V5 R).

A problem with directly paralleling (5.2.1) to define V; ® - - - ® V is that we
no longer always have the isomorphism (V})" & V;. Thus (7.1.89) defines the
tensor product over R only of modules that are dual modules. Sometimes
we want to identify R explicitly, using, e.g., the notation

(7.1.90) Vi @r Vy = Mr(V1,Va; R).
This does not define
(7.1.91) Var W,

for general R-modules V and W, when they are not dual modules. To define
(7.1.91) in this greater generality, one needs to take a different approach.
One can take finite formal sums of v; ® wj, for v; € V, w; € W, subject to
the equivalence relation

(7.1.92) v; ® awj ~ avj @ w;, a € R.

Then ¥V ®z W is an R-module, with a(v; ® w;) given by (7.1.92). One can
verify that this coincides with the definition given in §5.2 when R is a field.
As examples of such a construction, we mention that, as Z-modules,

(7.1.93) Z)(2) ©7,Z/(2) ~ L/ (2),
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while

(7.1.94) Z/(2)®z7/(3) =0,
and

(7.1.95) Z/(2)®z7Z =0.

For more on tensor products of R-modules, see Chapter 16 of [11].

Exercises

1. Let R be a ring (with unit, by the conventions of this section). Show
that the results of Exercise 1 of §6.1 hold for all a,b € R. Also show that

(—a)b = —ab = a(-b).

2. Let M be a module over the ring R. Take a € R,v,w € M. Show that
the results (1.1.18) hold. Show also that

a-0=0in M, a(—v)=—av.

3. Given commutative rings with unit, R and Rs, define
R1® Ra

as a commutative ring with unit.

4. Given m,n € N, both > 2, define
@ : L[(mn) — Z/(m) & Z/(n),
o(k) = (k mod m, k mod n).
Show that ¢ is a ring homomorphism, and that N'(¢) C Z/(mn) is generated
by the least common multiple of m and n. Using Exercise 13 of §6.1, deduce

that
¢ is an isomorphism <= ged(m,n) = 1.

5. Let m,n be integers > 2 that are relatively prime, i.e., have no common
prime factors. Given x € Z, show that

x=amod m, r =>bmod n = x = anv + bmu mod mn,
where v, u € 7 satisfy (cf. Exercise 12 of §6.1)
mp +nv = 1.
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Hint. Start with
r=mj+a, x=nk+b,
multiply one by nv, the other by mu, and add.

6. A group of 1000 soldiers is sent into battle and some perish. After the
battle, the survivors line up in columns of 32 and 15 are left over. They
then rearrange themselves into columns of 31 and 7 are left over. How many
soldiers survived?

REMARK. This method of counting was apparently practiced in ancient
China. For this reason, the result of Exercise 4 is called the Chinese re-
mainder theorem. For a generalization, see Exercise 11 in §7.2.

7. Extend the setting of Proposition 6.1.9 to treat det A for A € M(n,R),
when R is a commutative ring with unit, not necessarily satisfying (7.1.16).
This provides an alternative to the approach involving (7.1.19)—(7.1.25).

8. Let F be a field.

(a) Show that there is a unique ring homomorphism ¢ : Z — F such that
P(1) = 1.

The image Zp = R(%)) is the ring in F generated by {1}.

(b) Show that either ¢ is injective or N (1)) = (n) for some n € N, n > 2.
Hint. Z is a PID.

(c) Show that, in the latter case, n must be a prime (say n = p).

Hint. In such a case, 1 induces an isomorphism of Z/(n) with Zp, which is
an integral domain.

REMARK. If 7Ty ~ Z, we say F has characteristic 0. If Zy ~ Z/(p), we say F
has characteristic p.

9. Let F be a field with a finite number of elements (i.e., a finite field). Show
that F has p™ elements, for some prime p, n € N.

Hint. Show that Zp (as in Exercise 8) is isomorphic to Z/(p) for some prime
p, and that F is a vector space over Zy. Say its dimension is n.

10. Write down a proof of (7.1.66), that F[\] is a PID for each field F.

11. Show that (7.1.93) provides a counterexample to the proposal that
V1 @r Vo = Mr(V1, Va3 R).
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7.2. Modules over principal ideal domains

Recall that a principal ideal domain (PID) is an integral domain R such
that each ideal Z C R has the form (7.1.61). Throughout this section, R
will be a PID. It will be useful to collect a few basic facts about PIDs.

Proposition 7.2.1. If R is a PID, its set of ideals satisfies the following
ascending chain condition:
Z; CR ideals in R, Iy CLo C--- C I} C---

7.2.1
( ) =Ty =Tpy1 =---, for some L.

Proof. If 7; satisfy the hypotheses of (7.2.1), then Z = U;Z; is an ideal,
s0 Z = (a) for some a € Z, hence a € Zy for some ¢. This gives the stated
conclusion in (7.2.1). O

Generally, a commutative ring with unit satisfying (7.2.1) is called a
Noetherian ring. See Section 7.5 for basic material on this class of rings.

One consequence of Proposition 7.2.1 is that each element of a PID
admits factorization into irreducibles. If a € R \ 0 is not invertible, we say
a is irreducible provided

(7.2.2) a=bc, b,c e R=="0or cis invertible.

Proposition 7.2.2. If R is a PID, each a € R\ 0 that is not invertible can
be written as a finite product of irreducible elements.

Proof. Take such an a. If a is irreducible, you are done. If not, write
a = bibe, with b; not invertible. If one of them is irreducible, leave it alone.
If not, factor again. The content of this proposition is that such a process
must terminate in a finite number of steps. To see this, note that such
a factorization a = b1by as mentioned above gives ideals (a) C (b1) and
(a) C (b2). If by = cicp is a further factorization, then one has a chain
of ideals (a) C (b1) C (c1), etc. If this factorization never terminated, we
would contradict (7.2.1). O

Thus, if R is a PID and a € R \ 0 is not invertible, we can write
(7.2.3) a=pi---pN, p; € R irreducible.
If (23.94) holds, we say p; divides a and write pj|a. It is the case that if also
(7.2.4) a=qi---qu, ¢j € R irreducible,
then M = N and, after perhaps reordering,
(7.2.5) pj =ajq, 1<j< N, a«a; €R invertible.

In other words, each a € R \ 0 that is not invertible has a factorization
into irreducible elements, and it is essentially unique. An integral domain
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having this property is called a unique factorization domain (UFD). We are
asserting that

(7.2.6) Each PID is a UFD.
This is a consequence of the following.
Lemma 7.2.3. If R is a PID and p € R is irreducible, then, for a,b € R,

(7.2.7) plab =>pla or p|b.

Proof. Assume p does not divide a. The ideal generated by p and a, (p,a) =
(a) for some o € R. So p = B, a = vya, and either 8 or « is invertible. If 3
is invertible, we can take o = p, but this is impossible if p does not divide
a. Hence « is invertible. Then we can take o = 1, so

(7.2.8) l=cip+coa, cjER,
hence
(7.2.9) b= (c1b)p + c2(ab).

If p|ab, then p divides the right side of (7.2.9), so p|b. This proves the lemma,
so we have (7.2.6). O

The result that Z is a PID, together with (7.2.6), constitutes the funda-
mental theorem of arithmetic. See Exercise 13 for an example of an integral
domain that is not a UFD and (hence) not a PID.

If R is a commutative ring with unit and @ € R\ 0 is not invertible, we
say a is prime provided the implication (7.2.7) holds. It is easy to see that,
in general

(7.2.10) a prime = a irreducible,

but the reverse implication need not always hold. Lemma 7.2.3 says the re-
verse implication holds if R is a PID. More generally, the reverse implication
holds if and only if R is a UFD.

Next, let R be a PID, and assume R is not a field. Pick a prime p € R.
The following result generalizes Proposition 6.1.1.

Proposition 7.2.4. If R is a PID and p € R is a prime, then R/(p) is a
field.

Proof. Pick a € R such that a # 0 in R/(p), i.e., a is not a multiple of
p. The proof of Lemma 23.8 shows that (p,a) = R, i.e., there exist ¢; € R
such that (7.2.8) holds. Then the class mod (p) of ¢ is the inverse of a in
R/(p)- O
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Now, on to modules. Our treatment of this topic follows [11]. Let M
be a module over a PID R. If R is a field, M is a vector space. Assume R
is not a field, and pick a prime p € R. Then pM is a submodule of M, and
we can form the quotient module M /pM. Not only is this a module over
R, but it naturally inherits the structure of a module over R/(p), which by
Proposition 7.2.4 is a field:

(7.2.11) M/pM is a vector space over F =TR/(p).

As one example,

(7.2.12) M=R"= M/pM =TF".

Since we know that the dimension of a vector space is an isomorphism in-
variant, we deduce from (7.2.12) the following.

Proposition 7.2.5. If R is a PID and M is a module over R, then
(7.2.13) M~~R" and M~R"™ = m=n.

If (7.2.13) holds, one says M is a free R-module, of dimension n. We
have seen examples of modules that are not free. The following produces
lots of modules that are free. It generalizes Proposition 1.3.4.

Proposition 7.2.6. Let R be a PID and let M be a free module over R, of
dimension n. If N is a submodule of M, then N is free, of dimension < n.

Proof. We may as well take M = R". Let {e; : 1 < j < n} be the standard
generating set. Let My = Span(ey,...,e;) and Ny = N N My. Then N
is a submodule of M; = R, and hence is of the form Spanaj;e; for some
a; € R. Thus either N7 =0 or V] & R (free of dimension 1).

Assume inductively that A is free of dimension < k. Let Z be the set
of all @ € R such that

(7.2.14) bier + -+ brex + aegr1 €N (hence in Nyy1),

for some b; € R. Thus 7 is an ideal in R, so Z = (aj41) for some aj1 € R.
If ary1 = 0, then N1 = N, and the induction step is done. If ag;q # 0,
let w € Npy1 be such that the coefficient of w with respect to egy1 is ap 1.
If x € Ngy1, then the coefficient of x with respect to egyq is divisible by
ars1, so there exists ¢ € R such that z — cw € Nj. Hence

(7.2.15) Nii1 = N + Spanw.

But clearly Ny NSpanw = 0, so this sum is direct. Again the induction step
is done. O

Corollary 7.2.7. If £ is a finitely generated module over a PID R, and F
is a submodule, then F is finitely generated.
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Proof. We have £ ~ R™/N, as in Proposition 7.1.4, with a surjective ho-
momorphism ¢ : R" — &, as in (7.1.76). Then ¢~ 1(F) is a submodule of
R", so it is (free, and) finitely generated, by Proposition 7.2.6. It follows
that F is finitely generated. O

If £ is a finitely generated R-module, the obstruction to its being free is
given by its set of torsion elements. An element u € £ is a torsion element
if and only if there exists a € R such that a # 0 but au = 0. Let &, denote
the set of torsion elements of €. It is clear that if au = 0 then acu = 0 for
all c € R. Also, given a,b € R, u,v € &,

(7.2.16) au="bv=0= ablu+v)=0.

Hence &; is a submodule of £. Since each element of &; is a torsion element,
&, is called a torsion module.

Proposition 7.2.8. Let £ be a finitely generated module over a PID R. If
E- =0, then & is free.

Proof. Let V = {v1,...,v,} be a maximal set of elements of £ among a
given set of generators U = {uy, ..., un} such that V is linearly independent
over R. If u € U, there exist a, by,...,b, € R not all 0, such that

(7.2.17) au + bjvy + - + by, = 0.

Then a # 0, since V is linearly independent. Hence au € Span V. Thus, for
each j =1,...,n, there exists a; € R, # 0, such that a;u; € SpanV. Take
a=aj---ay. Then a€ C Span(vy,...,v,) and a # 0.

Given that & = 0, the map u — au is an injective homomorphism of &
into the module Span(vy, ..., v,), which is a free module. Hence Proposition
7.2.6 implies & is free. O

We proceed to consider cases where £, # 0.

Proposition 7.2.9. Let £ be a finitely generated module over a PID R.
Then E/E; is free. Furthermore, there exists a free submodule F C & such
that

(7.2.18) E=&F.

To define (7.2.18), in general a direct sum M; @& Ms of R-modules
consists of pairs (u1,u2) such that u; € M;, with module operations
(7.2.19)  (ug,u2) + (v1,v2) = (ug + v1,u2 +v2), a(uy,us) = (aui, aus).

If M are submodules of £, one says £ = M @ My provided each u € £
can be uniquely written as u = u1 + ug, with u; € M;.

Proof of Proposition 7.2.9. We first prove that £/&; is torsion free. If
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u € &, let v/ denote its resudue class mod &,. Assume b € R,b # 0, and
bu’ = 0. Then bu € &,, so there exists ¢ € R, c # 0, such that cbu = 0. Now
cb # 0, 80 u € &, so u' = 0. Hence £/E; is torsion free. It is also finitely
generated. Thus Proposition 7.2.8 implies £/&; is a free, finitely-generated
R-module.

To produce the submodule F in (7.2.18), we bring in the following
lemma.

Lemma 7.2.10. Let £ and M be finitely generated R-modules, and assume
M is free. Let p: € — M be a surjective homomorphism. Then there exists
a free submodule F of € such that ¢|F induces an isomorphism of F with
M, and such that

(7.2.20) E=FaN(p).

Proof. We can take M = R™. Let {ey,...,en} be the standard generators
of R™. For each j, take u; € £ such that p(u;) =e;. Let

(7.2.21) F = Span(uy, . .., Un).

Then we see that ¢ maps F isomorphically onto R™, so F is free. Now,
given u € &, there exist a; € R such that

(7.2.22) o(u) = Zajej.
Then u—Y)" aju; € N(p),s0E = F+N(p). But it is clear that N (p)NF = 0,
so the sum is direct. This proves the lemma. [l

To finish off the proof of Proposition 7.2.9, we apply Lemma 7.2.10 to
the surjective homomorphism & — £/&;, whose target space has been shown
to be free. Thus (7.2.20) yields (7.2.18), with N () = &;. O

In the setting of Proposition 7.2.9, we say the rank of £ is given by
dim€&/&; = dim F.

In order to expose the structure of arbitrary finitely generated R-modules,
it remains to analyze the structure of finitely generated torsion modules.
Here is a first decomposition of torsion modules.

Proposition 7.2.11. Let £ be a finitely generated torsion module over a
PID R. Then & is a direct sum

(7.2.23) E=EPew),
Pj

where, for a prime p € R, £(p) is the “p-module”
(7.2.24) E(p) = {u €& :p*u=0 for some k € N}.
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The direct sum in (7.2.23) is over the finite set of primes p; such that £(p;) #
0.

Proof. Let {x1,...,2,} generate £. For each j, there exists a; € R, a; # 0,
such that ajz; = 0. Set a = a1 ---a,. Then a # 0 and au = 0 for each
ueé&, ie.,

(7.2.25) £ =&,
where, for each b € R,
(7.2.26) & ={ue&:bu=0}.

If a = p*, then & = &, = &(p), and we are done. Otherwise, we factor
a = p{"t---p*. To get (7.2.23), by induction it suffices to establish the
following. Assume (with a as in (7.2.23))
a =be, b and c have no common prime factors,
(7.2.27) L
and are not invertible.
Then we claim
(7.2.28) E=EDE.

To see this, note that, since R is a PID, the hypothesis (7.2.27) implies
(b,c) = R, so there exist #,7 € R such that

(7.2.29) Bb+vye=1.
Now take u € £, and write
(7.2.30) u = Bbu + ycu.

Then pbu € &, (i.e., ¢fbu = 0) and similarly ycu € &,. Furthermore, clearly
E NE = 0, so we have (7.2.28), and, as mentioned above, the desired
conclusion (7.2.23) follows inductively. O

It remains to analyze the structure of each p;-module £(p;) in (7.2.23).
We have the following.

Proposition 7.2.12. In the setting of Proposition 7.2.11, each p-module
E(p) satisfies

(7.2.31) Ep)=R/(™") & &R/(P”),
with 1 < vy < -+ <ws. The sequence (v1,...,vs) is uniquely determined by

E(p).

As a preliminary to the proof, we introduce some notation. If £ is an
R-module, we say elements yi,...,yn € £ are independent provided that
whenever

(7.2.32) a1y + -+ amYm =0,
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then each ajy; = 0. (This is different from linear independence, which
requires that each a; = 0.) An equivalent condition is that
(7.2.33) Span(y1, ..., Ym) = (Y1) ® -+ ® (Ym),

where (y;) = Spany;.

We next bring in a lemma, analogous to Lemma 7.2.10.
Lemma 7.2.13. Let £ be a torsion module, with the property that p*& =0
for some primep € R, k € N. Assume uy € £ and that p*u; = 0 if and only
if v > k. (We say the period of uy is p*.) Set E* = £/(u1). Let yf, ... 45 be
independent elements of E. Then for each j there exists a preimage y; €&

of yé’ such that the period of y; is the same as that of y? Furthermore, the
elements u1,y1,. .., Yy are independent.

Proof. Take y® € . Say it has period p". Let y € £ be a preimage of y°.
Then p"y € (u1), so

(7.2.34) p"y = p"euq,

for some m < k, ¢ € R, not a multiple of p. If m = k, then y has the
same period as y°. If m < k, then p™cu; has period p*~™, so y has period
p"tE=  Our hypothesis p*€ = 0 implies n + k —m < k, hence n < m.
Then

(7.2.35) y—p" "euy

is a preimage of y* whose period is p".

Having this, let y; € £ be a preimage of y? with the same period. It

remains to show that uy,41,...,y, are independent. Suppose a, a1, ...,a, €
R and

(7.2.36) auy +aryr + - +auy, =0 in &.

Then

(7.2.37) aryl + -+ auyz =0 in &°.

By hypothesis, we must have ajyé-’ = 0 for each j. If p*i is the period of y?,
then p"i|a;. Thus (since as noted y; also has period p"7) a;y; = 0 for each
j. Then (7.2.36) forces au; = 0, proving the asserted independence. O

We now tackle the proof of Proposition 7.2.12. Since £(p) is a submodule
of a finitely generated module, it follows from Corollary 7.2.7 that £(p) is
finitely generated. To simplify notation, we set & = &(p). Pick k; € N
such that p”& = 0 if and only if v > ky (which is possible since £ is finitely
generated). Then pick u; € £ such that p“u; = 0 if and only if v > ky. Let
EY = £/(u1). Tt is convenient to bring in &, and 55, where, as in (7.2.26),

(7.2.38) E={ue&:pu=0}



252 7. Rings and modules

Now &, is an R-submodule of £, and (somewhat similarly to (7.2.11)) it also
naturally inherits the structure of a module over R/(p). Ditto for £, so

(7.2.39) &p and Eg are vector spaces over F = R/(p).

Since £ and £° are finitely generated R-modules, the vector spaces (7.2.39)
are finite dimensional. We claim that

(7.2.40) dimp &) < dimg &,

Indeed, if ylf, e ,yz are linearly independent elements of Sll)’ over IF, then
Lemma 7.2.13 implies that dimp &, > p + 1, since we can always find an
element au; of (u;) having period p, independent of the preimages y1, .. ., Y.

Having (7.2.40), we establish the direct sum decomposition (7.2.31) by
induction on dimp &,. Note that £, =0= £ =0, so
(7.2.41) E=0=&=0=&=(u)~R/(p"),

where p*! is the period of u;. To proceed, suppose we have a decomposition
parallel to (7.2.31) for each p-module F such that dimp F, < dimp &, and
we want to establish this decomposition for the p-module £. To start, we
have such a decomposition for £ = £/(u;):

(7.2.42) & = (us) @ - @ (up),
where, for 2 < j < £, the elements ug’» € &Y have periods p¥i. We can arrange
ko > --- > ky. By Lemma 7.2.13, there exist preimages uo, ..., uy € £, with
the same periods. Furthermore, uq, us,...,u, are independent, so
(7.2.43) Span(u1, ug, ..., up) = (u1) ® (u2) & - - & (ug).
It remains only to observe that the left side of (7.2.43) is equal to £ = £(p),
and we have the decomposition (7.2.31).

The final uniqueness statement of Proposition 7.2.12 is a consequence of
the following more general uniqueness result.

Proposition 7.2.14. Let £ be a finitely generated torsion module over a
PID R, £ #0. Then & is isomorphic to a direct sum of factors

(7.2.44) R/(@) ® - &R/ (ax),

where q1, ..., q are non-zero elements of R and qi|q2|- - - |qx. The sequence
of ideals (q1),...,(qr) is uniquely determined by these conditions. (These
ideals are called the invariants of £.)

Proof. By Proposition 7.2.11, we can write £ = E(p1) ® -+ & E(p¢), and
then by Proposition 7.2.12 we can write

(7.2.45) Ep) =EPR/®/), ra<rp<---.
k=1
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Take

q = p71’11p521 . .p?{l

gy = pglngm . .pzez
(7.2.46)

Gm = p"lﬂlmp72"2m . p;Zm

We need a rectangular array here, so we might need to take some rj; = 0,
in which case R/ (pgj *) = 0. We have

¢
(7.2.47) PRrR/P7*) ~R/(ar).
j=1

(See Exercise 11.) This gives the decomposition (7.2.44).

To prepare for the uniqueness argument, we make some preliminary
remarks. Let p € R be prime and suppose &€ = R/(pb), b # 0. Since R is
a UFD, is follows that &, is the submodule bR /(pb). Now the null space of
the composite map

(7.2.48) R — bR — bR/ (pb)

is the ideal (p), so we have an isomorphism

(7.2.49) R/ (p) ~ bR/ (pb),
hence

(7.2.50) E=R/(bp) = & ~R/(p).

By contrast, if ¢ € R is not a multiple of p, then
(7.2.51) E=R/(c) =& =0.

To proceed, let £ have the form (7.2.44). Then an element
(7.2.52) v=v D - Dug

of £ belongs to &, if and only if pv; = 0 for all j. Hence &, is the direct sum
of the null spaces of multiplication by p in each term R/(¢;). By (7.2.50)-
(7.2.51), it follows that the dimension of &, as a vector space over R/(p) is
equal to the number of terms R/(g;) such that p divides g;.

For such &, suppose p is a prime dividing ¢;, and hence each g;, for
1 < j < k. Suppose that also
(7.2.53) ErR/()® - BR/(q).

Then the computation above of dimg /() &, shows that p must divide at
least k of the elements q;-, 1 < j < {. This forces £ > k. By symmetry, also
k > ¢, so we must have ¢ = k. We also conclude that p divides qg» for all j.
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Now, write ¢; = pb;. Parallel to (7.2.49), we have pR/(pb;) =~ R/(b;),
so (7.2.44) implies

(7.2.54) pE~RR/(b1) @ ®R/(by),

and b1]---|bg. Some of the b; might be invertible, namely those for which
(gj) = (p), and then R/(b;) = 0. If by,...b, are invertible but b, is not
invertible, we have

(7.2.55) PE =R/ (bpy1) © - @R/ (bk).
One can iterate this argument, and inductively finish the uniqueness proof.
O
Exercises

For Exercises 1-5, we pick w € C\ R and form the lattice
L,={jw+k:jkeZ}

1. Show that L, is a ring if and only if w? € £,,. Show that this happens if
and only if, after replacing w by w — ¢ for some ¢ € Z (and maybe changing
its sign), either

w=+v-m, meN,

or

1 1
w:§+§\/—D, DeN, D=3 mod 4.

In such a case, L, = Z[w]. See Figure 7.2.1 for an illustration, with D = 3.

2. Assume w € C\ R is such that £,, = Z[w]. Show that if
dist(¢, Z[w]) <1, V(eC,

then Z|w] is a PID.
Hint. To start, given an ideal Z C Z|w]|, pick a € Z'\ 0 to minimize |a|. You
want to show that Z = ().

3. In the setting of Exercises 1-2, show that Z[w] is a PID for the following
values of w:
1

1
V —]., V —2, 5‘1‘5\/ —D, D:3,7, or 11.

REMARK. The ring Z[\/—1] is called the ring of Gaussian integers.
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Figure 7.2.1. The lattice/ring £, = Z[w], w = (14 v/3)/2

4. Let us set
IT={2j+k(14++v=5):5,keZ}={a+b/=5:2]|(a—D)}.
Define
¢ :ZIV=5 — Z/(2), ¢(a+by=5)=a—b (mod 2).

Show that ¢ is a ring homomorphism, and N (¢) = Z. Deduce that Z is an

ideal in Z[v/—5].
5. Show that Z[v/—5] is not a UFD, hence not a PID.

Hint. One has

2-3=(1+vV-5)(1-+v-5),
and all four of these factors are irreducible elements of Z[y/—5]. To see
directly that Z[v/=5] is not a PID, consider the ideal Z generated by 2 and
1+ /=5 (which by Exercise 4 is a proper ideal), and show it does not have
a single generator. Or use (7.2.6).

REMARK. It was shown by Gauss that Z[w] is a UFD for w as in Exercise
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3, and also for

1 1
w= 5+ V=D, D=19,43,67,163.
It has since been shown that this list is exhaustive. See [1], Chapter 11, §7
for more on this.

Let R be a commutative ring with unit. A proper ideal in R is an ideal that
is neither 0 nor R. A maximal ideal in R is a proper ideal that is contained
in no larger proper ideal.

6. If R is a commutative ring with unit and Z C R a maximal ideal, show
that R/Z is a field.

Hint. Given a € R\ Z, show that the ideal generated by a and Z must be
all of R.

7. Let R be a PID. Let Z = (a) be a proper ideal. Assume that, whenever
a = be, either b or ¢ is invertible. Show that 7 is a maximal ideal.
Hint. If (a) C («), then a = af.

8. Let F be a field, and assume A2 4+ 1 = 0 has no solution in F. Show that
Exercise 7 applies to R = F[\] and a = q(\) = A2 + 1. Deduce that F[\]/(q)
is a field. Denote it F(y/—1).

9. In the setting of Exercise 8, show that there is a natural injection of I as
a subfield of F(y/—1), and that A? 4+ 1 has a root in this larger field. Explain

why one might write F(v/—1) = F[\/—1].

10. Generalize the results of Exercises 8-9 to the case where g(A) € F[A]
is an irreducible polynomial, i.e., g(A) cannot be factored as a product of
polynomials of lower degree, with coefficients in F.

11. Let R be a PID, and take a,b € R, both non-invertible. Assume a and
b have no common prime factors. Show that

R/(ab) = R/(a) & R/(b).

This generalizes the result of Exercise 4 in §7.1

Hint. As in Exercise 4 of §7.1, you want to show that if ¢ € R is a multiple
of a and a multiple of b, it must be a multiple of ab. Consider how these
elements factor into primes.
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12. Show that, in contrast to (7.1.66), the polynomial ring
Z[A] is not a PID.

Hint. Consider the ideal (2),3\?).
REMARK. It is the case that Z[)\] is a UFD. More generally, given a com-
mutative ring R with unit,

R is a UFD = RJ[)] is a UFD.

See Section 7.6 for a proof.
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7.3. The Jordan canonical form revisited

Let V be a finite dimensional vector space over the field F, and let A € L(V').
Then V' gets the structure of a module over the PID R = F[t], given by

(7.3.1) p-v=p(A)v,
for v € V, p € F[t], where if p(t) = aptk + - - - + ait + ag, then
(7.3.2) p(A) = apA¥ + -+ a1 A+ aol.

The map p — p(A) is a ring homomorphism ¢ : F[t] — £(V). Then N ()
is an ideal in F[t], and since F[t] is a PID, we have N(p) = (ma), for a
polynomial m, € F[t], known as the minimal polynomial of A, when its
leading coefficient is normalized to be 1. We then have an isomorphism
(7.3.3) Flt]/ (ma) ~ F[A],
where F[A] is the ring in £(V') generated by I and A (clearly a commutative
ring).

We let V denote V' endowed with this structure as an F[¢]-module. Then
V depends on both V and A. A basis {v1,...,v,} of V over F also generates

V over F[t], so V is a finitely generated F[t]-module. The fact that ma(t)-v =
0 for all v implies that V is a torsion module, over F[t].

Let us factor
(7.3.4) ma(t) = p1 )" - pr(H)",

where p; are primes (i.e., irreducible polynomials) in the PID F[t]. Then,
by Proposition 7.2.11,

(7.3.5) V=Vw),

where V(p;) is the p;-module
a6 V(pj) ={veV:pf v=0, for some v € N}
(7:36) ={veV:pj(A)v =0, for some v € N}.

In fact, one has

(7.3.7) V(pj) ={veV:p;(4)7v =0}

from the proof of Proposition 7.2.11, via (7.2.27)—(7.2.28). Clearly
(7.3.8) A :V(pj) — V(pj),

for each j.

If F is algebraically closed (e.g., F = C) then the irreducible polynomials
pj in (7.3.4) have degree 1:

(7.3.9) ma(t) = (t— M) - (E— Ap)™*,
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and (7.3.5) holds with
(7.3.10) V(pj) ={veV: (A —A)v=0}

In other words, each V(p;) is a generalized eigenspace of A, as defined (for
F = C) in §2.2. In particular, we recover Propositions 2.2.5-2.2.6, in the
form given in Exercise 8 of §2.2.

Returning (temporarily) to the level of generality (7.3.4), we deduce from
Proposition 7.2.12 that each space V(p;) can be decomposed as a direct sum
of F[t]-submodules, isomorphic to F[t]/(p}), for certain u € N. Again if F is
algebraically closed, then p;(t) =t — A; for some A\; € F. We then have

mj

(7.3.11) V(pj) =P Vik,  Vir = Fl)/ (= X)"),
k=1

and

(7.3.12) AV — Vjg.

The following result, in conjunction with (7.3.11), covers Proposition
2.4.1, on the existence of a Jordan canonical form for A.

Proposition 7.3.1. Let A € L(V) yield the F[t]-module V and take

(7.3.13) q(t) = (t = A,
with A € F, p € N. Assume
(7.3.14) V=~ Ft]/(q).

Then V' has a basis over F such that the matrix of A with respect to this
basis has the form

1 A 0
(7.3.15) A=

Proof. The isomorphism t : F[t]/(q) — V yields v = (1) € V such that
F[tjv = V. We claim that the elements 1 ((t—\)7) = (t—=\)7-v, 0 < j < pu—1,
i.e., the elements

(7.3.16) v, (A=X)v, ..., (A=A

form a basis of V' over F. This is a direct consequence of the fact that
(7.3.17) Lt=X ..., t=XN*1 mod (q),

forms a basis of F[t]/(¢q) over F. Given the basis (7.3.16), it is clear that A
takes the form (7.3.15). O
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REMARK. The matrix (7.3.15) is apparently the transpose of (2.4.1). We
leave it to the reader to sort this out.

Exercises

1. What happens to the matrix representation of A in (7.3.15) when you
reverse the order of the basis elements (7.3.16)7

2. Suppose F =R, A € L(V), and
ma(t) =t* + 1.
Show that (7.3.5) becomes
V=V(p), p=ma.
Show that, in the decomposition (7.2.31), with £(p) replaced by V(p), one
has
V(p)=R/(p)&---@&R/(p), R=F[].
In case V = R/(p), show that dimp V = 2, and that a basis of V is given by
1, &

What is the matrix of A with respect to this basis?
3. How do things change if R is replaced by C in Exercise 27

4. Consider the ring R[t]/(t? + 1). By Lemma 7.2.3 and Proposition 7.2.4,
this is a field. Which field is it:

R, C, something else.

5. Consider the ring C[t]/(t* + 1). Show that this is not a field, and find a
simpler object it is isomorphic to.
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7.4. Integer matrices and algebraic integers

Here we complement results of §6.2 with a discussion of algebraic integers.
Given a € C, a is an algebraic integer if and only if there is a polynomial

(7.4.1) p(2) =2"+an12""'+---+arz+ay, a;€Z,
such that p(a) = 0. Parallel to Proposition 6.2.2 we have

Proposition 7.4.1. Given a € C, a is an algebraic integer if and only if
there exists A € M(n,Z) such that a is an eigenvalue of A.

The proof of Proposition 7.4.1 is closely parallel to that of Proposition
6.2.2. From there, arguments similar to those proving Theorem 6.2.1 give
the following.

Theorem 7.4.2. If a,b € C are algebraic integers, so are a +b and ab.

In the terminology of §§6.1 and 7.1, the set A of algebraic numbers is a
field, and the set O of algebraic integers is a ring.

Since O C A, clearly the ring O is an integral domain, and its quotient
field is naturally contained in A. We claim that these fields are equal. In
fact, we have the following more precise result.

Proposition 7.4.3. Given x € A, there exists k € Z such that kx € O.

Proof. Say x satisfies p(z) = 0, with p as in (6.2.1). Take k to be the
least common denominator of the fractions a; appearing in (6.2.1). Then
kx € O. O

It is important to know that most elements of A are not algebraic inte-
gers. Here is one result along that line.

Proposition 7.4.4. If x is both an algebraic integer and a rational number,
then x is an integer. That is, t € ONQ =z € Z.

Proof. Say = € Q solves (7.4.1) but = ¢ Z. We can write x = m/k and
arrange that m and k be relatively prime. Now multiply (7.4.1) by k", to
get,

(7.4.2) m® + ap_1m™ k4 4+ amk™ 4+ agk™ = 0, aj € Z.

It follows that k divides m", so (since Z is a UFD) m and k must have a
common prime factor. This contradiction proves Proposition 7.4.4. (|

Here is an interesting geometrical consequence of Proposition 7.4.4. Con-
sider a regular tetrahedron 7~ C R3. As one can see from Figure 7.4.1, if 4
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1/3

Figure 7.4.1. Regular tetrahedron

is the angle between two of its faces, then

2v2

1
cosf = 3’ sinf = —3

Consequently,
g 1 2V2
7.4.3 ¥ - .
(7.4.3) e’ =g+ 5
We claim that
(7.4.4) 6 is not a rational multiple of .

Indeed, if § = (m/k)m, then (¢?)** = 1. However, in fact,

1 2V2
(7.4.5) a=g + 3
Indeed, if a € O, then also @ € O, so a+a@ € O, by Theorem 7.4.2. But
a+ @ = 2/3, which is not in O, by Proposition 7.4.4.
This illustrates the fact that natural, elementary, geometric construc-
tions can give rise to angles that are not rational multiples of 7, a fact that
is perhaps not much emphasized in basic geometry texts.

1 is not an algebraic integer.
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REMARK. This observation arose in a conversation between the author and
Robert Bryant, on a bus ride from MSRI down to the UC campus.

We take a further look at the algebraic number « in (7.4.5), which will
lead to a substantial generalization of Proposition 7.4.4. We proceed as
follows. Given « € A, consider

(7.4.6) To = {p € Q2] : p(ov) = 0}.

This is an ideal, and since Q[z] is a PID, we have Z, = (q) with ¢ € Z,
of minimal positive degree, say q(z) = 2 + bp_1271 + - -+ + b1z + by, with
b; € Q. We can write each b; as a quotient of integers in reduced form and
multiply by the least common denominator, obtaining

(747)  qo(@) =0, qo(2) =cez' + o1z +- -+ az+co, ¢ €L

In such a situation, the integers c¢;, 0 < j < £, have no common factors,
other than +1. A polynomial in Z[z] having this property is said to be a
primitive polynomial. The argument above shows that, for each a € A,
there is a primitive polynomial gy € Z[z] such that go generates Z,, in Q[z],
and ¢g is uniquely determined up to a factor of 1. We can uniquely specify
it by demanding that ¢, > 0. Let us write

(7.4.8) Q0(2) = Ta(2).
For « as in (7.4.5), we can compute II,(z) as follows. Note that
(:=(1+ 2v20)) (= — (1 — 2v30)
= ((z— 1) + 2V/2i) ((z — 1) — 2v/2i)
=(z—-1°+8
=22 —22409.

(7.4.9)

This polynomial has 3a as a root, so 22 — (2/3)z + 1 generates T, in Q[z],
and hence

1 2v2
(7.4.10) a=g+ ‘3[2 — I, (2) = 32% — 22+ 3.

The result (7.4.5) is hence also a consequence of the following.

Proposition 7.4.5. Given a € A, if I1,(z) is not a monic polynomial (i.e.,
if its leading coefficient is > 1), then a ¢ O.

Proof. Assume o € A and
(7.4.11) Ha(z) :bgzg—l—'-'—i—blz—l-bo, bj €7Z, by>1.
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We want to contradict the possibility that p(a) = 0 for some p € Z[z] as in
(7.4.1). Indeed, if p(a) = 0, then p € Z,,, so
(7.4.12) I1,(2)q(2) = p(z), for some ¢ € Q[z].

(Note that Q[z] is a PID, but Z[z] is not.) Now write the coefficients of
q(z) as rational numbers in lowest terms, and multiply (7.4.12) by the least
common denominator of these coefficients, call it M, to get

(7.4.13) o (2)qo(z) = Mp(z), qo= Mq € Z[z].

We see that I1,(z) and go(z) are primitive polynomials. The leading coeffi-

cient of both sides of (7.4.13) must be M, so, by (7.4.11), M is an integer

multiple of b;. Thus Mp(z) cannot be a primitive polynomial. This is a

contradiction, in light of the following result, known as the Gauss lemma.
O

Theorem 7.4.6. Given two elements of Z|z],

k
po(z) = apz” +---+ a1z +ag, aj€Z,
(7.4.14) ( , ’
qO(Z):ng + -+ b1z + by, bjGZ,

if po and qo are both primitive polynomials, then the product poqo is also a
primitive polynomaal.

Proof. If poqo is not primitive, there is a prime vy € Z that divides all of its
coefficients. The natural projection

(7.4.15) Z— Z/(y) =T,

gives rise to a ring homomorphism

(7.4.16) X : Z[z] — F,[z],

and then

(7.4.17) X(Po)x(90) = Xx(pogo) =0 in Fy[2],
while

(7.4.18) X(po) £0 and x(g0) #0 in F,[2].

However, we know that I, is a field, and this implies I, [z] is an integral
domain, so (7.4.17)—(7.4.18) cannot both hold. This proves Theorem 7.4.6.
(]

REMARK. The converse to Proposition 7.4.5 is obvious, so we can restate
the result as follows. Given o € A,

(7.4.19) a € O < 1l,(z) is a monic polynomial.
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Exercises

1. Let w € C be a root of unity, i.e., w™ = 1 for some n € N. Show that
Rew € Q = Rew € {O,i%,:lzl}.
See how this generalizes (7.4.3)—(7.4.5).

2. Complementing the result (7.4.3)—(7.4.5) on the regular tetrahedron in
R3, consider the other Platonic solids in R?® and determine whether the
angles between their faces are rational multiples of 7.
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7.5. Noetherian rings and Noetherian modules

Throughout this section, R will be a commutative ring with unit. As stated
below (7.2.1), we say R is a Noetherian ring provided the following condition
(called the ascending chain condition) holds:

Z; CRidealsin R, Iy CIyC---CL C---

5.1
(7.5.1) = ITy=Tyy1 =---, for some /.

The content of Proposition 7.2.1 is that
(7.5.2) R is a PID = R is Noetherian.

In particular, R is Noetherian if it is a field, which is clear, since then its only
ideals are 0 and R. We will show that the polynomial rings R[z1,. .., Zy]
are Noetherian whenever R is Noetherian, so other examples of Noetherian
rings include

(7.5.3) Zlzy,...,xy) and Flzq,..., x4,
whenever F is a field. This is a deep result. First we look at some easy
results.

To begin, we recall that the purpose of Proposition 7.2.1 was to apply to
the factorization result, Proposition 7.2.2, which we can extend as follows.
As in (7.2.2), we say that an element a € R \ 0 that is not invertible is
irreducible provided

(7.5.4) a=bc, bceR=>b or c is invertible.
The next result extends Proposition 7.2.2.

Proposition 7.5.1. If R is a Noetherian ring, each a € R\ 0 that is not
invertible can be written as a finite product of irreducible elements.

Proof. Identical to the proof of Proposition 7.2.2. ([

On the other hand, (7.2.6) does not extend. We will see examples of
Noetherian rings that are not UFDs.

We next present some alternative characterizations of Noetherian rings.

Proposition 7.5.2. For a commutative ring R with unit, the following
conditions are equivalent.

(7.5.5) R is Noetherian.

FEach nonempty collection € of ideals of R

(7.5.6) has a mazimal element.

(7.5.7) Each ideal T C R is finitely generated.
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Proof. First we show that (7.5.5) = (7.5.6). Let € be a nonempty collection
of ideals of R. Choose Z; € €. If € does not have a maximal element, choose
Iy € €, strictly containing Z;. Continue. Given a strictly increasing chain
7y C --- C Iy, you can then choose a strictly larger ideal 71 € €. The
resulting infinite chain contradicts (7.5.1).

The fact that (7.5.6) = (7.5.5) is trivial.

Next we show that (7.5.6) = (7.5.7). Let Z C R be an ideal, and let
€ be the collection of finitely generated ideals contained in Z. Then 0 € €,
so € is nonempty. If (7.5.6) holds, € has a maximal element, say J (so J
is finitely generated). We claim J = Z. If not, we can take a € Z\ J and
consider the ideal J; generated by Z and a, which must belong to €, yielding
a contradiction.

Finally, we prove (7.5.7) = (7.5.5). Let Zy CZy C --- C I} C -+ be an
increasing chain of ideals. Then J = UiZy is an ideal. If (7.5.7) holds, J is
finitely generated, say J = (a1,...,as), with a; € Zj,. Hence J = I, with
k = max k;. This finishes the proof of Proposition 7.5.2. ([

We next look at the rings Z[w] considered in Exercises 1-5 of §7.2, with

1 1
(7.5.8) w=+v—m, meN, or w:§+§\/—D, D eN, D=3mod 4.

Proposition 7.5.3. For each w in (7.5.8), the ring Z|w] is Noetherian.

Proof. Let J be an ideal in Z[w]. In particular, J is an additive subgroup
of the additive group Z[w], i.e., it is a Z-submodule of the Z-module Z[w],
which by Exercise 1 of §7.2 has two generators as a Z-module, namely 1 and
w. By Proposition 7.2.6, J is a finitely generated Z-module, with at most
two generators, say a; and as. It follows that a; and ao generate J as an
ideal in Z[w], so the criterion (7.5.7) applies. O

Exercise 3 of §7.2 identifies a number of cases in which these rings Z[w]
are PIDs. On the other hand, by Exercise 5 of §7.2,

(7.5.9) Z[/=5] is not a UFD.

This is therefore an example of a Noetherian ring that is not a UFD.

REMARK. See Proposition 7.5.12 below for a substantial generalization of
Proposition 7.5.3.

We now state and prove the celebrated Hilbert basis theorem.

Theorem 7.5.4. If R is a Noetherian ring, then the polynomial ring R|x]
is also Noetherian.
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Proof. We will show that each ideal Z C R[z| is finitely generated. To
start, given such Z, define J, C R by

(7.5.10)  Jp ={a € R:3f €T such that f(z)— az” has degree < k}.

One can check that each such Jj is an ideal in R. Also f €e R = «f € 7,
so Jr C Jk+1, and we have an ascending chain of ideals in R. Thus R
Noetherian = J,, = Jp411 = - -+ for some n.

For each m < n, the ideal J,, C R is finitely generated, say

(7.5.11) TIm = (@m,15- s Gmyry,)-

Hence, for each (m,j), 1 < j < ry,, there is a polynomial f,, ; € Z of degree
m, having leading coefficient a,, ;. We claim that the finite set

(7.5.12) {fmj m<n, 1<j<ry,}

generates 7.

To see this, let f € Z have degree m. Then its leading coefficient a is in
Im. If m > n, then a € J,,, = Jp, SO

(7.5.13) a=Y bian;, bieR,

SO

(7.5.14)  f(xz) — E bix™ " fri(x) has degree < m, and belongs to Z.

On the other hand, if m < n, then

(7.5.15) a$€Tm=>a=> biami, biER,

SO

(7.5.16) flx) — Z bi fm,i(x) has degree < m, and belongs to Z.

It follows by induction on m that each f € Z can be written as a linear
combination of the elements (7.5.12). Consequently each ideal in Rz] is
finitely generated. This proves Theorem 7.5.4. U

From here a simple inductive argument gives the following result, adver-
tised in the first paragraph of this section.

Corollary 7.5.5. If R is a Noetherian ring, then, for each n € N, the
polynomaial Ting

(7.5.17) Rlz1,...,x,] is Noetherian.
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REMARK. Somewhat parallel to Theorem 7.5.4, though with a completely
different proof, we have, for a commutative ring R with unit,

(7.5.18) R is a UFD = R[z] is a UFD.

As a consequence, the rings (7.5.3) are also all UFDs. This is established in
Section 7.6.

To proceed, we have the following.

Corollary 7.5.6. If R is a Noetherian ring and J is an ideal in R|x1, . .., Ty],
then

(7.5.19) Rlz1,...,x,]/T is Noetherian.

This is a consequence of Corollary 7.5.5 and the following simple result.

Proposition 7.5.7. If R is a Noetherian ring and T is an ideal in R, then
R/Z is Noetherian.

Proof. Consider the natural projection 7 : R — R/Z. If J is an ideal in
R/Z, then 7~ 1(J) is an ideal in R, so it is finitely generated, say 7= (J) =
(a1,...,ap). It follows that J = (b1,...,b), with b; = 7(a;). O

We next introduce the concept of a Noetherian module. If R is a com-
mutative ring with unit, an R-module M is said to be a Noetherian module

provided the following ascending chain condition holds:
— M; C M submodules, M; C My C---C My C---
(7.5.20) = M;= My =---, for some /.

Parallel to Proposition 7.5.2, we have the following equivalent characteriza-
tions.

Proposition 7.5.8. If M is a R-module, the following conditions are equiv-
alent.

(7.5.21) M is a Noetherian module.
FEach nonempty collection € of submodules of M
(7.5.22) .
has a mazimal element.
(7.5.23) Each submodule of M is finitely generated.
Proof. Essentially the same as the proof of Proposition 7.5.2. (]

We now develop basic results about Noetherian modules, following the
efficient presentation in §3.4 of [18].
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Proposition 7.5.9. Let L, M, and N be R-modules, connected by R-
homomorphisms

(7.5.24) - M- N

Assume

(7.5.25) « injective, 3 surjective, and R(a) = N(B).
Then

(7.5.26) M is Noetherian <= L and N are Noetherian.

Proof. First, the implication = in (7.5.26) is easy, since ascending chains
of submodules in £ and in N correspond one-to-one to associated ascending
chains in M.

We turn to the proof of the implication <. Let
(7.5.27) MiCMaC---CMpC---

be an ascending chain of submodules of M. We identify £ with its image
a(L) in M. Taking intersections gives a chain

(7.5.28) LAMiCLNMyC---CLAMC---

of submodules of M (and of £). Also, applying 5 to (7.5.27) gives an
ascending chain

(7.5.29) B(My) C B(Ma) C - C B(My) C -

of submodules of M. Given that £ and A are Noetherian, the chains (7.5.28)
and (7.5.29) each stabilize, so for some /,

(7530)  LOMe=LAMpr =, BMy)=B(Mer) =

To finish the proof, it suffices to show that, given submodules My C M1 C
M, and given (7.5.25),

(7.5.31) LN Mp=LNMyy1 and S(My) = B(Myy1) = My = Myiq.

Indeed, if x € My4q, then 5(z) € B(Mys1) = (M), so there exists y € My
such that B(x) = B(y). Then f(z —y) = 0. Since N(B) = a(L) = L, we
have

(7.5.32) r—y € LNMy1 = LN My,
so x € My, and we have (7.5.31), and the proof of Proposition 7.5.9 is
complete. O

An alternative statement of Proposition 7.5.9 is that if M is an R-
module and £ C M a submodule,

(7.5.33) M is Noetherian <= £ and M/L are Noetherian.
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One simple application of Proposition 7.5.9 is that if M; and My are
R-modules,

(7.5.34) M; and My Noetherian = M @ My is Noetherian.

In fact, we have natural R-homomorphisms

(7.5.35) My =% My @ My 25 My,
satisfying the conditions of (7.5.24)—(7.5.25). Inductively, we have
(7.5.36) M; Noetherian = M @ - - - ® M}, Noetherian.

The following is a major consequence of Propositions 7.5.8 and 7.5.9. In
particular, it extends Corollary 7.2.7 from the setting of a module over a
PID to that of a module over a Noetherian ring.

Proposition 7.5.10. Let R be a Noetherian ring, and let M be a finitely
generated R-module. Then M is a Noetherian module. Consequently, each
submodule L of M is finitely generated.

Proof. If M is generated by k elements, then there is a surjective homo-
morphism 3 : R¥ — M, so M ~ R¥/N where N' = N(f) is a submodule
of R¥. By (7.5.36), R¥ is a Noetherian module, and the conclusion that
R¥ /N is Noetherian follows from the implication = in (7.5.33). Having M
Noetherian, we deduce that each submodule £ is finitely generated (and in
fact Noetherian), by Proposition 7.5.8. ([

The following result yields another proof (and indeed a substantial gen-
eralization) of Proposition 7.5.3.

Proposition 7.5.11. Let B be a commutative ring with unit, and let A be
a subring (with the same unit). Assume A is Noetherian and B is a finitely
generated A-module. Then B is a Noetherian ring.

Proof. By Proposition 7.5.10, B is a Noetherian A-module. Now any as-
cending chain of ideals in B is also an ascending chain of A-modules, hence
it stabilizes, so B is a Noetherian ring. U

Note how Proposition 7.5.11 applies to Proposition 7.5.3, with A =
Z, B = Z|w]. Using Proposition 7.5.11, one can extend the scope of Propo-
sition 7.5.3, from w as in (7.5.8) to arbitrary algebraic integers. More gen-
erally, if

(7.5.37) wi,...,wy are algebraic integers,
then
(7.5.38) Zlwi,...,wy] is a finitely-generated Z-module,

hence a Noetherian ring. Put another way:
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Proposition 7.5.12. Each finitely generated subring (with unit) of the ring
O of algebraic integers is a Noetherian ring.

By contrast, we have the following.
Proposition 7.5.13. The ring O of algebraic integers is not a Noetherian
ring.
Proof. We will show that the ascending chain
(7.5.39) T = (2,212 213 2l/F)
of ideals in O does not stabilize. Indeed,
Iy = Igy1 =

k
> apli =2Vt g€ 0
j=1

k
— 1= 3 ay2!i G+
j=1

7.5.40 <y
( ) — 91/k=1/(k+1) Zaﬂl/rl/k

J=1

k
— QU/K(1) 3 g (k=) k
j=1

9 1/kk+]) ¢
== 271e0,

which is false (cf. Proposition 7.4.4). This proves Proposition 7.5.13. ([
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7.6. Polynomial rings over UFDs

Our goal here is to prove that, given a commutative ring R with unit,
(7.6.1) R is a UFD = R|z] is a UFD.
We start with the following basic case.

Proposition 7.6.1. The polynomial ring Z[z] is a UFD.

Proof. Take p(z) € Z[z]. Thanks to Theorem 7.5.4, we can apply Proposi-
tion 7.5.1 to factor p(x) into irreducible factors, say

(7.6.2) p(z) = aai(x) - - - ag(z),

with a € Z (in turn written as a product of primes in Z) and each a;(z)
irreducible in Z[z]. In particular, the coefficients of each factor a;(x) have no
common factors, i.e., a;j(x) is a primitive polynomial (as defined in Section
7.4). Now suppose that also

(7.6.3) p(z) = Bbi(x) - - be(x),

with 8 € Z and each bj(z) an irreducible (hence primitive) polynomial
in Z[z]. By the Gauss lemma, Theorem 7.4.6, both ai(x)---ax(x) and
bi(x)---bg(x) are primitive polynomials. It follows that both a and g are
the largest common factors of the coefficients of p(z), so & = /3, up to a sign,
which, when adjusted, leads to

(7.6.4) ar(z) - ap(z) = bi(x) - be(x).

Given that Q[z] is a PID, hence a UFD, one can readily deduce from the
following result that ¢ = k and that these factorizations coincide, up to order
and units (in this case, factors of £1). (]

Lemma 7.6.2. If q(z) € Z[z] is irreducible in Zlx], then it is irreducible in

Q[z].

Proof. Irreducibility in Z[z] implies ¢(x) is a primitive polynomial. If it is
not irreducible in Q[z], we can write

(7.6.5) q(r) = q(z)q2(x),  g;(x) € Qlz,

each factor having positive degree. Clearing denominators, we can write
(7.6.6) qj(x) = vrj(x), v € Q, rj(z) € Z[z],

and we can arrange that each r;(z) be a primitive polynomial. Then
(7.6.7) q(z) = yri(z)r2(z), v=mn€Q.

The Gauss lemma implies 71 (z)r2(x) is primitive, and we have already noted
that ¢(z) is primitive. This forces v = +1, and then (7.6.7) contradicts
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irreducibility of ¢(x) in Z[z]. Thus we have Lemma 7.6.2, which enables us
to complete the proof of Proposition 7.6.1. O

The argument used to prove Proposition 7.6.1 needs several modifica-
tions in order to yield (7.6.1) for a general UFD R. To start, the argument
given above to yield the factorization (7.6.2) does not work unless R is also
a Noetherian ring. For an alternative approach, given p(x) € R[x], first
factor out the common prime factors of its coefficients, and write

(7.6.8) p(x) = apo(z), a€R, po(z) € Rlz],

where the coefficients of pg(x) have no common factors in R (again we say
po(x) is a primitive polynomial). Then let F denote the quotient field of R,
and write

(7.6.9) po(z) = q(x)---qi(z), gj(x) € Flxl,

with g;(x) irreducible in F[z], which is possible since Flz] is a PID. Next,
clear out denominators to write

(7.6.10) po(z) = dar(z)---ax(z), &€ F, aj(xr) € Rlz],

and arrange that each a;(z) is primitive, as well as irreducible in Fz]. To
proceed, we need a version of the Gauss lemma when R is a UFD. Here it
is.

Proposition 7.6.3. Assume R is a UFD and p1,p2 € Rx]. Then

(7.6.11) p1 and ps primitive = p1ps primitive.

Proof. This is parallel to the proof of Theorem 7.4.6.
If p1ps is not primitive, there is a prime v € R that divides all its coefficients.
Note that, in this setting,

v € R prime = F, = R/(7) integral domain

7.6.12
( : — F,[z] integral domain.

Now the natural projection R — F gives rise to a ring homomorphism

(7.6.13) X : Rlz] — Fy [zl

and then

(7.6.14) x(P1)x(p2) = x(pip2) =0 in F,[z],
while

(7.6.15) X(p1) #0 and x(p2) #0 in F,[z].

Of course, (7.6.14)—(7.6.15) contradict (7.6.12), so (7.6.11) must hold. O
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Returning to (7.6.10), we see from Proposition 7.6.3 that a1 (x) - - - ax(x) €
R]z] is primitive, and since po(x) is primitive, 6 must belong to R and in
fact must be a unit of R. We can absorb it into a;(z) and rewrite (7.6.10)
as

(7.6.16) po(z) = ai(x)---ax(x), aj(z) € Rzl
and each a;(x) is irreducible in F|z], and a fortiori in R[z]. This gives
(7.6.17) p(z) = aai(x) - - - ag(z),

with « as in (7.6.8). We can factor o € R into primes, since R is a UFD,
and in this fashion obtain a factorization of p(z) into irreducible elements
of R[x].

At this point we are in a position to establish our main result.

Proposition 7.6.4. If R is a UFD, then R[z] is a UFD.

Proof. Given p(z) € R[z], the argument leading up to (7.6.17) gives the
existence of a factorization of p(x) into irreducible elements of R[z]. To
tackle uniqueness, assume also

(7.6.18) p(z) = Bbi(x) - - be(x),

with § € R and each b;(z) irreducible (hence primitive) in R[z]. Again,
by Proposition 7.6.3, b1 (z) - - - be(x) is primitive, so comparison with (7.6.17)
gives

(7.6.19) p(z) = apo(z) = Bgo(x), «,B € R, po(z),q(z) € R[],

with po(z) and go(x) both primitive. It follows that, if one factors each of the
coefficients of p(z) into primes in R, and pulls out all the factors common
to all the coefficients of p(x), one gets simultaneously both « and 3, up to
a unit factor. Hence oo = 3, up to a unit factor. We can absorb that factor
into by (x), and we get

(7.6.20) ar(z) - ag(z) = bi(x) - be(x),

as in (7.6.4). To proceed, we need the following extension of Lemma 7.6.2.
O

Lemma 7.6.5. Let R be a UFD, with quotient field F. If q(xz) € R|x] is
irreducible in Rx], then it is irreducible in F|z].

Proof. The proof is parallel to that of Lemma 7.6.2, with R in place of Z
and F in place of Q, except that now we have (7.6.7) with v a unit of R,
which suffices to complete the proof. ([
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Having Lemma 7.6.5 and the fact that F[z] is a UFD, we are able to
argue as in the proof of Proposition 7.6.1 that k = ¢ and the factors on the
two sides of (7.6.20) coincide, up to a rearrangement and unit factors. This
yields Proposition 7.6.4.

Corollary 7.6.6. If R is a UFD, then each polynomial ring Rlx1,. .., xy]
1s a UFD.



Chapter 8

Special structures in
linear algebra

Linear algebra gives rise to many interesting objects with special structure.
We examine four such structures here. These have both classical roots and
enduring significance.

In §8.1 we study the quaternions, i.e.,
(8.0.1) H={¢=a+bi+cj+dk:ab,cdecR},

isomorphic as a vector space over R to R. One also writes £ = a+ v, where
a is the real part and v = bi 4 ¢j + dk is the vector part. H is also endowed
with a product, £,7 € H = ¢&n € H, an R-bilinear map in which 1 acts as
the multiplicative identity. The multiplication table for 4, j, k mirrors the
cross product, except that, rather than 2 = j2 = k? = 0, we take

(8.0.2) iP=j2=k=-1

This product incorporates both the dot product and the cross product for
the vector parts of the factors. One basic result is the associative law:

(8.0.3) C(&n) = (¢&n, ¢, &neH.

This fundamental result in turn implies some nontrivial identities involving
the cross product and dot product on R3. It is seen that each nonzero ¢ € H
has a multiplicative inverse. Thus H satisfies all the conditions of a field,
except that multiplication is not commutative. One sometimes calls H a
“noncommutative field.”

Section 8.1 also looks at matrices of elements of H,

(8.0.4) M(n,H) = {A = (ajy) : aj € H},

277
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and a subset

(8.0.5) Sp(n) ={A e M(n,H): A*A=1}.

It is seen that Sp(n) is a group, and there is a natural injection
(8.0.6) Sp(n) < O(4n),

making Sp(n) a compact matrix group.

The product on H makes it a ring. The structure of H as a vector
space makes this product R-bilinear. This sets up H as an example of an
algebra, studied in a general setting in §8.2. Generally, an algebra A over
a field F is a vector space over F having a product A4 x A — A that is
F-bilinear. Section 8.2 mainly deals with associative algebras, in which the
product makes A a ring. Examples include matrix algebras, tensor algebras,
and exterior algebras. There are also important classes of non-associative
algebras, i.e., algebras for which the F-bilinear product does not satisfy the
condition of associativity. One prime class of examples is the class of Lie
algebras. Another example arises in §8.4.

Section 8.3 is devoted to Clifford algebras. Given a real vector space V,
of dimension n, and a quadratic form @ on V, one defines C/(V, Q) as an
associative algebra over R, with unit, generated by V', and satisfying the
anticommutation relations

(8.0.7) wo +ovu = —2Q(u,v)l, wu,veV.

We construct C4(V, Q) as a quotient of the tensor algebra of V', modulo an
ideal, designed to capture these anticommutation relations. Then C4(V, Q)
is a real vector space of dimension 2. We investigates its structure, which
depends on Q. If Q = 0, then we get the exterior algebra A*V. We also
investigate the relation between Clifford algebras and a class of first-order
systems of differential operators called Dirac operators, which are important
in the modern theory of partial differential equations.

Section 8.4 is devoted to a special non-associative algebra known as
the algebra of octonions. This algebra, denoted O, is an 8-dimensional
real vector space, isomorphic as a vector space to H & H, endowed with a
multiplication that, to the degree possible, carries on the progression of how
the product on R leads to the product on C = R@® R, and from there to the
product on H = C & C. In passing from C to H, one loses commutativity of
the product, and in passing from H to O one loses associativity. Nevertheless,
O possesses an astonishingly rich structure.

One reflection of this is manifested in the rich structure of the automor-
phism group of @, Aut(Q), consisting of R-linear isomorphisms K : O — O
that preserve the product: K(uv) = K(u)K(v). To describe a setting for
this group, we recall the groups SO(n) and U(n), introduced in Chapter 3,
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and Sp(n), introduced in §8.1. These form the “classical” compact matrix
groups. In addition to this list, there are five “exceptional” compact matrix
groups, denoted

(8.0.8) Go, Fi, Es, Er, Es.

Results on the structure of Aut(Q) established here can be shown to lead to
the identity

(8.0.9) Aut(0) = Go.

Beyond this, the theory of the algebra O of octonions can be used as a key
to the other exceptional groups. Further material on this can be found in
[21].
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8.1. Quaternions and matrices of quaternions

The space H of quaternions is a four-dimensional real vector space, identified
with R*, with basis elements 1,1, j, k, the element 1 identified with the real
number 1. Elements of H are represented as follows:

(8.1.1) ¢ =a+bi+cj+ dk,

with a,b,c,d € R. We call a the real part of £ (a = Re§) and bi + ¢j + dk
the vector part. We also have a multiplication on H, an R-bilinear map
H x H — H, such that 1-£ =¢ -1 = &, and otherwise governed by the rules

(8.1.2) i) =k=—ji, jk=1i=—kj, ki=j=—ik,

and

(8.1.3) i =2 =k>=—1.

Otherwise stated, if we write

(8.1.4) E=a+u, acR, ucR3

and similarly write n = b+ v, b € R, v € R3, the product is given by
(8.1.5) En=(a+u)(b+v)=(ab—u-v)+av+bu+uxwv.

Here u-v is the dot product in R3, and u x v is the cross product, introduced
in Exercises 5-11 of §3.4. The quantity ab — u - v is the real part of £ and
av + bu + u X v is the vector part. Note that

(8.1.6) &n —n€E =2u xv.
It is useful to take note of the following symmetries of H.

Proposition 8.1.1. Let K : H — H be an R-linear transformation such that
K1 =1 and K cyclically permutes (i,7,k) (e.g., Ki =j, Kj =k, Kk =1).
Then K preserves the product in H, i.e.,

(8.1.7) K(en) = K(©K(m), Vé&neH.

We say K is an automorphism of H.

Proof. This is straightforward from the multiplication rules (8.1.2)—(8.1.3).
O

We move on to the following basic result.

Proposition 8.1.2. Multiplication in H is associative, i.e.,

(8.1.8) C(&n) = (¢&)n, V(& neH
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Proof. Given the R-bilinearity of the product, it suffices to check (8.1.8)
when each (, &, and 7 is either 1,4, j, or k. Since 1 is the multiplicative unit,
the result (8.1.8) is easy when any factor is 1. Furthermore, one can use
Proposition 8.1.1 to reduce the possibilities further; for example, one can
take ¢ = i. We leave the final details to the reader. ([l

REMARK. In the case that £ = u,n = v, and ( = w are purely vectorial, we
have

(8.1.9)
wuww) =w(—u-v+uxv)=—(u-v)w—w-(uxv)+wx (uxv),
(wu)v = (—w-u+wxu)v=—(w-u)v—(wxu) v+ (wxu) X wv.

Then the identity of the two left sides is equivalent to the pair of identities
(8.1.10) w-(uxv)=(wxu)-wv,
(8.1.11) wx (uxv)—(wxu)xv=(u-v)w—(w-u)v.

Compare (8.1.10) with Exercise 11 of §3.4. As for (8.1.11), it also follows
from the pair of identities

(8.1.12) w X (uXxv)—(wxu)xv=ux(wxuv),
and
(8.1.13) ux (wxv)=(u-v)w—(w-u)v,

for which see Exercises 9-10 of §3.4. See Exercise 5 below for the converse.

In addition to the product, we also have a conjugation operation on H:

(8.1.14) E=a—bi—cj—dk=a—u.
A calculation gives
(8.1.15) &n=(ab+u-v)—av+bu—uxwv.

In particular,

(8.1.16) Re(£7) = Re(¢) = (£, 1),

the right side denoting the Euclidean inner product on R*. Setting n = ¢ in
(8.1.15) gives

(8.1.17) &€ = ¢/,
the Euclidean square-norm of £. In particular, whenever £ € H is nonzero,
it has a multiplicative inverse,

(8.1.18) =g 7%
We say a ring R with unit 1 is a division ring if each nonzero £ € R has a
multiplicative inverse. It follows from (8.1.18) that H is a division ring. It
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is not a field, since multiplication in H is not commutative. Sometimes H is
called a “noncommutative field.”

To continue with products and conjugation, a routine calculation gives

(8.1.19) &n=7é.

Hence, via the associative law,

(8.1.20) €nl* = (§n)(En) = &nmg = [nlPE€ = € nl?,
or

(8.1.21) [&nl = [&] Inl.

Note that C = {a + bi : a,b € R} sits in H as a commutative subring, for
which the properties (8.1.17) and (8.1.21) are familiar.

Let us examine (8.1.21) when £ = u and 1 = v are purely vectorial. We
have

(8.1.22) uw = —u-v+uxov.

Hence, directly,

(8.1.23) luv|? = (u-v)% 4 Ju x v|?,

while (8.1.21) implies

(8.1.24) luv|? = |ul?|v]?.

As seen in Exercise 1 of §3.4, if 6 is the angle between u and v in R3,
(8.1.25) w-v = |u||v| cosb.

Hence (8.1.23) implies

(8.1.26) lu x v|* = |ul*|v]?sin? 0.

Compare Exercise 7 of §3.4.

We next consider the set of unit quaternions:
(8.1.27) Sp(l)={¢ €H: £ =1}.

Using (8.1.18) and (8.1.21), we see that Sp(1) is a group under multiplica-
tion. It sits in R* as the unit sphere S3. We compare Sp(1) with the group
SU(2), consisting of 2 x 2 complex matrices of the form

(8.1.28) U= (§ _77) , &neC, [P+l =1

The group SU(2) is also in natural one-to-one correspondence with S3. Fur-
thermore, we have:
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Proposition 8.1.3. The groups SU(2) and Sp(1) are isomorphic under the
correspondence

(8.1.29) U &+ jn,
for U as in (8.1.28).

Proof. The correspondence (8.1.29) is clearly bijective. To see it is a ho-
momorphism of groups, we calculate:

(8.1.30) <£ —n) <5: _7/> (s _5?',_@: |

given &,n € C. Noting that, for a,b € R, j(a + bi) = (a — bi)j, we have
(E+m(& +n') =&+ &in" + jns’ + jnin

=& —m' + (€' +&n).
Comparison of (8.1.30) and (8.1.31) verifies that (8.1.29) yields a homomor-
phism of groups. ([

(8.1.31)

We next define the map

(8.1.32) 7 Sp(1) — L(R?)
by
(8.1.33) m(6)u = Eut " = ¢ué, €€ Sp(l), ueR®C H.

To justify (8.1.32), we need to show that if u is purely vectorial, so is £ué.
In fact, by (8.1.19),

(8.1.34) ¢ = €uE = C = €uE = —Eu€ = —,

so that is indeed the case. By (8.1.21),

(3.1.35) 7()ul = |¢] [ul [l = ful, Yu e RS, € € Sp(L),
so in fact

(8.1.36) 7w : Sp(l) — SO(3),

and it follows easily from the definition (8.1.33) that if also ¢ € Sp(1), then
m(&¢) = w(§)m(¢), so (8.1.36) is a group homomorphism. It is readily verified
that

(8.1.37) Kerm = {£1}.

Note that we can extend (8.1.32) to
(8.1.38) m:Sp(l) — L(H), w(§)n=¢ng, &€ Sp(1), n e,
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and again m(£¢) = w(&)7(¢) for &, ¢ € Sp(1). Furthermore, each map (&)
is a ring homomorphism, i.e.,
(8.1.39) m(§)(aB) = (m(Ea)(w(§)B), «a,B€H, £ Sp(1).

Since 7(§) is invertible, this is a group of ring automorphisms of H. The
reader is invited to draw a parallel to the following situation. Define

(8.1.40) 7:503) — L(H), 7(T)(a+u)=a+Tu,

given a+u € H, a € R, u € R3. It is a consequence of the identity (3.4.34),
i.e., T(ux v) = Tu x Tv, for u,v € R3, that

(8.1.41) 7(T)(ap) = (7(T)a)(7(T)B), «,feH, T € SO(3).

Thus SO(3) acts as a group of automorphisms of H. (Note that Propo-
sition 8.1.1 is a special case of this.) We claim this is the same group of
automorphisms as described in (8.1.38)—(8.1.39), via (8.1.36). This is a con-

sequence of the fact that 7 in (8.1.36) is surjective. We mention that the
automorphism K in Proposition 8.1.1 has the form (8.1.38) with

1 S
§=5(0+i+j+h)
To proceed, we consider n X n matrices of quaternions:

(8.1.42) A= (ajk) S M(n,H), aj € H.

If H™ denotes the space of column vectors of length n, whose entries are
quaternions, then A € M (n,H) acts on H" by the usual formula. Namely,
if € = (&)", & € H, we have

(8.1.43) (AE); = Z k-
k

Note that

(8.1.44) A:H" — H"

is R-linear, and commutes with the right action of H on H", defined by
(8.1.45) (gb)] = gjb, EeH”, be H.

Composition of such matrix operations on H" is given by the usual matrix
product. If B = (bj), then

(8.1.46) (AB)jr =Y _ ajebs.
4
We define a conjugation on M (n,H). With A given by (8.1.42),
(8.1.47) A" = (ag;).

Clearly (A*)* = A. A calculation using (8.1.19) gives
(8.1.48) (AB)* = B*A™.
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We are ready to define the groups Sp(n) for n > 1:
(8.1.49) Sp(n) ={Ae M(nH): A*A=1}.
Note that A* is a left inverse of the R-linear map A : H" — H" if and

only if it is a right inverse (by real linear algebra). In other words, given
A€ M(n,H),

(8.1.50) A"A=T<+= AA* =1.

In particular,

(8.1.51) A € Sp(n) <= A* € Sp(n) <= A~! € Sp(n).
Also, given A, B € Sp(n),

(8.1.52) (AB)*AB = B*A*AB = B*B = I.

Hence Sp(n), defined by (8.1.49), is a group.

For another perspective, we put a quaternionic inner product on H" as
follows. If & = (&), n = (n;)" € H", set

(8.1.53) (&m =D&

From (8.1.16), we have
(8.1.54) Re(¢,n) = (&),

where the right side denotes the Euclidean inner product on H" = R?*".
Now, if A € M(n,H), A = (a;x), then

(Ag,n) = Z 750k Ek
gk

(8.1.55) = @
7.k
= (£, A™n).
Hence
(8.1.56) (A, An) = (¢, A" An).

In particular, given A € M(n,H), we have A € Sp(n) if and only if A :
H"™ — H" preserves the quaternionic inner product (8.1.53). Given (8.1.54),
we have

(8.1.57) Sp(n) — O(4n).
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Exercises

1. Fill in the details for the proof of Proposition 8.1.2.

2. Work out a proof of (8.1.19). Show that, if ¢ =a+u,n =0+ v,
En=ab—u-v—av—ab+uxwv

= k.

3. Take z=a+1ib, w=c+id € C, so & in (8.1.1) becomes
& =z4wj.
If also n = u+ vy, u,v € C, show that the multiplication law for H becomes
&n = (zu —wv) + (W + 2v)j.
Hint. jv = oj.

4. Define R-linear maps,

a:C*—H, B:C°— L£(C?,

)-reos A)-: 3)
w w wo oz
Note that « is an R-linear isomorphism, so we have the R-linear map
y=Boa ' H — L(C?).
Modify the proof of Proposition 8.1.3 to show that
&n€H — ~v(&n) =v(Erv(n).

Thus 7 effects an R-linear ring isomorphism of H onto a subring of £(C?).

by

5. Supplement the implication (8.1.12)—(8.1.13) = (8.1.11). with the con-
verse implication.
Hint. To start, given (8.1.11), permute letters to supplement this with

(8.1.58)

(uXxw)xv=(w-v)u—(u-w).

)
X (vxu)—(wxv)xu=(v-v)w—(w-v)u,
X (w X v) —

)

Then add (8.1. 58) (8.1.11) to obtain (8.1.13).

Exponentiation of quaternions
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6. Following arguments in §3.7, show that

€y Lk
“ = k‘!g
k=0

is a convergent power series for all £ € R, ¢ € H, and that we have

%etﬁ = get,

7. Show that
e(HE = 56t s t e R, £ €H,
and if also n € H,
En =né = et — teptn,

8. Show that if u € R® C H, u # 0, then, for ¢t € R,

e = (cost|u|) + (sint|u|)%,
u

and, if £ = a + u,

et = em[(costlu\) + (sint!u\)%}.
u

9. Show that, for ¢ € R,
u € R CH= e ¢ Sp(1),

using either Exercise 6 or
eté = ¢t

Quaternionic matrix exponential

10. Parallel to Exercise 6, show that, for A € M (n,H),

is a convergent power series for t € R, and that we have
d
—eth = A,
dt

11. Show that

DA — 84t s t € R, A€ M(n,H),
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and, if also B € M (n,H),

AB = BA — !(A+B) _ otAgtB

12. Defining A* € M (n,H) as in (8.1.47), show that, for t € R,

* *
(etA) _ AT

sp(n) = {A € M(n,H): A* = —A).

13. Let us set

Show that
Aesp(n), t e R= e € Sp(n),
and that
A, B € sp(n) = [A, B] € sp(n).



8.2. Algebras 289

8.2. Algebras

Let F be a field. An algebra A over F has the following structure:

(8.2.1) A is a vector space over F,

A is a ring, and the product (u,v) — wv is

(8.2.2) an F-bilinear map A x A — A.

Hence, if a € F, u,v € A,
(8.2.3) a(uv) = (au)v = u(av).

We say A is a commutative algebra if u,v € A = uv = vu. If (8.2.1)-(8.2.2)
hold and A is a ring with unit (call it 1 4, temporarily) we call A an algebra
with unit, and simply denote the unit by 1 (the same symbol as used for the
unit in ).

A number of rings we have seen before have natural structures as alge-
bras, such as M (n,F) and F[t], which are algebras over the field F. If A is
an algebra over F, then M (n, A) and A[t] are algebras over F. On the other
hand, the rings M (n,Z),Z[t], and Z/(n) (when n is not a prime) are not
algebras over a field. The ring H of quaternions, introduced in §8.1, is an
algebra over R (hence H is often called the algebra of quaternions). Note
that H is not an algebra over C.

If V is an n-dimensional vector space over F, the ring
n
(8.2.4) AV =P Ak,
k=0

where A’V = F, A'V = V, and A*V is as in (5.3.64), with the wedge
product, described in §21, is an algebra over I (called the exterior algebra
of V). We can also write

(8.2.5) AV = Ak,
k=0

keeping in mind that A*V =0 for £ > n = dim V. Recall that
(8.2.6) a €NV, Be NV =anBe ANV

Another algebra over F associated with such an n-dimensional vector
space is the tensor algebra, defined by

(8.2.7) 'V =Pev,
k=0

where

(8.2.8) QW =F, V=V, QV¥=vaV,
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and, for k > 3,
(8.2.9) PV =V®---@V (kfactors),

defined as in §5.2, i.e., ®*V =V} ® --- ® V}, with each V; = V. That is to
say, an element o € @*V is a k-linear map

(8.2.10) a: V' x...xV' —F.
If also B € @'V, then a ® 8 € AFTV is defined by
(8.2.11)
a® B(wb sy Wy WEA1, - - 'awarf) = Oé(’wl, ce ,Wk) B(warla ce 7wk+f)7

for w; € V. As opposed to (8.2.5), if V # 0, all the terms ®*V are nonzero.
We define the countable direct sum

oo
(8.2.12) V=P

k=0
of vector spaces Vj to consist of elements

(8.2.13) (vo,vl,vg,...,vj,...), Vj E‘/j,

such that only finitely many v; are nonzero. This is a vector space, with
vector operations

(V0, V1,5 -+, 0, - ) + (00,07, VG, L)
(8.2.14) = (vo 4+ vp,v1 + 01, ..., 05 + U, .. ),
a(vp, v1,...,vj,...) = (avg,avy,...,avj,...).

In such a fashion, ®*V is a vector space (of infinite dimension) over F, and
the product (8.2.11) makes it an algebra over F.

This tensor algebra possesses the following universal property:

Proposition 8.2.1. Let A be an algebra over F with unit, V an n-dimensional
vector space over F, and let

(8.2.15) M:V— A

be a linear map. Them M extends uniquely to a homomorphism of algebras
(i.e., an F-linear ring homomorphism,)

(8.2.16) M : @V — A.

Proof. The extension is given by M (1) =1 and

(8.2.17) M('I}1®-~-®Uk) ZM(’Ul)-”(MUk), v € V.

Verifying that this yields an algebra homomorphism is straightforward from
the definitions. O
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In case A = A*V, with V = AV, Proposition 8.2.1 yields
(8.2.18) M :®V — A*V.
Clearly this is surjective. Furthermore,

N (M) = Z, the 2-sided ideal in ¢&*V generated by

(8.2.19)

{vew+wv:v,weV}.
Hence
(8.2.20) AV ~ @ V/T.

Next, let A be an algebra and V a vector space over F, both finite
dimensional, and form the tensor product A ® V, seen from §5.2 to be a
vector space over F. In fact, A ® V has the natural structure of an A-
module, given by

(8.2.21) alb®@wv) = (ab)@v, a,be A veV.

One important class of examples arises with F = R, A = C, and V a real
vector space, yielding the complexification,

(8.2.22) Ve=CaV.

This is a C-module, hence a vector space over C. We might write the right
side of (8.2.22) as C ®g V, to emphasize what field we are tensoring over.
To illustrate the role of F in the notation A ®p V', we note that

(8.2.23) CeorC"~C>™, but C®cC"~C"

Specializing to the case where V' = B is also an algebra over I, we have
(8.2.24) A® B,
which also has the structure of an algebra over I, with product defined by
(8.2.25) (a®0b)(d @V) = (ad") ® (bb).

In particular, with F = R and A = C, we have for an R-algebra B the
complexification

(8.2.26) Bc = C ®r B.
An example is
(8.2.27) M(n,R)c = M(n,C).

Here is an interesting tensor product computation, which will make an
appearance in Section 8.3:

Proposition 8.2.2. We have H® H ~ L(H), or equivalently
(8.2.28) HeH~ M(4,R),

as algebras over R.
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Proof. We define o : H® H — L(H) as follows. For &,n,( € H, set

(8.2.29) o€ @ )¢ = ECT.

This extends by linearity to produce a linear map o : H® H — L(H). Note
that a(1® 1) = I. We also have

a(&€ @my')C = (&€)C(n')
= (&)¢(m'n)
(8.2.30) =¢(
=¢(a(& @1)Om
a(§@naE @),
from which it follows that « is a homomorphism of algebras.
It remains to prove that « is bijective. Since dim H®H = dim M (4,R) =
16, it suffices to prove one of the following:
(8.2.31) N(a)=0, or R(a)=L(H).

Note that N («) is a two-sided ideal in H® H and R(«) is a subalgebra of
L(H). It is the case that H ® H has no proper two-sided ideals (the reader
might try to prove this), which would imply N («) = 0, but this is not the
route we will take. Instead, we propose to show that R(a) = L(H), via a
path through some other interesting results. ([

To start, let 5 denote the restriction of « to &, € Sp(1), the group of
unit quaternions. Note that

(8.2.32) §,n € Sp(l) = [&¢n| = ],
SO
(8.2.33) B:Sp(1) x Sp(1) — SO(4),

and, by (8.2.30), it is a group homomorphism. Clearly if (§,7) € Ker g, then
(taking ¢ = 1) we must have {f = 1, hence = &. Next, (¢,€) € Ker 8 If
and only if & commutes with each ¢ € H. This forces £ = +1. Thus

(8.2.34) Ker 8= {(1,1), (-1, 1)},

so 3 is a two-to-one map. At this point, it is convenient to have in hand some
basic concepts about Lie groups (such as described in the first few chapters of
[25]). Namely, Sp(1) has dimension 3 (recall from (8.1.27) the identification
of Sp(1) with the 3-sphere S3), and SO(4) has dimension 6. From (8.2.34)
it can be deduced that the range of 3 in (8.2.33) is a 6-dimensional subgroup
of SO(4). It is also the case that SO(4) is connected, and any 6-dimensional
subgroup must be all of SO(4). Thus £ in (8.2.33) is onto. We record this
progress.
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Lemma 8.2.3. The group homomorphism [ in (8.2.33) is two-to-one and
onto.

It follows that the range R(a) is a subalgebra of £(R*) that contains
SO(4). The following result finishes off the proof of Proposition 8.2.2.

Lemma 8.2.4. For n > 3, the algebra of linear transformations of R™
generated by SO(n) is equal to L(R™).

Proof. Denote this algebra by A, and note that A is actually the linear
span of SO(n). (For n = 2, A is commutative, and the conclusion fails.)
Using the inner product (A4, B) = Tr A'B on L(R™), suppose there exists
A € L(R™) that is orthogonal to A. Then

(8.2.35) Tr(UA) = 0
for all U € SO(n).

For the moment, assume n is odd. Then U € O(n) implies either U or
—U belongs to SO(n), so (G.35) holds for all U € O(n). By Proposition
3.6.2, we can write

(8.2.36) A=KP, K €O0(n), P positive semidefinite.

Taking U = K1 in (8.2.35) yields

(8.2.37) TrP =0, hence P=0, hence A=0.

We hence have Lemma 8.2.4 for n odd. O

In order to produce an argument that works for n > 4 even, we bring in
the following. Let Gy, denote the subgroup of SO(m) consisting of rotations
that preserve the cube

Qm ={z e R":|z;] <1, for 1 <j <m}.

The action of an element of GG, is uniquely determined by how it permutes
the vertices of @y, so Gy, is a finite group. Now take

LY recmm

0o(Gm) TeGm

Proposition 8.2.5. Form > 2, P = 0.

(8.2.38) P =

Proof. Since T € G,,, = T~ =T € G,,,, we see that
(8.2.39) P =P

If we multiply both sides of (8.2.38) on the left by U € G,,,, we get the sum
over the same set of terms on the right, so

(8.2.40) UP=P, YUEGn.
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Averaging both sides of (8.2.40) over U € G, yields
(8.2.41) P =P

Thus P is an orthogonal projection on R™, and, by (8.2.40), each vector v
in the range of P satisfies

(8.2.42) Uv=v, VUEG),.
Now the only v € R™ satisfying (8.2.42) is v =0, so P = 0. O

We return to Lemma 8.2.4, and give a demonstration valid for all n > 3.
To start, note that

(8.2.43) TeGp1 = (T 1) € SO(n).

By Proposition 8.2.5, as long as n > 3,
1

o, (T)=( )

where the upper left 0 is the zero matrix in M (n —1,R). It follows that the
right side of (8.2.44) (call it P;) belongs to .A. Hence

(8.2.44)

(8.2.45) [—2p — (I _1> €A

where the upper left I in the last matrix is the identity in M (n—1,R). This
is an element of O(n) with negative determinant! It follows that O(n) C A.
From here, the argument involving (8.2.35) (now known to hold for all U €
O(n)), proceeding to (8.2.36)—(8.2.37), works, and we have Lemma 8.2.4 for
all n > 3. O

We return to generalities. As we have defined the concept of an algebra
A, it must have the associative property (6.1.6), i.e.,

(8.2.46) u,v,w € A= u(vw) = (uv)w.

For emphasis, we sometimes call A an associative algebra. This terminology
is apparently redundant, but it is useful in face of the fact that there are
important examples of “non-associative algebras,” which satisfy most of the
properties we require of an algebra, but lack the property (8.2.46). We close
this section with a brief mention of some significant classes of nonassociative
algebras.

Lie algebras
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The paradigm cases of Lie algebras arise as follows. Let V be a vector
space over . A linear subspace L of £(V') is a Lie algebra of transformations
on V provided

(8.2.47) A Be L= [ABleL,

where

(8.2.48) [A,B] = AB — BA.

We define the action ad of L on itself by

(8.2.49) ad(A)B = [A, B].

It is routine to verify that

(8.2.50) ad([A, B]) = ad(A) ad(B) — ad(B) ad(A).
This is equivalent to the identity

(8.2.51) (4, B],C] = [A,[B,C]] - [B, [A, C],

forall A, B,C € L(V). The identity (8.2.50) (or (8.2.51)) is called the Jacobi
identity.

With this in mind, we define a Lie algebra L (over a field F) to be a
vector space over over F, equipped with an F-bilinear map

(8.2.52) AM:LxL— L, M\A,B)=]IA, B,
satisfying
(8.2.53) [A, B] = —[B, A],

and the Jacobi identity (8.2.49)—(8.2.50), for all A, B,C € L.
Examples of Lie algebras that are subalgebras of £(V') include

(8.2.54) Skew(V) = {T € L(V): T* = -T},

where V' is a real or complex inner product space (cf. Exercise 8 of §3.3).
Further examples include

(8.2.55) {T e L(V): TrT =0},

when V is a finite dimensional vector space over F,

(8.2.56) {T € L(F™) : T is upper triangular},
and

(8.2.57) {T € L(F™) : T is strictly upper triangular}.

A variant of £(V') with a natural Lie algebra structure is M(n,.A), where
A is a commutative, associative algebra that is a finite dimensional vector
space over FF.
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It follows from Exercises 5-9 of §3.4 that R3, with the cross product, is
a Lie algebra, isomorphic to Skew(R?).

There are a number of important Lie algebras of differential operators
that arise naturally. We mention one here, namely the 3-dimensional space
of operators on C°°(R) spanned by X7, X9, and X3, where

(8.2.58) Xif(x) = f'(z), Xaof(x)=af(z), Xsf(z)=f().
By the Leibniz identity,

(8.2.59) [X1, Xo] = X3,
and, obviously,
(8.2.60) [X;, X3] =0.

This Lie algebra is isomorphic to the Lie algebra of strictly upper triangular
3 x 3 real matrices, spanned by

010 0 00 0 01
8261) vi=|00 0|, Ya=[0 0 1], vs={0 0 0
0 00 0 00 0 0O
Parallel to (8.2.59)—(8.2.60), we have
(8.2.62) Y1, Yo] = Y3, [V}, Y3]=0.

A result known as Ado’s theorem says that every finite dimensional Lie
algebra is isomorphic to a Lie algebra of matrices. A proof can be found in
[17].

The study of Lie algebras goes hand in hand with the study of Lie groups.
More thorough introductions to this important area can be found in [17] and
in [25].

Jordan algebras

The paradigms for Jordan algebras are the spaces
(8.2.63) Herm(n,F) = {(ajr) € M(n,F) : ay; = @i},
for n > 2, with F = R, C, or H, endowed with the product

(8.2.64) AoB = %(AB + BA),

an R-bilinear map Herm(n,F) x Herm(n,F) — Herm(n,F). Note that the
product is commutative (Ao B = Bo A), but it is not associative. There is,
however, the following vestige of associativity:

(8.2.65) Ao (BoA?) = (AoB)o A%
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An algebra over R, i.e., a finite dimensional real vector space V with product
given as a bilinear map V' xV — V|, that is commutative and satisfies (8.2.65)
is called a Jordan algebra. Another example of a Jordan algebra is

(8.2.66) Herm(3,0),

where Q is the space of octonions, introduced in §8.4, again with the product
(8.2.64), where the right side makes use of the product on Q. We refer to
[15] and [21] for further material on Jordan algebras, whose introduction
was stimulated by developments in quantum mechanics.
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8.3. Clifford algebras

Let V be a finite dimensional, real vector space and @@ : V xV — R a
symmetric bilinear form. The Clifford algebra C/(V, Q) is an associative
algebra, with unit 1, generated by V, and satisfying the anticommutation
relations

(8.3.1) wo +ovu = —2Q(u,v) -1, VYu,veV.
Formally, we construct C/(V, Q) as

(8.3.2) CUV,Q) ="V/TI,

where ®*V is the tensor algebra:

(8.3.3) V=RaVaeVaV)a(VaVveV)d---,
and

T = two-sided ideal generated by
{u@v+v@u+2Q(u,v)l:u,veV}
= two-sided ideal generated by
{e; @ e +er ®ej +2Q(ej,ex)1},
where {e;} is a basis of V. Note that
(8.3.5) Q=0=ClV,Q) ~ A"V (the exterior algebra).

(8.3.4)

Here is a fundamental property of C/(V, Q).

Proposition 8.3.1. Let A be an associative algebra with unit, and let
(8.3.6) M:V—A

be a linear map satisfying

(8.3.7) M(u)M(v) + M(v)M(u) = —2Q(u,v)1,

for each w,v € V' (or equivalently for all uw = ej, v = ey, where {e;} is a
basis of V). Then M extends to a homomorphism

(8.3.8) M:CUV,Q) — A, M(1)=1.

Proof. Given (8.3.6), there is a homomorphism M:®V > A extending
M, with M (1) = 1. The relation (8.3.7) implies M = 0 on Z, so it descends
to ®*V/Z — A, giving (8.3.8). O

From here on we require @ to be nondegenerate. Thus each Clifford
algebra C{(V, Q) we consider will be isomorphic to one of the following.
Take V' = R", with standard basis {e1,...,e,}, take p,q > 0 such that
p+q=n, and take Q(u,v) = >, ujv; — >, u;vj, where u = 3 uje;
and v = ) vje;j. In such a case, C{(V, Q) is denoted C(p, q).
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We also define the complexification of C£(V, Q):
(8.3.9) CLV,Q) =CxClV,Q).

(We tensor over R.) Note that taking e; — ie; for p +1 < j < n gives,
whenever p+ ¢ = n,

(8.3.10) Cl(p,q) =~ Cl(n,0), which we denote Cl(n).
Use of the anticommutator relations (8.3.1) show that if {eq,..., ey} is
a basis of V', then each element u € C4(V, Q) can be written in the form
(8.3.11) u= Z iy € - - €l
i,=0or 1

or, equivalently, in the form

(8.3.12) w=Y " > e ey

k=0 j1<-<jk
(By convention the £ = 0 summand in (8.3.12) is ag - 1.) In other words, we
see that
(8.3.13) {ej, e 1 0<k<n, ji << jp}
spans C/(V, Q). Again, by convention, the subset of (8.3.13) for which k =0
is {1}. It is very useful to know that the following is true.

Proposition 8.3.2. The set (8.3.13) is a basis of CL(V, Q).

This is true for all @), but we will restrict attention to nondegenerate
Q. Since we know that (8.3.13) spans, the assertion is that the dimension
of Cl(p,q) is 2™ when p + ¢ = n. By (8.3.10), it suffices to show this for
Cl(n,0), and we can assume {ey,...,e,} is the standard orthonormal basis
of R™ Note that the assertion for @) = 0 corresponding to Proposition 8.3.2
is that

(8.3.14) {ejy N---Nej, :0<k<mn,ji <---<ji} isa basis of A*R",

where {ey,...,e,} is the standard basis of R™. We will use this in our proof
of Proposition 8.3.2. See §5.3 for a proof of (8.3.14).

Given that (8.3.14) is true, we can define a linear map

(8.3.15) a: A*R" — C(n,0)
by a(1) =1 and
(8.3.16) alej; A-o-Aej,) = e€j €y,

when 1 < j; < -+ < jr < n. The content of Proposition 8.3.2 is that
« is a linear isomorphism. On the way to proving this, we construct a
representation of C¢(n,0) on A*R"™, of interest in its own right.
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To construct this representation, i.e., homomorphism of algebras

(8.3.17) M : Cl(n,0) — L(A*R™),

we begin with a linear map

(8.3.18) M :R" — L(A*R™),

defined on the basis {ey,...,e,} as follows. Define

(8.3.19) Aj AFR™ — AFFIR™ 40 APR™ — AFTIRT
by

(8.3.20) Njlej N~ Nej) =ejNej A+ Nejy,

and

Li(ejy A Aejy)
(8.3.21) = (1) tej, Ao NG A Ay, i G = jo,
0 if 5 & {j,-, ik}

Here the symbol €, signifies that ej, is removed from the product.

REMARK. If A*R"™ has the inner product such that (8.3.14) is an orthonormal
basis, then ¢; is the adjoint of A;.

A calculation (cf. (5.3.52)—(5.3.53)) gives the following anticommutator
relations for these operators:

Aj Ak + Ak Aj =0,
(8.3.22) Ltk + Lty = 0,
Ntk + Lk/\j = 0jk-
Now we define M in (8.3.18) by

(8323) M(ej) = Mj =Nj —1j
From (8.3.22) we get
(8.3.24) M; My, +~ M M; = _25jk-

Hence Proposition 8.3.1 applies to give the homomorphism of algebras (8.3.17),
with M (1) = I, the identity operator.

We can now prove Proposition 8.3.2. We define a linear map

(8.3.25) B:Cl(n,0) — A*'R",  [(u) = M(u)l.

Recalling the map « from (8.3.15)—(8.3.16), we have
Boalej, N---Nej, ) =M -e

. (e o) = M )1

M (%) M{(eji)1.
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Now M (ej, )1 = ej,, M(ej, ,)ej, = €j._, Nej if jr—1 < ji, and inductively
we see that

(8.3.27) <o <jr= M(ejl) . --M(ejk)l =ej N~ Nej,.

It follows that o and S are inverses, and that each is a linear isomorphism.
This proves Proposition 8.3.2 (granted (8.3.14)).

We next characterize Cl(p, q) for small p and g. For starters, C/(1,0)
and C/(0,1) are linear spaces of the form

(8.3.28) {a+bey : a,b € R}.
In C((1,0), e = —1, so
(8.3.29) Cl(1,0) = C, e+ i.

Meanwhile, in C£(0,1), €3 = 1, so C£(0,1) is of the form
{afs +Bf:a,B R}

8.3.30
Y S A )

and we have

(8.3.31) c(0,1) ~ R®R ~ Cr({+,-}),

the space of real valued functions on the two-point set {+, —}.
Next, C4(2,0),C¢(1,1), and C¢(0,2) are linear spaces of the form

(8.3.32) {a + bey + cea + dejes : a,b,c,d € R}.

In C/(2,0), €2 = €3 = (e1e2)? = —1, and also ez(e1ez) = e1, while (eez)e; =
ea, which are the algebraic relations satisfied by 4, j, k in the algebra H of
quaternions, defined in §8.1. Hence

(8.3.33) Cl(2,0) ~ H = {a + bi + cj + dk}.
In C4(0,2), €2 = e3 = 1, while (e1e2)? = —1. Meanwhile ez(ejes) = —e;
and (ejez)e; = —egy, and we have

Cr(0,2) ~ M(2,R)
(8.3.34) 0 1 1 0 0 —1
—{al—i-b(l O>+c<0 _1>+d<1 0>.a,b,c,d€R}.

It turns out that also
(8.3.35) Cl(1,1) ~ M(2,R).
We leave this to the reader.
Using (8.3.31) and (8.3.34), we find the complexified algebras
(8.3.36) Cil)=CaC, CL2) ~M(2,0C).

These results are special cases of the following:
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Proposition 8.3.3. The complex Clifford algebras Cl(n) have the properties
Ce(2k) ~ M(2¥,C),

(8.3.37) CU(2k +1) = M(2¥,C) & M(2¥,C).

Proposition 8.3.3 follows inductively from (8.3.36) and the following re-
sult.

Proposition 8.3.4. For n € N, we have isomorphisms of algebras
(8.3.38) Cl(n+2) =~ Cl(n) @ CL(2).

In turn, Proposition 8.3.4 follows from:
Proposition 8.3.5. For n € N, we have isomorphisms of algebras

(8.3.39) Cl(n,0) ® CL(0,2) ~ CL(0,n + 2).

It remains to prove (8.3.39). To do this, we construct a homomorphism
of algebras

(8.3.40) M : CO0,n +2) — Cl(n,0) @ CL(0,2).

Once it is checked that M is onto, a dimension count guarantees it is an
isomorphism.

To produce (8.3.40), we start with a linear map

(8.3.41) M :R"™2 —; Cl(n,0) ® CL(0,2),
defined by
Me; =M; =¢e; Qeprinra, 1<j<n,
(8.3.42) 7 e
Mej:Mj:1®ej, j=n+1,n+2.
Here we take {e1,...,e,} to generate C¢(n,0) and {ep+1,ent2} to generate

C(0,2). To extend M in (8.3.41) to (8.3.40), we need to establish the
anticommutation relations

(8.3.43) MMy, + M M; = 265, 1<j,k<n+2.
To get this for 1 < j, k < n, we use the computations
(ent1€n42)” = —6721+1€31+2 = -1,
(8.3.44) (ej ® ent1€nt2)(ek ® ent1€ni2)
=ejep ® (enti1€ni2)? = —ejer ® 1,

which yield
1<j,k<n= M;M;+ M,M; = —(6j6k®1+6k6j®1)

(8.3.45) Y
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as desired. Next we have
I1<j<n=
M;iMpq1 + My 1 M;
(8.3.46) = (ej ® ens1ent2)(1 @ ent1) + (1 ® ent1)(ej ® ensirenta)
=ej Rentinioentl + €5 Q enti€niibnia
=0,
since epq1€p42 = —€pq2e,41. Similarly one gets MM, o + M, oM; = 0
for 1 < j < n. Next,
(8.3.47) MyiiMpi1 = (1®ent1)(1®ept1) =1®@er g =1,
and similarly M, oM, 2 = 1. Finally,
M1 Mpyo + MyoMp
= (1 ®ent1)(1 @ ent2) + (1 ® eng2)(1 ® €nt1)
=1® (ent1n+2 + €nt2€n+1)
=0.
This establishes (8.3.43). Hence, by Proposition 8.3.1, M extends to the
algebra homomorphism (8.3.40) (with M1 = I). It is routine to verify that
the elements on the right side of (8.3.42) generate C¢(n,0) ® C£(0,2), so

M in (8.3.40) is onto, hence an isomorphism. This completes the proof of
Proposition 8.3.5, hence Propositions 8.3.3-8.3.4.

(8.3.48)

REMARK. The following companions to (8.3.39),

CL(0,n) ®CL(2,0) =~ Cl(n+2,0),

Clp,q) @Cl(1,1)~Clp+ 1,9+ 1),

have essentially the same proof. From (8.3.39) and (8.3.49) it follows that
(8.3.50) Cl(n+8,0) =~ Cl(n,0) ®CL0,2) ®CL2,0) ®CLO,2) ®CL2,0).
Meanwhile, by (8.3.33)-(8.3.34),

(8.3.49)

(8.3.51) C(0,2) ®Cl(2,0) ~ M(2,R) @ H.
This, together with the isomorphism (cf. Proposition 8.2.2)
(8.3.52) H®H~ M(4,R),

leads to

(8.3.53) Cl(n+8,0) = Cl(n,0) ® M(16,R).

See [13] for more details.

Dirac operators



304 8. Special structures in linear algebra

A major motivation for studying Clifford algebras arises from the con-
nection with a class of first order differential operators known as Dirac op-
erators, which we describe here.

Let V be a real or complex vector space. We define an operator D on
smooth functions on R™ with values in V' by

a ou
(8.3.54) Du = Z’yj Oju, Oju= 9z’

where 7v; € L(V) are assumed to satisfy the anticommutation relations

(8.3.55) Ve + W = —2md,
where

nik = 0 if j#k,
(8.3.56) 1 if j=ke{l,...,p},
—1if j=ke{p+1,...,n}

Here we pick p € {0,...,n}, so (n;r) provides an inner product on R" of
signature (p,q), p = n — p. By Proposition 8.3.1, there is a homomorphism
of algebras

(8.3.57) v : Clp,q) — L(V)
such that, if {e1,...,e,} is the standard basis of R",
(8.3.58) v(ej) =50

The operator D has the following important property:

Z Y k050K

’

.
||
—

n

(Vv + Y5) 050k
1

1
T2

T

]7

(8.3.59)

n]k 8 8ku
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u+262

j=p+1
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In particular,

(p.0) = (n,0) = DPu == 3" o =~

(8.3.60) 7=

n
(p,q) = (0,n) = D*u = Zafu = Au,
j=1
where A is the Laplace operator, acting (componentwise) on V-valued func-
tions on R,

(8.3.61) Au=>"0d3u.

A canonical example of such a Dirac operator arises when
(8.3.62) V=Clp,q), 0<pqg<n, pt+tqg=n,
with v; € L£(V) defined by Clifford multiplication, v;(v) = e;jv, where {e;}
is the standard basis of R™, v € C{(p, q) (alternatively, V = Cf¢(n)). Such an
operator D is called the Clifford Dirac operator, of signature (p, ¢). In such

a case, one has (H.53) where ~; can be taken to be N x N matrices, where,
by Proposition 8.3.2,

(8.3.63) N =dim C{(n) = 2",
for example,
(8.3.64) n=3=N=8, n=4=— N =16.

However, there are other vector spaces V', of lower dimension, for which
there are Dirac operators. In particular, by Proposition 8.3.3, one can have
Dirac operators acting on functions with values in C, where

(8.3.65) M =2k if n=2k or 2k+ 1.
For example,
(8.3.66) n=3=>M=2, n=4=— M =4.
We now give an explicit inductive construction of M x M matrices

Y1, - -« Yn, satisfying anticommutation relations of the form (8.3.55), start-
ing with the trivial case n =1 (so M = 1):

(8.3.67) a1 = 1.

Here o2 = 1; we could multiply by i to get a? = —1. Generally, suppose you
have M x M matrices aq, ..., a,, satisfying (8.3.55). We form the following
(2M) x (2M) matrices:

(3.3.68) Bj:(aj ‘O‘j), 1<j<n, ﬂnH:(I I).
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For 1 < 3,k < n, we have

] . —ajak
(8.3.69) BB = < _ajak> :
SO

] oo + (07%e% - '
(8'3'70) B]Bk‘ + Bkﬁ] - ( ajay + 0%%’) - 277jkI-
Meanwhile, for 1 < j < n,
(8.3.71) BB = ( 7 a,) = —Bnt15;,

J

and, of course,
(8.3.72) i =1

We call this construction Method 1.
Applying this to (8.3.67) gives

(8.3.73) B = (1 _1>, B = (1 1) ,

so (8.3.55) holds with 111 = 1, 2 = —1. Multiplying one or both 3; by 4
gives other signatures.

We could iterate Method I, producing a triple of 4 x4 matrices. However,
according to (8.3.66), we want to look for a triple of 2 x 2 matrices.

Again we produce a general construction, which we call Method II. As-
sume that n 4 1 is even, and you have matrices 8;, 1 < j < n + 1, of the
form (8.3.68), with the same anticommutation relations as Cl(p,q), with
p+qg=n-+1. Now set

Bri2 = B1B2 - Bny1

(8.3.74) P <_a1...an > |
a1 o

We have

(8.3.75) B2y = <(O‘1"'O‘”)2 (Oq---ozn)2> =+,

and

(8.3.76) BjBn+2 = —Bnt2Bj, for 1<j<n+1

To see (8.3.76), note that pushing f; from the far left, in 8;531 - fny1, to
the far right, in 31 - -- 8,41/8;, produces n sign changes, and in the current
setting n is odd.
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Applying Method II (with n 4+ 1 = 2) to (8.3.73) yields

(8:3.77) 51=<1 ‘1>, 522(1 1>, ,Bgz(‘l 1),

which have the same anticommutation relations as C¢(1,2). Multiplying (;
by ¢ and 83 by —1 and reordering, we have the Pauli matrices,

(8.3.78) o1 = (1 1) R (_Z. Z) o3 = <1 _1> ,

which have the same anticommutation relations as C£(0, 3).

We now apply Method I to the Pauli matrices (8.3.78), yielding the
following 4 x 4 matrices

o —0j < i< _ I
(8.3.79) Vi <O'j >, 1<j<3, m <I )

These are called the Dirac matrices. They have the same anticommutation
relations as C4(3,1). The associated Dirac operator D satisfies

82

(8.3.80) D? = 5~ A t=a A=0%+05+ 05
Solving the initial value problem
(8.3.81) Du=0, u(z,0)=f(z),
is equivalent to solving

0%u
(8.3.82) 92 Au=0, u(z,0)= f(z), dwu(z,0)=g(x),
where

3

(8.3.83) 9(x) = =75' D _0;f(x).

Jj=1

Of course, 74_1 =4, and, for 1 < j < 3,

(8.3.84) —yi = <_Jj a~> .
J

Methods of solving the “wave equation” (8.3.82) can be found in Chapter 3
of [26].

From here, we can obtain a 5-tuple of 4 x4 matrices, via Method II, which
have the same anticommutator relations as C{(p, ¢), with p+¢ = 5. We then
alternate the use of Method I and Method II to produce higher dimensional
Clifford algebras of matrices, yielding Dirac operators on smooth vector-
valued functions on R"”, for larger n.
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Exercises

1. Given a Clifford algebra C/(V, Q) (dimV < o0), and u € C4(V,Q), show
that the power series

k=0

converges for all t € R, defining e as a smooth function of ¢ with values in
Cl(V, Q) satisfying

tu

d

2. In the setting of Exercise 1, assume V is an inner product space and
Q(u,u) = |u|?>. Show that

sin t|u|

Jul

u€eV = e" = (costlu|) +

Hint. Set Y (t) = e and show that
Y'(t) = —|ul?Y(t), Y(0)=1, Y'(0) = u.
Compare this result with Exercise 8 of §8.1.

3. Let o denote the Pauli matrices:

=) (e ()

Show that {io,i09,i03} have the same anticommutation relations as C¢(3,0).
Using this and Exercise 2, compute

eit(ala'l “+ag02 +a303)
’

CLjER.
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8.4. Octonions

The set of octonions (also known as Cayley numbers) is a special but in-
triguing example of a nonassociative algebra. This space is

(8.4.1) O=HeH,
with product given by
(84.2) (0, 8) - (1,8) = (ay — 3B, 0+ B7), @, B,7,6 € H,

with conjugation § + & on H defined as in §8.1. We mention that, with
H = C @ C, the product in H is also given by (8.4.2), with «, 3,7, € C.
Furthermore, with C = R @ R, the product in C is given by (8.4.2), with
a,3,7,9 € R. In the setting of O = H ® H, the product in (8.4.2) is clearly
R-bilinear, but it is neither commutative nor associative. However, it does
retain a vestige of associativity, namely

(8.4.3) z(yz) = (zy)z whenever any two of z,y, z € O coincide.

We define a conjugation on Q:
(8.4.4) z=(a,p) =7 = (a,—p).

We set Rex = (x +7)/2 = (Rew,0). Note that a = Rex lies in the
center of O (i.e., commutes with each element of Q), and T = 2a — z. It is
straightforward to check that

(8.4.5) z,y € O = Rexy = Reyz.
We have a decomposition
(8.4.6) r=a+u, a=Rex, u=x—Rer=Imu,

parallel to (8.1.4). Again we call u the vector part of z, and we say that
u € Im(0). If also y = b+ v, then

(8.4.7) xy = ab+ av + bu + uv,
with a similar formula for yzx, yielding
(8.4.8) TY — YT = UV — VU.

We now define the inner product
(8.4.9) (x,y) = Re(xy), z,y € O.
To check symmetry, note that if x =a+u, y =0+ v,
(8.4.10) (x,y) = ab — Re(uv),
and (8.4.5) then implies
(8.4.11) (x,y) = (y, ).
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In fact, (8.4.9) yields the standard Euclidean inner product on O ~ R®, with
square norm |z|? = \/(z, ). We have

(8.4.12) v = (a,f) = a7 = (a@ + B,0) = (2], 0).
As a consequence, we see that
(8.4.13) €0, 40, y=|z| T =y =yz =1,

where 1 = (1,0) is the multiplicative unit in O.
Returning to conjugation on O, we have, parallel to (8.1.19),
(8.4.14) z,yc O =72y =77,

via a calculation using the definition (8.4.2) of the product. Using the de-
composition * = a +u, y = b+ v, this is equivalent to wv = vu, and since

uv = 2Re(uv) — uwv = —2(u, v) — uv, this is equivalent to
(8.4.15) u,v € Im(0) = uv + vu = —2(u, v).
In turn, (8.4.15) follows from expanding (u+v)(u+v) and using w? = —|w|?

for w € Im(0), with w = u,v, and u+v. In light of (8.4.15), we can perceive
a Clifford algebra action arising, via Proposition 8.3.1, but we will not dwell
on this here. (Proposition 8.4.3 would also be needed.) We next establish
the following parallel to (8.1.21).

Proposition 8.4.1. Given x,y € O,
(8.4.16) [zy| =[] |y.

Proof. To begin, we bring in the following variant of (8.4.3),
(8.4.17) 2,y € 0= (zy)(yx) = ((zy)y)z,

which can be verified from the definition (8.4.2) of the product. Taking into
account T = 2a — x, §j = 2b — y, and (8.4.14), we have

(zy)(zy) = (2y)(y7) = ((zy)y)7
= (aly*)z = |2y,
which gives (8.4.16), since |zy|? = (zy)(Ty). O

(8.4.18)

Continuing to pursue parallels with §8.1, we define a cross product on
Im(0) as follows. Given u,v € Im(Q), set

1
(8.4.19) UXv= i(uv — vu).
By (8.4.5), this is an element of Im(Q). Also, if z = a4+ u,y = b+ v,
(8.4.20) Ty — yxr = 2u X v.
Compare (8.1.6). Putting together (8.4.15) and (8.4.19), we have
(8.4.21) w = —(u,v) +uxuv, wu,veIm(0).
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Hence
(8.4.22) luv|? = |[(u, v)|? + |u x v]?.

Now (8.4.16) implies |uv|?> = |ul?|v|?, and of course (u,v) = |u||v|cosb,
where 6 is the angle between u and v. Hence, parallel to (8.1.26),

(8.4.23) lu x v]? = |u?|v]?|sinb?, Vu,v € Im(0).
We have the following complement.
Proposition 8.4.2. If u,v € Im(0), then
(8.4.24) w=uxv= (w,u) = (w,v) =0.
Proof. We know that w € Im(Q). Hence, by (8.4.21),
(w,v) = (uv,v) = Re((uv)v)

= Re(u(v?)) = [v|* Reu = 0,

the third identity by (8.4.3) (applicable since © = —v). The proof that
(w,u) = 0 is similar. O

(8.4.25)

Returning to basic observations about the product (8.4.2), we note that
it is uniquely determined as the R-bilinear map O x QO — O satisfying

(O[,O) : (’Y?O) = (O‘% 0)7 (075) : (/ya 0) = (O)/Bi)v
(a70) : (075) = (07 50‘)7 (07 ﬁ) ) (075) = (_367 0)7
for a, 8,7,0 € H. In particular, H & 0 is a subalgebra of O, isomorphic to

H. As we will see, O has lots of subalgebras isomorphic to H. First, let us
label the “standard” basis of O as

1= (170)’ €1 = (i70)7 €2 = (j,O), 63:(k70)7
fO:(Ovl)’ flz(oai)v f2:(07j)’ f3:(05k)5
and describe the associated multiplication table. The mutiplication table for
1,e1,e2,e3 is the same as (8.1.2)—(8.1.3), of course. We also have f7 = —1

and all the distinct e, and f,, anticommute. These results are special cases
of the fact that

(8.4.26)

(8.4.27)

(8.4.28) w,v € Im(0), |u| =1, (u,v) =0= 1> = -1 and wv = —vu,

which is a consequence of (8.4.15).
To proceed with the multiplication table for O, note that (8.4.26) gives

(8.4.29) (@, 0) fo = (0, ),

(8.4.30) esfo=fo, 1<0<3.
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By (8.4.28), foeq = —f;. Using the notation €1 = i,e90 = j,e3 = k € H, we
have
(8.4.31) eofm = (€0,0) - (0,em) = (0,emer), 1<€,m <3,

and the multiplication table (8.1.2)—(8.1.3) gives the result as — fy if £ = m,
and £f, if £ # m, where {{,m,u} = {1,2,3}. Again by (1.28), fie; =
—egfm-. To complete the multiplication table, we have

(8.4.32) fofm =1(0,1)-(0,em) = (m,0) =€, 1<m <3,
and

(8.4.33) fofm = (0,e0) - (0,em) = (Emer,0) = emer, 1< €,m <3.

The following is a succinct summary of the results described above on
the multiplication table for @. In each row listed in (8.4.34), consisting of
three elements (say u;), Span{1,u1,u2,us} is an algebra, isomorphic to H
under ¢ — uy,j —> ug, k — us.

i k

(&) €9 €3

e fo fe

(8.4.34) n e £,
P el f3

/3 ) 1

Following [5], we depict in Figure 8.4.1 a diagram of this multiplication
table. In each case, one has a triple recorded in (8.4.34), lying along a line
(or a circle), equipped with an arrow indicating the appropriate order.

We turn to the task of constructing subalgebras of O@. To start, pick

(8.4.35) u; € Im(0Q), such that |ui| = 1.

By (8.4.28), u? = —1, and we have the subalgebra of O,

(8.4.36) Span{1,u;} ~ C.

To proceed, pick

(8.4.37) ug € Im(Q), such that |ug| =1 and (ug,uz) =0,
and set

(8.4.38) U3z = Uju.

By (8.4.28),

(8439) u% = —1, and ugu; = —ujus = —ugs.
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f3
[} €1
fo
fi o fa
Figure 8.4.1. Multiplication table schematic for O
Note that
(8.4.40) Reus = Re(ujuz) = —(uy,uz) = 0.
Also, by (8.4.16), |us| =1, so
(8.4.41) 1 = ugliz = —u3.
Furthermore, by (8.4.3),
urug = ui(urue) = (uquq)us = —ue, and
(8.4.42) ( )=t )
usug = (U1u2)u2 = Ul('UQ'LLQ) = —Uui.
Let us also note that
(8.4.43) U3z = up X u9.
Hence, by Proposition 8.4.2,
(8.4.44) <U3, U1> = <’LL3,UQ> = 0,
and, again by (8.4.28), ugu; = —ujus and uguz = —usug. Thus we have for

each such choice of u; and uy a subalgebra of O,

(8.4.45) Span{1, ui,ug,us} ~ H.
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At this point we can make the following observation.

Proposition 8.4.3. Given any two elements x1,z5 € Q, the algebra A
generated by 1,x1, and xo is isomorphic to either R,C, or H. In particular,
1t 1S associative.

Proof. Consider V- = Span{l,z1,2z2}. If dimV = 1, then A ~ R. If
dimV = 2, the argument yielding (8.4.36) gives A ~ C. If dimV = 3,
then Imx; and Imx, are linearly independent. We can pick orthonormal

elements u; and ug in their span. Then A is the algebra generated by 1, w1,
and ug, and the analysis (8.4.35)—(8.4.45) gives A ~ H. O

The last assertion of Proposition 8.4.3 contains (8.4.3) and (8.4.17) as
special cases. The failure of O to be associative is clearly illustrated by
(8.4.31), which implies

(8.4.46) eo(emfo) = (emer)fo, for 1 <£,m <3,

S0

(8.4.47) ee(emfo) = —(ecem) fo, if £#m.

Bringing in also (8.4.33) yields

(8.4.48) fe(emfo) = emee, while (frem)fo = erem.
We next explore how the subalgebra

(8.4.49) A = Span{1,ui,ug,us},

from (1.44), interacts with its orthogonal complement A+, Pick

(8.4.50) vo € AL, Jup| = 1.

Note that vy € F(0). Taking a cue from (8.4.30), we set

(8.4.51) vp = ugpvg, 1<€<3.

Note that Rvy, = —(ug, vg) = 0, so vy € I(0). We claim that
(8.4.52) {vo, v1,v2,v3} is an orthonormal set in Q.

To show this, we bring in the following operators. Given z € O, define the
R-linear maps

(8.4.53) Ly,Ry : O — 0, Lyy=uxy, Ryy=vyx.
By (1.16), for y € O,
(8.4.54) |z] =1 = |Lyy| = |[Ray| = yl.

Hence L, and R, are orthogonal transformations. Since the unit sphere in
O is connected, det L, and det R, are = 1 for such x, so

(8.4.55) 2| = 1 = Ly, R, € SO(0).
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Hence R,, € SO(0). Since

(8.4.56) vo = Ryy1, vy = Ryyup for 1 <0<3,
we have (8.4.52). We next claim that
(8.4.57) ve Lty Ve€m e {1,2,3}.

In fact, since L,,, € SO(0),

(Ve, U ) = (Upvg, Um) = (Ue(Ugvo), Upttp,)

(5:4.55) — ()0, ) = (00, ) = 0.
the third identity by (8.4.3).
It follows that
(8.4.59) AL = Span{uvg, v1,v2, v3}.
Consequently
(8.4.60) {1, u1,u2,us,vo,v1,v2,v3} is an orthonormal basis of O.
Results above imply that
(8.4.61) Ry, : A = AL
Such an argument applies to any unit length v 1 A. Consequently
(8.4.62) reA ye At = zy e A
Noting that if also z € Im(Q) then xy = —yz, we readily deduce that
(8.4.63) e A ye At = yz e AL
Furthermore, since |z| =1 = Lg, R, € SO(0), we have
(8.4.64) T €A = L, R,: A" — A,
hence
(8.4.65) z,y € At = zy € A
Note that for the special case
(8.4.66) H=H®0, H' =00H,

the results (8.4.62)—(8.4.65) follow immediately from (8.4.26).

We have the following important result about the correspondence be-
tween the bases (8.4.27) and (8.4.60) of Q.

Proposition 8.4.4. Let up,vy € Im(Q) be given as in (8.4.49)—(8.4.51).
Then the orthogonal transformation K : O — O, defined by

(8.4.67) Kl=1 Key=wy, Kfr=wvy,
preserves the product on Q:

(8.4.68) K(zy) = K(2)K(y), Vaz,y€O.
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That is to say, K is an automorphism of Q.

Proof. What we need to show is that {u1,ug, us, vo, v1,ve,v3} has the same
multiplication table as {e1,es,es, fo, f1, f2, f3}. That products involving
only {u,} have such behavior follows from the arguments leading to (8.4.45).
That esfo = fr is paralleled by upvg = vy, for 1 < ¢ < 3, is the definition
(8.4.51). It remains to show that the products usv,, and vev,, mirror the
products e fm, and fyfm, as given in (8.4.31)—(8.4.33).

First, we have, for 1 <m < 3,
(8.4.69) VOUm = —Umo = —(Um00)vo = —Um (Vov0) = U,

mirroring (8.4.32). Mirroring the case £ = m of (8.4.31), we have

(8.4.70) wpvg = ug(ugvo) = (ugug)vo = —vo.
The analogue of (8.4.31) for £ = m is simple, thanks to (8.4.15):

It remains to establish the following:
(8.4.72)  wpvy = (Upmug)ve, VU = upug, for 1< 4m <3, £ #m.

Expanded out, the required identities are

(8.4.73) up(umvo) = (umug)vo, 1<£€,m <3, £#m,
and
(8.4.74) (wpvg) (Umvo) = umug, 1 <€,m <3, £#m.

O

Such identities as (8.4.73)—(8.4.74) are closely related to an important
class of identities known as “Moufang identities,” which we now introduce.

Proposition 8.4.5. Given z,y,z € O,

(8.4.75) (ryx)z = x(y(x2)), 2(zyxr) = ((zx)y)z,
and
(8.4.76) (xy)(zx) = z(yz).

Regarding the paucity of parentheses here, we use the notation zwx to
mean

(8.4.77) zwz = (zw)r = x(wx),

the last identity by (8.4.3). Note also that the two identities in (8.4.75) are
equivalent, respectively, to

(8.4.78) Laye = LoLyLy, and Rpye = RyRyR..
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A proof of Proposition 8.4.5 will be given later in this section. We now show
how (8.4.75)—(8.4.76) can be used to establish (8.4.73)—(8.4.74).

We start with (8.4.74), which is equivalent to
(8.4.79) (Vo) (UmVo) = Uplipy,.
In this case, (8.4.76) yields

(vowe) (umvo) = vo(uetim)vo
(8.4.80) = —(upum)vovg (if £ # m)
= UgUm,

via a couple of applications of (8.4.15). This gives (8.4.74).

Moving on, applying L,,, we see that (8.4.73) is equivalent to

(8.4.81) vo (e (Umvo)) = vo(umug)vo,
hence to
(8.4.82) vo(ug(Votm)) = vo(Uetim )vo.

Now the first identity in (8.4.75) implies that the left side of (8.4.82) is equal
to

(8.4.83) (VoUpVY ) Uy, = Uply,

the latter identity because vouyvg = —upvovg = ug. On the other hand, if
£ # m, then

(8.4.84) Vo (Uptm )V = — (Uplp, ) VoV) = Uplim,

agreeing with the right side of (8.4.83). Thus we have (8.4.82), hence
(8.4.73).

Rather than concluding that Proposition 8.4.4 is now proved, we must
reveal that the proof of Proposition 8.4.5 given below actually uses Propo-
sition 8.4.4. Therefore, it is necessary to produce an alternative endgame to
the proof of Proposition 8.4.4.

We begin by noting that the approach to the proof of Proposition 8.4.4
described above uses the identities (8.4.75)—(8.4.76) with

(8.4.85) T =vg, Y=uUy Z=Up, LFm,

hence xy = —vy, 22 = vy, yz = tup, {h,{,m} = {1,2,3}. Thus the appli-
cation of the first identity of (8.4.75) in (8.4.83) is justified by the following
special case of (8.4.78):

Proposition 8.4.6. If {u,v} € Im(Q) is an orthonormal set, then

(8.4.86) Luww = Ly = LyLyLy.
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Proof. Under these hypotheses, u?> = —1 and uwv = —wvu. Bringing in
(8.4.3), we have
(8.4.87) wu = —u’v = v,

which gives the first identity in (8.4.86). We also have

(8.4.88) a € Im(Q) = L2 = L2 = —|a*1,
the first identity by (8.4.3). Thus
—2I=L2 = (Ly+Ly,)(Ly+ Ly
oo
S0
(8.4.90) LyL,=—L,L,,
and hence
(8.4.91) LyLyLy = —L,L? = Ly,
giving the second identity in (8.4.86). O

As for the application of (8.4.76) to (8.4.80), we need the special case

(8.4.92) (uv)(wu) = u(vw)u,

for u = vo,v = up,w = Uy, ¥ # m,1 < €;m < 3 (so uv = —vy), in which
cases

(8.4.93) {u,v,w,uv}, {u,vw} C Im(0), are orthonormal sets.

In such a case, u(vw)u = —(vw)u? = vw, so it suffices to show that
(8.4.94) (uv)(wu) = vw,

for

(8.4.95) {u,v,w,uv} C Im(0), orthonormal.

When (8.4.95) holds, we say {u,v,w} is a Cayley triangle. The following
takes care of our needs.

Proposition 8.4.7. Assume {u,v,w} is a Cayley triangle. Then
(8.4.96) v(uw) = —(vu)w,

(8.4.97) (uwv,uw) =0,  so {u,v,uw} is a Cayley triangle,
and (8.4.94) holds.
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Proof. To start, the hypotheses imply

(8.4.98) vu=—uv, vw=-—-wv, uw=-wu, (Vu)w=—w(vu),
v(uw) + (vu)w = —v(wu) — w(vu)
= (v + wHu — (v + w)(vu + wu
510) = (= (v w)loutwu)
=(w+w)u—(v+w)((v+ w)u)
=0,
and we have (8.4.96). Next,
(8.4.100) (uwv, uw) = (Lyv, Lyw) = (u,w) =0,

since L, € SO(Q). Thus {u,v,uw} is a Cayley triangle. Applying (8.4.96)
to this Cayley triangle (and bringing in (8.4.3)) then gives

(vu) (uw) = —v(u(uw))
(8.4.101) = —v(u*w)

= vw,

yielding (8.4.94). O
At this point, we have a complete proof of Proposition 8.4.4.
The automorphism group of O
The set of automorphisms of @ is denoted Aut(Q). Note that Aut(O)
is a group, i.e.,
(8.4.102) Kj € Aut(0) = KKy, K;' € Aut(0).

Clearly K € Aut(O) = K1 = 1. The following result will allow us to
establish a converse to Proposition 8.4.4.

Proposition 8.4.8. Assume K € Aut(Q). Then

(8.4.103) K : Im(0) — Im(O).
Consequently

(8.4.104) Kz =Kz, VYze€O,
and

(8.4.105) |Kz| = |z|, VzeO,

so K : O — Q is an orthogonal transformation.
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Proof. To start, we note that, given € Q, z? is real if and only if either
x is real or € Im(Q). Now, given u € Im(Q),
(8.4.106) (Ku)? = K(u?) = —|u]?K1 = —|ul*> (real),

so either Ku € Im(Q) or Ku = a is real. In the latter case, we have
K(a~'u) = 1, so a~'u = 1, so u = a, contradicting the hypothesis that
u € Im(O). This gives (8.4.103). The result (8.4.104) is an immediate
consequence. Thus, for z € Q,

(8.4.107) |Kz|> = (Kz)(Kz) = (Kz)(KT) = K(2T) = |z,

giving (8.4.105). O

Now, given K € Aut(Q), define uy, ug, and vy by
(8.4.108) uy = Kel, U = K62, Vo = Kfo.
By Proposition 8.4.8, these are orthonormal elements of Im(Q). Also, A =
K(H), spanned by 1,u1,u2, and ujus = uj X ug, is a subalgebra of O, and

vo € AL. These observations, together with Proposition 8.4.4, yield the
following.

Proposition 8.4.9. The formulas (8.4.108) provide a one-to-one correspon-
dence between the set of automorphisms of O and

the set of ordered orthonormal triples (u1,u2,v) in Im(Q)
(8.4.109)  such that vg is also orthogonal to uy x ug, that is,

the set of Cayley triangles in Im(Q).

It can be deduced from (8.4.109) that Aut(Q) is a Lie group of dimension
14.

We return to the Moufang identities and use the results on Aut(O)
established above to prove them.

Proof of Proposition 8.4.5. Consider the first identity in (8.4.75), i.e.,
(8.4.110) (zyz)z = 2(y(x2)), Vw,y,2€0.

We begin with a few simple observations. First, (8.4.110) is clearly true if any
one of z,y, z is scalar, or if any two of them coincide (thanks to Proposition
8.4.3). Also, both sides of (8.4.110) are linear in y and in z. Thus, it suffices
to treat (8.4.110) for y, z € Im(@). Meanwhile, multiplying by a real number
and applying an element of Aut(Q), we can assume x = a + e;, for some
a € R.

To proceed, (8.4.110) is clear for y € Span(1, z), so, using the linearity in
y, and applying Proposition 8.4.9 again, we can arrange that y = ey. Given
this, (8.4.110) is clear for z € H = Span(1, ea, ea,e3 = e1e2). Thus, using
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linearity of (8.4.110) in z, it suffices to treat z € H*, and again applying an
element of Aut(Q), we can assume z = f.

At this point, we have reduced the task of proving (8.4.110) to checking
it for

(8.4.111) r=a+e, y=ey, z=/f1, a€R,

and this is straightforward. Similar arguments applied to the second iden-
tity in (8.4.75), and to (8.4.76), reduce their proofs to a check in the case
(8.4.111). O

We next look at some interesting subgroups of Aut(Q). Taking Sp(1) to
be the group of unit quaternions, as in (8.1.27), we have group homomor-
phisms

(8.4.112) a,f: Sp(l) — Aut(0),
given by

a(€)(¢,n) = (ECE,€nk),
BE)(Cm) = (¢, &n),

where (,n € H define (¢,n) € 0. As in (8.1.33)—(8.1.39), for £ € Sp(1),
7(€)¢ = £CE gives an automorphism of H, and it commutes with conjuga-
tion in H, so the fact that «(§) is an automorphism of O follows from the
definition (8.4.2) of the product in Q. The fact that 5(&) is an automorphism
of O also follows directly from (8.4.2). Parallel to (8.1.37),

(8.4.114) Kera = {£1} C Sp(1),

so the image of Sp(1) under « is a subgroup of Aut(Q) isomorphic to SO(3).
Clearly [ is one-to-one, so it yields a subgroup of Aut(Q) isomorphic to
Sp(1).

These two subgroups of Aut(Q) do not commute with each other. In
fact, we have, for & € Sp(1), (¢,n) € O,

a(&1)B(&2)(C,n) = (&1¢E1, E1&2mEy),
B(&)a(&1)(¢m) = (&1¢E1, E261m&y).
Note that, since &¢1 = £1(€,£261),

(8.4.113)

(8.4.115)

(8.4.116) B(&a)a(ér) = a(ér)B(E1&261).
It follows that
(8.4.117) G ={a(&1)B(&) : §; € Sp(1)}

is a subgroup of Aut(Q). It is clear from (8.4.113) that each automorphism
a(€&1), B(&2), and hence each element of Gy, preserves H (and also H*). The
converse also holds:
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Proposition 8.4.10. The group Gy is the group of all automorphisms of
O that preserve H.

Proof. Indeed, suppose K € Aut(Q) preserves H. Then K|y is an au-
tomorphism of H ~ H. Arguments in the paragraph containing (8.1.38)—
(8.1.41) imply that there exists £ € Sp(1) such that K|y = a(&1)|y, so
Ko = a(é)71K € Aut(0) is the identity on H. Now Kofi = (0,&) for
some & € Sp(1), and it then follows from Proposition 1.7 that Ky = 5(&2).
Hence K = a(&1)5(&2), as desired. O

For another perspective on G, we bring in

(8.4.118) a:Sp(l) — Aut(0), a(§) = B(§)alf).
Note that
(8.4.119) a(€)(¢,m) = (£¢& né),

so & is a group homomorphism. Another easy consequence of (8.4.119) is
that &(&1) and S(&2) commute, for each & € Sp(1). We have a surjective
group homomorphism

(8.4.120) ax B:Sp(1) x Sp(l) — Gy.

Note that Ker(a x g) = {(1,1),(—1,—1)}, with 1 denoting the unit in H.
Comparison with (8.2.33)—(8.2.34) and Lemma 8.2.3 gives

(8.4.121) Gy = SO(4).

We now take a look at one-parameter families of automorphisms of O,
of the form

(8.4.122) K@t)=¢", AeL(0),

where e is the matrix exponential, introduced in §3.7. To see when such

linear transformations on OQ are automorphisms, we differentiate the identity

(8.4.123) K(t)(ay) = (K(®)2)(K(®)y), @,y €0,
obtaining

(8.4.124) A(zy) = (Az)y + z(Ay), z,y<€O.
When (8.4.124) holds, we say

(8.4.125) A € Der(0).

Proposition 8.4.11. Given A € L(0), !4 € Aut(0Q) for allt € R if and
only if A € Der(0).
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Proof. The implication = was established above. For the converse, suppose
A satisfies (8.4.124). Take z,y € O, and set

(3.4.126) X(t) = (") (ey).
Applying d/dt gives

% = (Aea)(eMy) + (M) (Aety)
(8.4.127) = A((ez)(e'y))

the second identity by (8.4.124). Since X (0) = zy, it follows from the
uniqueness argument in (3.7.11)—(3.7.16) that

(8.4.128) X(t) = e (zy),
so indeed et € Aut(0). O

The set Der(Q) has the following structure.
Proposition 8.4.12. Der(Q) is a linear subspace of L(Q) satisfying
(8.4.129) A, B € Der(0) = [A, B| € Der(0),
where [A, Bl = AB — BA. That is, Der(Q) is a Lie algebra.

Proof. That Der(Q) is a linear space is clear from the defining property
(8.4.124). Furthermore, if A, B € Der(Q), then, for all z,y € O,

AB(zy) = A((Bz)y) + A(z(By))
(54:130) — (ABx)y + (Ba)(Ay) + (Ax)(By) + 2(ABy),
and similarly
(8.4.131) BA(zy) = (BAz)y + (Az)(By) + (Bz)(Ay) + z(BAy),
(8‘4’132) [A7 B](xy) = ([A,B]:z:)y—i—x([A, B]y),
and we have (8.4.129). O

By Proposition 8.4.8, if A € Der(Q), then e*4 is an orthogonal transfor-
mation for each t € R. As in Exercise 9 of §3.7, we have

(8.4.133) (e!)r = 4",
SO
(1.128) A € Der(0) = A* = —A,

i.e., A is skew-adjoint. It is clear that

(8.4.134) A € Der(0) = A : Im(0) — Im(Q),
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and since Im(Q) is odd dimensional, the structural result Proposition 3.3.4
implies

(8.4.135) A € Der(0) = N (A) N Im(0) £ 0.

Aslong as A # 0, we can also deduce from Proposition 3.3.4 that Im(Q) con-
tains a two-dimensional subspace with orthonormal basis {u1, ug}, invariant
under A, and with repect to which A is represented by a 2 x 2 block

(8.4.136) <2 _o/\) .

Then, by (1.118),
A(ul’LLg) = (Aul)uz + uq (A’LLQ)
(8.4.137) = \uj — u?

sourug = up xXug € N(A)NIm(0). Asin (8.4.37)-(8.4.45), Span{l, uy, ug, us =
uiug} = A is a subalgebra of O isomorphic to H. We see that A preserves
A, so the associated one-parameter group of automorphisms e*4 preserves

A.

Using Proposition 8.4.9, we can pick K € Aut(Q) taking A to H, and
deduce the following.

Proposition 8.4.13. Given A € Der(Q), there exists K € Aut(Q) such
that

(8.4.138) Ke K1 e Gy, VYteR.

Note that then
(8.4.139) K K1 = ¢tA, A= KAK™! € Der(0),
and (8.4.138) is equivalent to
(8.4.140) A:H—H, AecDer(0),

which also entails A : H+ — HL, since A is skew-adjoint. When (8.4.140)
holds, we say

(8.4.141) Ae Dy
Going further, suppose we have d commuting elements of Der(Q):
(84142) Aj € Der(@), AJAk = AkAj, 3. k€ {1, ce ,d}

A modification of the arguments leading to Proposition 3.3.4 yields a two-
dimensional subspace of Im(Q), with orthonormal basis {uy, us}, invariant
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under each A;, with respect to which each A; is represented by a 2 x 2 block
as in (8.4.136), with X replaced by A; (possibly 0). As in (8.4.137),

(8.4.143) Aj(ulug) = O, 1 S j S d,

so each A; preserves A = Span{l,uy, us,us = ujuz}, and so does each one-
parameter group of automorphisms e, Bringing in K € Aut(Q), taking
A to H, we have the following variant of Proposition 8.4.13.

Proposition 8.4.14. Given commuting A; € Der(Q), 1 < j < d, there
exists K € Aut(Q) such that

(8.4.144) KK teGy, VteR,je{l,... d}.

As a consequence, we have
(8.4.145) Aj=KAjK™ e Dy, AjAy= A A;, 1<jk<d
Consequently, edi are mutually commuting one-parameter subgroups of
Gy, ie.,
(8.4.146) etidi ¢ Gy, etidieteAr — et’“gketﬂ'gﬂ', 1<7,k<d.

One can produce pairs of such commuting groups, as follows. Take

(8.4.147) a(§1(t1)), B(&2(t2)) € G,

with 8 as in (8.4.112)-(8.4.113), & as in (8.4.118)-(8.4.119), and &,(¢) one-
parameter subgroups of Sp(1), for example

(8.4.148) &(t) =™, w, € Im(H) = Span{i, j, k}.

The exponential e/“” is amenable to a treatment parallel to that given in §3.7,
as seen in exercises at the end of §8.1. Mutual commutativity in (8.4.147)
follows from the general mutual commutativity of & and 8. The following
important structural information on Aut(Q) says d = 2 is as high as one
can go.

Proposition 8.4.15. If A; € Der(Q) are mutually commuting, for j €
{1,...,d}, and if {A;} is linearly independent in L(0), then d < 2.

Proof. To start, we obtain from A; the mutually commuting one-parameter
groups Ket4i K~ subgroups of G;,. Taking inverse images under the two-
to-one surjective homomorphism (8.4.120), we get mutually commuting one-
parameter subgroups v;(t) of Sp(1) x Sp(1), which can be written

et .
(8.4.149) v;(t) = ( egjt> , wj,o; € Im(H), 1<j<d.

Parallel to Proposition 3.7.6, this commutativity requires {w; : 1 < j < d}
to commute in H and it also requires {U]- : 1 < j < d} to commute in
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H. These conditions in turn require each w; to be a real multiple of some
w? € Im(H) and each o to be a real multiple of some o# € Im(H).

Now the linear independence of {A4; : 1 < j < d} in Der(Q) implies the
linear independence of {(wj,o;) : 1 < j < d} in Im(H) @ Im(H), and this
implies d < 2. U

We turn to the introduction of another interesting subgroup of Aut(Q).
Note that, by Proposition 8.4.9, given any unit u; € Im(Q), there exists
K € Aut(0) such that Ke; = u;. Consequently, Aut(0), acting on Im(Q)
as a group of orthogonal transformations, acts transitively on the unit sphere
S in Im(0) ~ R7, i.e., on S ~ S5 Referring to (A.3.30)—(A.3.31), we are
hence interested in the group

(8.4.150) {K € Aut(0) : Ke; = e1} = G,,.
We claim that
(8.4.151) Ge, = SU(3).

As preparation for the demonstration, note that each K € G, is an
orthogonal linear transformation on O that leaves invariant Span{l,e;},
and hence it also leaves invariant the orthogonal complement

(84152) V= Span{la 81}L = Span{eg, €3, f07 fla f27 f3}7

a linear space of R-dimension 6. We endow V with a complex structure.
Generally, a complex structure on a real vector space V' is an R-linear map
J : V. — V such that J? = —Iy. One can check that this requires dimg V'
to be even, say 2k. Then (V, J) has the structure of a complex vector space,
with

(8.4.153) (a+ib)v =av+bJv, a,beR, veV.

One has dim¢(V,J) = k. If V is a real inner product space, with inner
product (, ), and if J is orthogonal (hence skew-adjoint) on V', then (V,J)
gets a natural Hermitian inner product

(8.4.154) (u,v) = (u,v) +iu, Ju),

satisfying (3.1.5)—(3.1.7). If T': V' — V preserves ( , ) and commutes with
J, then it also preserves ( , ), so it is a unitary transformation on (V, J).

We can apply this construction to V' as in (8.4.152), with
(8.4.155) Jv = Le¢,v = ey,

noting that L., is an orthogonal map on O that preserves Span{1,e;}, and
hence also preserves V. To say that an R-linear map K : V — V is C-
linear is to say that K(eqv) = e1 K (v), for all v € V. Clearly this holds if
K € Aut(O) and Ke; = e;. Thus each element of G., defines a complex
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linear orthogonal (hence unitary) transformation on V, and we have an
injective group homomorphism

(8.4.156) Ge, — U(V, J).

Note that the 6 element real orthonormal basis of V' in (8.4.152) yields the
3 element orthonormal basis of (V,J),

(8.4.157) {ea, fo, fo},
since
(8.4.158) e3 =e1ez, fi=eifo, f3=—eifo

the latter two identities by (8.4.30)—(8.4.31). This choice of basis yields the
isomorphism

(8.4.159) UV, J) ~ U(3).
We aim to identify the image of G, in U(3) that comes from (8.4.156) and
(8.4.159).

To accomplish this, we reason as follows. From Proposition 8.4.9 it fol-
lows that there is a natural one-to-one correspondence between the elements

of G., and

the set of ordered orthonormal pairs {ug,vp} in V'

8.4.160
( ) such that also vy L ejug,

or, equivalently,
(8.4.161) the set of ordered orthonormal pairs {ugz,vo} in (V,J),

where (V,J) carries the Hermitian inner product (8.4.154). In fact, the
correspondence associates to K € G, (i.e., K € Aut(0) and Ke; = e;) the
pair

(84162) Ug = KEQ, Vo = Kfo

Then the image of Ge, in U(V, J) in (8.4.156) is uniquely determined by the
action of K on the third basis element in (8.4.157), as

(8.4.163) KfQ = K(62f0) = K(eg)K(fo) = U2y = U2 X o,

where we recall from (8.4.30) that fo = e fo, and the last identity in (8.4.163)
follows from (8.4.21).

From (8.4.160)—(8.4.161), it can be deduced that G, is a compact, con-
nected Lie group of dimension 8. Then (8.4.155) and (8.4.158) present G,
as isomorphic to a subgroup (call it G) of U(3) that is a compact, connected
Lie group of dimension 8. Meanwhile, dimU(3) =9, so G has codimension
1. We claim that this implies

(8.4.164) G = SU(3).
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We sketch a proof of (8.4.164), using some elements of Lie group theory.

To start, one can show that a connected, codimension-one subgroup of
a compact, connected Lie group must be normal (recall the definition from
(A.3.17)). Hence G is a normal subgroup of U(3). As in (A.3.27)—(A.3.29),
this implies U(3)/ Gis a group. This quotient is a compact Lie group of
dimension 1, hence isomorphic to S* = {z € C : |z| = 1}, and the projection
U(3) = U(3)/G produces a continuous, surjective group homomorphism

(8.4.165) 9:U(3) — S, Kerd=G.
Now a complete list of such homomorphisms is given by
(8.4.166) 9;(K) = (det K)?, j€Z\O0,

and in such a case, Ker¢; has |j| connected components. Then connectivity
of G forces ¥ = ¥4 in (8.4.165), which in turn gives (8.4.164).

It is useful to take account of various subgroups of Aut(Q) that are
conjugate to Gy (given by (8.4.117)) or to G, (given by (8.4.150)). In
particular, when A C Q is a four-dimensional subalgebra, we set

(8.4.167) Ga={K € Aut(0) : K(A) C A},
and if u € Im(Q), |u| = 1, we set
(8.4.168) Gy ={K € Aut(0) : Ku = u}.

We see that each group G4 is conjugate to G, and isomorphic to SO(4),
and each group G, is conjugate to G, , and isomorphic to SU(3).

It is of interest to look at G, N G,, where u and v are unit elements of
Im(Q) that are not collinear. Then
(8.4.169) GuNGy, ={K € Aut(0) : K = I on Span{u,v}}.

Now we can write Span{u,v} = Span{uj,us}, with u; = u,us L up, and
note that Ku; = u; = K(ujuz) = ujus, so (8.4.169) is equal to

(8.4.170) Ga={K € Aut(0) : K = I on A},

where A = Span{l,ui,ug,ujuz} is a four-dimensional subalgebra of Q.
Clearly

(8.4.171) GaC Gy, and Gy = Sp(l)~SU(2).

In fact, G4 is conjugate to Gy = S(Sp(1)), with 5 as in (8.4.112)—(8.4.113).
Extending (8.4.152), we have associated to each unit v € Im(Q) the
space

(8.4.172) Vi, = Span{1,u}*,
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and L, : V,, — V, gives a complex structure J, = Ly|y,, so (Vi,J,) is a
three-dimensional complex vector space. Parallel to (8.4.156), we have an
injective group homomorphism

(8.4.173) Gu — U(Va, Ju),

whose image is a codimension-one subgroup isomorphic to SU(3). Associ-
ated to the family (V,,, J,,) is the following interesting geometrical structure.
Consider the unit sphere S ~ S in Im(Q). There is a natural identification
of V,, with the tangent space T,,S to S at w:

(8.4.174) T.S = Vi,

and the collection of complex structures J, gives S what is called an almost
complex structure. Now an element K € Aut(Q) acts on S, thanks to
Proposition 8.4.8. Furthermore, for each v € 5,

(8.4.175) K :V, — Vg,
is an isometry, and it is C-linear, since
(8.4.176) veV,= K(u)=K(u)K(v).

Thus Aut(Q) acts as a group of rotations on S that preserve its almost
complex structure. In fact, this property characterizes Aut(Q). To state
this precisely, we bring in the following notation. Set

(8.4.177) ¢ Aut(Q) — SO(Im(0)), «(K) = K\Im(@).
This is an injective group homomorphism, whose image we denote
(8.4.178) Ab(0) = L Aut(0).

The inverse of the isomorphism ¢ : Aut(Q) — A*(Q) is given by

(8.4.179) HNay 77 SO(Im(0)) — SO(0),
§(Ko)(a+u) = a + Kou.

Our result can be stated as follows.

Proposition 8.4.16. The group T' of rotations on Im(Q) that preserve
the almost complex structure of S is equal to A®(Q), hence isomorphic to
Aut(0).

Proof. We have seen that A’(Q) C I'. It remains to prove that I' ¢ A*(Q),
so take Ky € T', and set K = j(Kj), as in (8.4.179). We need to show that
K € Aut(0). First, one readily checks that, if K = j(Kj), then

(8.4.180) K € Aut(0) <= K(uv) = K(u)K(v), Yu,v € Im(0),
and furthermore we can take |u| = 1. Now the condition Ky € I' implies

(8.4.181) Ko(uwv) = Ko(u)Ko(v), VYueIm(0), veV,.
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To finish the argument, we simply note that if Ky € I' and K = j(Kj), and
if u is a unit element of Im(Q) and v € V,,, then for all a € R,

K(u(au +v)) = K(—a + uv)

(8.4.182) = —a+ Ko(uv)
= —a + Ko(u)Ko(v),

while

(Ku)(K(au +v)) = (Kou)(aKou + Kov)
(8.4.183) = a(Kou)? + (Kou)(Kov)

= —a+ Ko(u)Ko(v).

This finishes the proof. O

Results discussed above provide an introduction to the structure of
Aut(0Q). In the theory of Lie groups, Aut(Q) has been shown to be iso-
morphic to a group denoted G3. The “2” comes from Proposition 8.4.15.
For further material on octonions and their automorphisms, and other con-
cepts introduced in this appendix, we refer to [21], [16], and [25], and also
to the survey article [3], and to Chapter 6 of [8].
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Appendixz A

Complementary results

Here we collect some results of use in various spots in the main text.

In Appendix A.1 we prove the Fundamental Theorem of Algebra, which
says that every nonconstant polynomial p(z) with complex coefficients has
a complex root, a result needed in our work on eigenvalues of a matrix
A € M(n,C). In brief, the proof starts with the observation that |p(z)| — oo
as |z|] — oo. This leads to the existence of zyp € C such that [p(zo)| is
minimal. Finally, we show that if p(z) is a nonconstant polynomial and
|p(z0)| is minimal, then p(zp) = 0.

In Appendix A.2 we explore the notion of “averaging” a set of rotations,
i.e., elements Aj,..., Ay € SO(n). We define the “R-average” of this set as
a minimizer of

N
(A.0.1) VX) =) IX - A7
j=1

over X € SO(n). Here we use the Hilbert-Schmidt norm. We analyze the
R-average by means of the polar decomposition of A = Ay + --- + Ay.

Appendix A.3 presents results on groups, examples of which arise at
several points in the text. Groups treated here include finite groups, such
as the set S, of permutations of n objects, which made an appearance in
the treatment of determinants, and also infinite groups, particularly matrix
groups, such as O(n) and U(n). One result discussed here is that if G is a
finite group, with n elements (we say o(G) = n) and H C G is a subgroup,
then o(H) divides o(G). From this we draw the corollary that if o(G) = n
and g € G, then

(A.0.2) g" =e,

333
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the identity element of G. Applying this to the multiplicative group of
nonzero elements of Z/(p) yields

(A.0.3) a1 =1, mod p,

whenever p is a prime and a € Z is not a multiple of p. We discuss an
application of this identity to a popular method of encryption.

Appendix A.4 treats algebraic extensions of fields. Given a field F and
a polynomial P € Flz] with no root in F, we construct a new field F, as a
quotient of the polynomial ring F[z| by a certain ideal. This new field has
the property that there is a natural inclusion F — fﬁj, and F has a root of P.
Furthermore, I is a vector space over F and dimpF < co. Applying such a
construction to F = Z/(p), we obtain other finite fields. Every finite field
has p" elements, for some prime p and n € N. Conversely, for each such p
and n, we produce a field with p™ elements, and show it is unique, up to
isomorphism. These results form a natural complement to the material in
Chapter 6. However, their derivation makes essential use of material from
the first two sections of Chapter 7, so this appendix seems to be where they
fit best.
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A.1. The fundamental theorem of algebra

The following result is known as the fundamental theorem of algebra. It
played a crucial role in §2.1, to guarantee the existence of eigenvalues of a
complex n X n matrix.

Theorem A.1.1. If p(2) is a nonconstant polynomial (with complez coeffi-
cients), then p(z) must have a complex root.

Proof. We have, for some n > 1, a, # 0,
p(2) = a2 + -+ 4+ a1z + ag

Al1l
( ) = a,2" (14 R(2)), |z] = oo,
where
C

(A.1.2) |R(2)| < Bk for |z| large.
This implies
(A.1.3) lim |p(z)| = oo.

|z]—o0
Picking R € (0, 00) such that
A1.4 inf > |p(0)],
(A.1.4) I [p(2) > [p(0)]
we deduce that
Al5 inf = inf .
(A.1.5) ke [p(2)] = inf |p(2)]

Since D = {z : |z| < R} is closed and bounded and p is continuous, there
exists zg € D such that

Al = inf )
(A.1.6) [p(20)| = inf |p(2)|
The theorem hence follows from: O

Lemma A.1.2. If p(z) is a nonconstant polynomial and (A.1.6) holds, then
p(z0) = 0.

Proof. Suppose to the contrary that

(A.1.7) p(z0) =a # 0.
We can write
(A.1.8) p(z0 +¢) = a+q(¢),

where ¢({) is a (nonconstant) polynomial in ¢, satisfying ¢(0) = 0. Hence,
for some k > 1 and b # 0, we have ¢(¢) = b¢¥ + - + b,(", i.e.,

(A.1.9) 9(Q) = b¢" + (), QI <C (=0,
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so, with ( = ew, w € S' ={w : |w| =1},

(A.1.10) p(20 + ew) = a + bwke® 4 (ew)*lr(ew), e\, 0.
Pick w € S! such that
b a
A.1.11) —wF ==
( B " Tl

which is possible since a # 0 and b # 0. Then
b
(A.1.12) p(20 +ew) = a(l - ‘E’€k> + (ew)f iy (ew),

with 7(¢) as in (A.1.9), which contradicts (A.1.6) for € > 0 small enough.
Thus (A.1.7) is impossible. This proves Lemma A.1.2, hence Theorem A.1.1.
U

Now that we have shown that p(z) in (A.1.1) must have one root, we
can show it has n roots (counting multiplicity).

Proposition A.1.3. For a polynomial p(z) of degree n, as in (A.1.1), there
exist ri,...,m, € C such that

(A.1.13) p(2) = an(z —7r1) - (2 — ).

Proof. We have shown that p(z) has one root; call it 1. Dividing p(z) by
z —r1, we have

(A.1.14) p(z) = (z —m1)p(2) + g,

where p(2) = a,2" ' +--- + G and q is a polynomial of degree < 1, i.e., a
constant. Setting z = 1 in (A.1.14) yields ¢ = 0, i.e.,

(A.1.15) p(z) = (2 —r1)p(2).
Since p(z) is a polynomial of degree n — 1, the result (A.1.13) follows by
induction on n. U

REMARK 1. The numbers r;, 1 < j < n, in (A.1.13) are the roots of p(z).
If k& of them coincide (say with r), we say r; is a root of multiplicity k. If
re is distinct from r; for all j # ¢, we say r¢ is a simple root.

REMARK 2. In complex analysis texts one can find proofs of the fundamental
theorem of algebra that are a little shorter than the proof given above, but
that depend on more advanced techniques.
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A.2. Averaging rotations

Suppose A1, ..., Ay are rotation matrices on n-dimensional Euclidean space
R", ie., Aj € SO(n). We want to identify an element of SO(n) that repre-
sents an “average” of these rotations A;.

Part of our task is to produce a reasonable definition of “average” in this
context. If we simply average over all of M (n,R), we would have

(A.2.1) %Z, A=A+ + An.

However, typically this element of M (n,R) does not belong to SO(n). To
formulate a notion of average that will work for averaging over sets that are
not linear spaces, we start with the observation that A/N is obtained as the
minimizer of

N
(A.2.2) (X)) =D 11X — A%,
j=1

if we minimize over all X € M(n,R). Here we take the Hilbert-Schmidt
norm,

(A.2.3) |T||? = Tr T*T.
Guided by this, we make the following

Definition. Given Ay,..., Ay € SO(n), an element X € SO(n) that
minimizes (A.2.2) over SO(n) is said to be an R-average of {4, : 1 < j < N}.

Certainly (A.2.2) has a minimum, over SO(n), though the minimizer
might or might not be unique, as we will see in examples below. If the
minimizer is unique, we say it is the R-average.

We proceed to establish some properties of the R-average. We show that
it is determined by A = Ay + --- + Ay. How it is determined depends on
whether the determinant of A is positive, negative, or zero. We will give a
number of examples of collections of elements of SO(3) and compute their
R-averages.

The R-average
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We tackle the problem of computing R-averages of sets of elements of
SO(n). To analyze (A.2.2), write

IX — 4] = Tr (X* — A3)(X — 4))

(A.2.4) =Tr (XX — X"A; - A7 X + A7 Aj)
=2n—2Tr A7 X,

using X*X = A*A; = I. Hence we have

(A.2.5) Y(X)=2nN—2Tr A'X, A=A+ -+ Ay.

Thus the problem of minimizing (A.2.2) over X € SO(n) is equivalent to
the following problem:

(A.2.6) Maximize Tr A"X over X € SO(n).

We break the analysis into several cases:

CasE 1. A is invertible.
Take the polar decomposition of A:

(A.2.7) A=UP,

with U orthogonal and P positive definite. This polar decomposition is
unique; in particular P = (A*A)l/ 2. Then we are considering

(A.2.8) Tr A"X = Tr PU*X.

CasE IA. det A > 0.
In this case U € SO(n), so U*X runs over SO(n) in (A.2.8) as X runs over
SO(n), so the following result is useful.

Lemma A.2.1. If P is positive-definite on R™ and V' € SO(n), then
(A.2.9) Tr PV <Tr P,
with identity if and only if V =1.

Proof. Let vq,...,v, be an orthonormal basis of R", consisting of eigen-
vectors of P, Pv; = Ajvj, Aj > 0. Then
(A.2.10) Tr PV =) (PVuj,v5) = > X\(Vuj,v).

J J

We have (Vv;,v;) < 1, with equality if and only if Vv; = v;, given V' €
SO(n), and this proves the lemma. O

Corollary A.2.2. In Case IA, the minimum for (A.2.2) over X € SO(n)
18 achieved at one point:

(A.2.11) X =0,
with U € SO(n) given by the polar decomposition (A.2.7).
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CAsE IB. det 4 < 0.

In this case U in (A.2.7) is orthogonal but det U = —1; we say U € O~ (n).
Then U*X runs over O~ (n) in (A.2.8) as X runs over SO(n), so the following
result is useful.

Lemma A.2.3. If P is positive-definite on R™, with eigenvalues satisfying
0< A <A<~ < Ay, and V € O™ (n), then

(A.2.12) Tr PV < A+ -+ X2 — A1
If {vj} is an orthonormal basis such that Pv; = Ajvj, the mazimum is
achieved when Vv; = v; for j > 2 and Vv = —v;.

Proof. First suppose V is stationary for ¢ : O~ (n) - R, ¢(X) = Tr PX.
Differentiating ¢(Ve*?) at s = 0, we deduce that Tr PVZ = 0 for all
Z € Skew(n), hence PV is symmetric, so PV = V*P. Hence PV? = V*PV.
In particular Tr PV? = Tr P, and V2 € SO(n), so Lemma A.2.1 implies
V2 =1. Hence V*=V,so PV =VP.

The proof of Lemma A.2.3 is now straightforward if P has only simple

eigenvalues. In such a case Vv; = Fwv;, and the maximum of Tr PV is
assumed only for V' described in the lemma.

A similarly straightforward argument extends the treatment to the case
where P has multiple eigenvalues. We describe the result. Suppose the
distinct eigenvalues of P are A\ = p1 < --- < pup = A\,. Let Ej be the
pj-eigenspace. Then V' : E; — Ej for each j. For j > 1, Vg, is the
identity if (A.2.12) is maximized, and V|g, must be a reflection across some
hyperplane in FEj, so it has one eigenvalue equal to —1. ([

For 41 > 1, the set of (u — 1)-dimensional linear subspaces of R¥ is called
the (u — 1)-dimensional real projective space, and is denoted RP#~1.

Corollary A.2.4. In Case IB, the minimum for (A.2.2) over X € SO(n)
is achieved at

(A.2.13) X =UY,

where U € O~ (n) is given by the polar decomposition (A.2.7) andV € O~ (n)
is the identity on Ej for all j > 1 and an orthogonal reflection on Ey. Thus
the minimizer X 1is unique if dim Ey = 1. If dim E1 = pu > 1, the set of
minimizers for (A.2.2) is in one-to-one correspondence with RPH~L,

CAsE I1. A is not invertible.
We can still write

(A.2.14)

|

=UP.
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This time P = (A" A)'/2 is positive semi-definite, with null space N'(P) =
N(A). The factor U is a uniquely defined orthogonal linear map from the
range R(P) to R(A). We can extend U to provide an orthogonal linear
map from N (P) = R(P)* to R(A)*. Several such choices can be made.
Make one choice, and arrange that U € SO(n). Again we are considering
a function of the form (A.2.8); the only difference is that now P is only

positive semi-definite. Hence the following lemma is useful.
Lemma A.2.5. If P is positive semi-definite on R™ and V € SO(n), then
(A.2.15) Tr PV <Tr P,

with equality if and only if Vigpy = 1.

The proof is a simple analogue of the proof of Lemma A.2.1.

Corollary A.2.6. In Case II, the minimum for (A.2.2) over X € SO(n)
is achieved at

(A.2.16) X =UV,

where U € SO(n) is as described above for (A.2.14) and V is any element of
SO(n) such that V =1 on R(P). If dim N(A) = 1, then necessarily V. = I
on R"™ and X is unique. If dim N'(A) = p > 1 then the set of minimizers
for (A.2.2) is in one-to-one correspondence with SO(w).

REMARK. While the analysis above includes cases for which the R-average
is not unique, we mention that this situation has probability zero in the set
of random collections {41,..., Ay} C SO(n).

Examples

We illustrate the results established above with some examples. Let @Q
be the unit cube in R3, centered at the origin, with edges parallel to the
coordinate axes. Let G be the group of rotations of R? preserving Q. It is
known that G is a group of order 24, isomorphic to the symmetric group Sjy.
Furthermore, G is generated by rotations Ry, Ry., and R.,, where R, is
counterclockwise rotation by 90° in the zy-plane, etc. We will select various
subsets of G.

EXAMPLE 1. Let A1 = Ry, A2 = R,., A3 = R.;. Then

1 -1 1
(A.2.17) A=|1 1 -1|, det A=4.
-1 1 1
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A calculation gives A = UP with

L[5 -1 -1 L2 -1 2
(A.2.18) P=g|-1 5 -1), U=5|2 2 -1

-1 -1 5 3—122

This element U € SO(3) is the unique minimizer for (A.2.2), so U is the
R-average of A1, Ao, As.

EXAMPLE 2. Let Aj,..., Ass enumerate all the elements of the group G
described above. We claim that

(A.2.19) A=A+ + Ay =0.

Indeed, for each ¢, {AsA4; : 1 < j < 24} = G, so Ay)A = A. Hence v €
R3, w = Av = Ayw = w for each Ay, in particuler for Ay, Ay, A3 in Example
1. This forces w = 0.

In this case, the function ¢ : SO(3) — R defined by (A.2.2) is constant,
and hence achieves its minimum at each point of SO(3). Thus the R-average
of this set of rotations is completely arbitrary, an expression that this set of
rotations is evenly distributed in SO(3).

EXaAMPLE 3. Let Aj,..., Aos enumerate all the elements of G except the
identity. Then

(A.2.20) A=A+ +Ayg=—I, det A=-1.

We hence have A = UP with P = I, U = —I. Corollary A.2.4 applies and
we see that the minimum for (A.2.2) over X € SO(3) is achieved precisely
when

(A.2.21) X =—R,

where R is an arbitrary reflection across some 2D plane in R3. This set of
minimizers is in one-to-one correspondence with RP2.

EXAMPLE 4. Let Aq,..., A1 enumerate all the elements of G except the

three rotations R;y,, R,., and R., considered in Example 1. Hence (by
(A.2.17) and (A.2.19)),

1 -1 1
(A.2.22) A=A+ +Ay=—[1 1 —1], det A=—4.
-1 1 1
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(Anti)parallel to (A.2.18), we have A = UP with P as in (A.2.18) and

1 2 -1 2
(A.2.23) U=—3|2 2 -1]c0®)
-1 2 2
We note that the eigenvalues of P are A\; = 1, Ao = 2, A3 = 2; in particular
(A.2.24) Pe; + ez +e3) =e1 + ex + e3,

where {e;} is the standard orthonormal basis of R?. Corollary A.2.4 applies
and we see that (A.2.2) has the unique minimizer,

(A.2.25) X =UV,
where U is as in (A.2.7) and V € O7(3) has the property
(A.2.26) V(€1 + e + 63) = —(61 +eo + 63),

with V' = I on the orthogonal complement of the span of this vector. In
other words,

1 1 -2 =2
(A.2.27) v=gl-2 1 -2,
-2 =2 1

and hence the R-average in this case is

010
(A.2.28) X=10 01

1 00
Covariance

We mention a covariance property of the R-average. Namely, let
Ay,..., Ay € SO(n),
take U € SO(n), and set B; = UA; € SO(n). Then X is an R-average
of Ay,..., Ay if and only if UX is an R-average of By,...,By. This is
an obvious consequence of the definition in terms of (A.2.2). Similarly the

R-average is covariant with respect to A; — A;U for U € SO(n), and with
respect to A; — VAW, for VW € O~ (n).
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A.3. Groups

In addition to fields and vector spaces, and more generally rings and mod-
ules, discussed in the body of the text, there have appeared objects with
another algebraic structure, that of a group, which we briefly discuss in this
appendix. By definition a group is a set (G, endowed with an operation of
multiplication; that is, given a,b € GG, then ab is defined in G. The following
laws have to hold, for all a,b,c € G:

(A.3.1) Associative law : (ab)c = a(be),
(A.3.2) Identity element : Je e G, ea = ae = a,
(A.3.3) Inverse : Ja '€G, ata=aa ' =e.

If, in addition, we have
(A.3.4) ab="ba, Va,bed,

we say G is a commutative group (also called an Abelian group). We mention
that inverses have to be unique. Indeed, if a € G has a left inverse b and a
right inverse V', i.e., ba = e, ab’ = e, then we have

b(abt') = be =b, and

A3.5
( ) (ba)b' = et/ =V,

but the two left sides are equal, by (A.3.1), so b = b'. The reader can also
verify that if e and e’ € G both satisfy (A.3.2), then e = ¢’ (consider ee’).

A master source of groups arises as follows. Let X be a set, and let
II(X) denote the set of all maps

(A.3.6) ¢ : X — X that are ont-to-one and onto.

We define the group operation by composition: pi(z) = ¢(¢(x)). Then
(A.3.1)-(A.3.3) hold, with e € II(X) the identity map, e(x) = z, and ¢! the
mapping inverse to . When X = {1,...,n}, this group is the permutation
group Sy, introduced in (1.5.20). Also one calls S, the symmetric group on
n symbols.

If H is a subset of II(X) having the property that
(A.3.7) ecH, and a,be H=a"' abe H,

then H is a group. More generally, if G is a group and H C G satisfies
(A.3.7), then H is a group. We say H is a subgroup of G.

A number of special sets of matrices arising in the text are groups. These
include

(A.3.8) Gl(n.T),
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the group of invertible n x n matrices (with coefficients in F), introduced
near the end of §1.5, the subgroups

(A.3.9) U(n), SU(n)
of G4(n,C), and the subgroups
(A.3.10) O(n), SO(n)

of G¢(n,R), introduced in §3.4. When F = R or C, G¢(n, F) is an open subset
of the vector space M (n,F), and the group operations of multiplication,
Gl(n,F) x G¢(n,F) — Gl(n,F) and inverse G¢(n,F) — G{(n,F) can be
seen to be smooth maps. The groups (A.3.9)—(A.3.10) are smooth surfaces
in M(n,C), and M(n,R), respectively, and the group operations are also
smooth. Groups with such structure are called Lie groups. For this, methods
of multidimensional calculus are available to produce a rich theory. One can
consult [25] for material on this.

Most of the groups listed above are not commutative. If n > 3, 5, is
not commutative. If n > 2, none of the groups listed in (A.3.8)-(A.3.10) are
commutative, except SO(2). The case n =1 of (A.3.8) is also denoted

(A.3.11) F*={a€F:a#0}.

For any field F, F* is a commutative group. Whenever R is a ring with unit,
(A.3.12) R* ={a € R: a is invertible}

is a group (typically not commutative, if R is not a commutative ring).
When R = M (n,F), R* becomes (A.3.8).

When G is commutative, one sometimes (but not always) wants to write
the group operation as a+ b, rather than ab. Then we call G a commutative
additive group. This concept was introduced in §6.1, and we recall that
fields, and more generally rings, are commutative additive groups, endowed
with an additional multiplicative structure.

If G and K are groups, a map ¢ : G — K is called a (group) homomor-
phism provided it preserves the group operations, i.e.,
(A.3.13) a,b € G = p(ab) = p(a)p(b). ¢(e)=¢,

where ¢’ is the identity element of K. The second condition is actually
redundant, since p(e) = p(e-e) = p(e)p(e) forces p(e) = €¢’. Note that

go(a_l) = @(a)_l, since go(a)go(a_l) = go(aa_l) = p(e). Examples of group
homomorphisms include
(A.3.14) det : GU(n,F) — F*,

arising from Proposition 1.5.1, thanks to Propositions 1.5.3 and 1.5.6, and
(A.3.15) sgn: S, — {1,—1},
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introduced in (1.5.23), thanks to (1.5.24)—(1.5.28).
A group homomorphism ¢ : G — K yields a special subgroup of G,

(A.3.16) Kergp = {a € G: ¢(a) =e}.

In such a case, Ker ¢ has the property of being a normal subgroup of G,
where a subgroup H of GG is said to be a normal subgroup provided
(A.3.17) heH, ge G= g 'hgec H.
In the cases (A.3.14) and (A.3.15), these subgroups are
Sl(n,F)={A € Gl(n,F):det A=1}, and

(A.3.18)

Ap={r€ 5, :sgnT =1}
The group A, is called the alternating group.

A group homomorphism
(A.3.19) ¢ : G — GUl(n,TF)

is called a representation of G on the vector space F". More generally
(formally, if not substantially) if V' is an n-dimensional vector space over
F, we denote by G¢(V') the group of invertible linear transformations on V,
and call a homomorphism

(A.3.20) 0:G— GUV)

a representation of G on V. One way these representations arise is as follows.
Suppose X is a set, with n elements, and G acts on X, i.e., there is a
group homomorphism G — II(X). Let V be the space of all functions
f : X — F, which is an n-dimensional vector space over F. Then we define
a representation m of G on V' by

(A.3.21) n(a)f(z) = fla™'z), a€G, z€X, f: X =T

The study of representations of groups provides fertile ground for use of
linear algebra. We whet the reader’s appetite with one example. If ¢ and
1 are representations of G on finite dimensional vector spaces V and W,
respectively, there is a tensor product representation ¢ ® ¢ of G on V@ W,
satisfying

(A3.22) oY@ (vew)=y9(gvei(gw, geG veV, weW.

For further material on group representations, we refer to [25], [20], and
Chapter 18 of [11].

If G is a group and H C G a subgroup, we define the coset space G/H
as follows. An element of G/H consists of an equivalence class of elements
of GG, with equivalence relation

(A.3.23) g~¢g =g =gh for some he H.
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Equivalently, an element of G/H is a subset of G of the form
(A.3.24) gH ={gh:h e H},

for some g € G. Note that gH = ¢’H if and only if (E.23) holds. There is a
natural action of G on the space X = G/H, namely

(A.3.25) g-(¢'H) = gg'H.

We see that this action is transitive, where generally the action of G on a
set X is transitive if and only if

(A.3.26) Vo, € X, gr=21a" forsome g€ G.

The coset space G/H gets a group structure provided H is normal, i.e.,
provided (A.3.17) holds. Then we can define

(A.3.27) (9H)(g'H) = g'H,

and use (A.3.17) to show that this puts a well defined group structure on
G/H. In such a case, we get a group homomorphism

(A.3.28) m:G— G/H, mw(g9)=gH,
and
(A.3.29) Kerm = H.

Let us look further at transitive group actions. Whenever a group G
acts transitively on X, we can fix p € X and set

(A.3.30) H={geG:g9-p=p}.

Then H is a subgroup of G, and the map

(A.3.31) F:G/H— X, F(gH)=g9-p,

is well defined, one-to-one, and onto. As an example of this, take
(A.3.32) G=80(n), X=8"1 p=e,,

where S"~ ! = {z € R" : |z| = 1} is the unit sphere and e, is the nth
standard basis vector in R™. The group SO(n) acts transitively on S"~!,
and one can show that the set of elements of SO(n) that fix e, consists of

those matrices
(h 1) , heSO(n-1).

As another example, take

(A.3.33) G=S, X={l,...,n}, p=n.
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Then the set of elements of S,, that fix p consists of permutations of {1, ..., n—
1}, and we get a subgroup H =~ S,,_1. For other transitive actions of S,,
one can fix k € N, 1 < k < n, and consider

(A3.34) Xj, = collection of all subsets of {1,...,n} with k elements.

Then S, naturally acts on each set X, ,,, and each such action is transitive.
Note that the number of elements of X}, ,, is given by the binomial coefficient

(A.3.35) <Z> = k'(n"lk)‘

The procedure (A.3.27) gives a representation of S, on R(:). In such a
case, if p = {1,...,k}, a permutation 7 € S,, fixes p under this action if
and only if 7 acts as a permutation on {1,...k} and as a permutation on
{k+1,...,n}. Thus the subgroup H of S,, fixing such p satisfies

(A.3.36) H ~ S X Sp,

where, if H; and Hy are groups, Hy x Hy consists of pairs (hi, he), hj € Hj,
with group law (hy, he) - (R}, hb) = (hih], hahb).

Groups we have discussed above fall into two categories. One consists of
groups such as those listed in (A.3.8)—(A.3.10), called Lie groups. Another
consists of finite groups, i.e., groups with a finite number of elements. We
end this appendix with some comments on finite groups, centered around
the notion of order. If G is a finite group, set o(G) equal to the number of
elements of G. More generally, if X is a finite set, set

(A.3.37) o(X) = number of elements of X.
In the group setting we have, for example,
(A3.38)  o(S) =nl, o(Z/(n))=n, G=(Z/(p)" =o(G)=p—1,

where in the second case Z/(n) is an additive commutative group, and the
third case is a special case of (A.3.11). The following is a simple but powerful
classical observation.

Let G be a finite group and H a subgroup. The description of G/H
given above shows that G is partitioned into o(G/H) cosets gH, and each
coset has o(H) elements. Hence

(A.3.39) o(G)=0(H) -o(G/H).
In particular,
(A.3.40) H subgroup of G = o(H) divides o(G).

This innocent-looking observation has lots of interesting consequences.

For example, gien g € G, g # ¢, let
(A.3.41) I(g) ={¢": k ez}
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be the subgroup of G generated by g. Since G is finite, so is I'(g), so there
exist k, ¢ € 7Z such that g* = ¢, hence there exists j = k — ¢ € Z such that
g; = e. It is clear that the set of such j is a subgroup of Z (hence an ideal
in Z), so it is generated by its smallest positive element, call it 7. Then

(A.3.42) I'(g)={e,g,...,47'}, so o(I'(g)) =7, and ¢" =e.

It follows that ¢/7 = e for all j € Z. By (A.3.40), v divides o(G). This
proves the following.

Proposition A.3.1. If G is a finite group and g € G, then
(A.3.43) k=0(G) = ¢"=e.
An interesting corollary of this result arises for
(A.3.44) G=(Z/(p)*, o(G)=p-1.
Then Proposition A.3.1 implies that
(A.3.45) a’”!' =1 mod p,

when p is a prime and a # 0 mod p. See Exercise 3 of §6.1 (addressing
(6.1.27)) for an application of this result. More generally, one can consider

(A.3.46) G =(Z/(n))",

whose elements consist of (equivalence classes mod n of) integers k such that
ged(k,n) = 1. Applying Proposition A.3.1 to (A.3.46) yields a generalization
of (A.3.45), whose formulation we leave to the reader.

The identity (A.3.45) also plays an important role in a certain type of
“public key encryption.” We end this appendix with a brief description of
how this works, filling in the mathematical details of a nontechnical discus-
sion given in Chapter 9 of [14]. The ingredients consist of the following

A. SECRET DATA: p, q (distinct large primes) g € N.
B. PUBLIC DATA: pq, o € N (the “key”).

C. MESSAGE: a € {1,...,pq}.

D. ENCRYPTED MESSAGE: b = a“ mod pgq.

E. DECRYPTED MESSAGE: b® = a mod pq.
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The secret number 8 has the crucial property that
(A.3.47) af=1mod (p—1)(¢—1).

The identity of 8 could be deduced easily from knowledge of p, g and «, but
not so easily from the knowledge merely of pg and « (assuming that it is
hard to factor pq).

Here is how a person who knows the public data encrypts a message and
sends it to a recipient who knows the secret data. Let us say Bill knows
the secret data and lots of people know the public data. Joe wants to send
a message (digitized as a) to Bill. Joe knows the public data. (So do the
members of the nefarious international spy organization, Nosy Snoopers,
Inc., from whom Joe wants to shield the message.) Joe takes the message
a and uses the public data to produce the encrypted message b. Then Joe
sends the message b to Bill. There is a serious possibility that nosy snoopers
will intercept this encrypted message.

Bill uses the secret data to convert b to a, thus decrypting the secret
message. To accomplish this decryption, Bill makes use of the secret number
B, which is not known to Joe, nor to the nosy snoopers (unless they are
capable of factoring the number pq into its prime factors). As indicated
above, Bill computes b® mod pq, and, so we assert, this produces the original
message.

The mathematical result behind how this works is the following.

Theorem A.3.2. Let p and q be distinct primes. Assume that o« and 3 are
two positive integers satisfying (A.3.47). Then

(A.3.48) a®® =a mod pg, VaceZ.

The key step in the proof is the following.
Lemma A.3.3. In the setting of Theorem A.3.2,
(A.3.49) aP @y = ¢ mod pq.

Proof. Asin (A.3.45), we have

(A.3.50) a1 =1modp, if a0 mod p,
S0

(A.3.51) a® @) =1 mod p, if a0 mod p.
Thus

(A.3.52) a?~D=Dg = ¢ mod p, Va€Z,
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since this holds trivially if @ = 0 mod p, and otherwise follows from (A.3.51).
Similarly

(A.3.53) aP~@ g = ¢ mod ¢,
and together (A.3.52) and (A.3.53) imply (A.3.49). O

Having (A.3.49), we can multiply repeatedly by a1 and obtain
(A.3.54) =D+ = 4 mod pg, Va € Z,

whenever m is a positive integer. This yields (A.3.48), proving Theorem
A.3.2.

The success of this as an encryption device rests on the observation
that, while the task of producing k-digit primes p and ¢ (say with the initial
k/2 digits arbitrarily specified) increases in complexity with k, the difficulty
of the task of factoring the product pg of two such into its prime factors
increases much faster with k. (Warning: this is an observation, not a the-
orem.) Anyway, for this scheme to work, one wants p and ¢ to be fairly
large (say with several hundred digits), and hence o and 8 need to be fairly
large. Hence one needs to take a (having numerous digits) and raise it, mod
n = pq, to quite a high power. This task is not as daunting as it might first
appear. Indeed, to compute a’ mod n with £ = 2¥, one just needs to square
a mod n and do this squaring k times. For more general ¢ € N, take its
dyadic expansion £ = 2 4+ 2/ 4 ... 4 2% and follow your nose.

To be sure, producing such primes p and ¢ as described above requires
some effort. The Prime Number Theorem (cf. [30], §4.4) provides a rough
guide to how large a string of integers one needs to search for primes. Re-
garding the task of finding a prime in such a string, the interested reader
can look up items like “primality testing” on such sources as Wikipedia or
Google.

We sign off here, and refer the reader to Chapter 1 of [11] and Chapter
6 of [4] for further material on finite groups.



A.4. Finite fields and other algebraic field extensions 351

A.4. Finite fields and other algebraic field extensions

Certain subfields of C that are finite-dimensional vector spaces over Q have
been considered in §6.1 (around (6.1.28)-(6.1.37)) and §6.2. Here we con-
struct such finite extensions of a general field F, and show how this con-
struction yields a string of finite fields, when applied to F = [, = Z/(p).

To start, let F be a field, and let P € F[z], the polynomial ring, which,
we recall, is a PID. Then P generates an ideal (P), and

(A41) Flz]/(P)

is a ring. If P(z) = apa™ + -+ ap, n > 1, a, # 0, then Flz]/(P) is a
vector space of dimension n over F. To state the following result on when
F[z]/(P) is a field, we recall from §7.2 that P € F[z] is said to be irreducible
provided it has no factors in F[z] of positive degree < deg P.

Proposition A.4.1. If P € F[z] is irreducible, then the ring F[z]/(P) is a
field.

Proof. By Proposition 7.2.4, if R is a PID and P € R is prime, then R/(P)
is a field. Furthermore, as noted just before Proposition 7.2.4, for such R,
an element P € R is prime if and only if it is irreducible. O

We have the natural projection
(A.4.2) 7 : Flz] — Flz]/(P) = F(p),

the latter identity defining F(p). The natural inclusion F — F[x], composed
with 7, yields an injective ring homomorphism

Loosely, we say F C F(p). Note that we can regard P as an element of
Fpy[z], and

(A.4.4) {=m(r) = €Fpy and P(§) =0.
Thus P is not irreducible in F(p)[z]. We have a factorization
(A.4.5) P(l’) = (iL‘ — f)Pl (l’), P € F(p) [l’],

where P; is a polynomial of degree n — 1. If n = 2, then P is linear,
Pi(r) = ag(x —n), with n € F(p), and we have

(A.4.6) P(z) = as(x — &)(x — 1) = as(a® — (£ +n)a + &n),
which implies

(A4.7) ¢+, tneF.
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Note in particular that n # &, if 2 # 0 in [F, since otherwise we would have
¢ =n €F, and P would not be irreducible in F[z]. If n = 3, then either P;
factors into linear factors or it is irreducible in IF(p)[z]. If n > 4, Py might
have neither property, but it will have a factorization P = Py --- Py, with
Py, irreducible in F(py[z]. Then the construction described above yields a
field F(p[x]/(P11), and one can continue this process.

Let us consider some examples, starting with z? + 1, which is clearly
irreducible over Q[z]. The construction above via (A.4.1), with F = Q,
yields a field isomorphic to Q[i], introduced in (6.1.30). On the other hand,
the situation can differ for the field F,, = Z/(p), when p € N is a prime. For
example,

(A.4.8) P 4l=2>-1=(+1D(z—-1)=(-1)2 in Fyfz].
More generally,

(A.4.9) 2% +1 is irreducible in F,[z] < —1 = b* has no solution b€ F,
and, still more generally, given a € Z,

(A.4.10) 2*—a is irreducible in F,[z] <= a = b* has no solution b € F,,.

For each prime p > 3 in N, there exists a € Z such that the condition for
irreducibility in (A.4.10) is satisfied, and one then obtains via (A.4.1) a field
that is a vector space of dimension 2 over F,,, i.e., a field with p* elements.
We denote such a field by 2. (Justification for this notation will be given
below, in Proposition A.4.7.) For p = 2, there is no irreducible polynomial
of the form (A.4.10), but

(A.4.11) 2?4+ +1 is irreducible in Fy[z],

since such P(z) is nowhere vanishing on Fa, so has no linear factors. Thus
one can use this polynomial in (A.4.1) to construct a field (denoted F4) with
4 elements.

We next consider the cubic polynomial
(A.4.12) z’ -3,

which is irreducible in Q[z]. As a polynomial over C, this has the three
complex roots

(A.4.13) ry= 33 gy =3L/3e2mI/3 o 31/3p=2mi/3,

In each case, the ring Q[r;] is (by Proposition 6.1.3) a field, and one readily
verifies that the field Q(,s_3) given by (A.4.1) is isomorphic to each of them.
However, these are distinct subfields of C. For example, Q[r;] C R, but
Q[r2] and Q[rs] do not have this property. Using

(A.4.14) 3 —r® = (x —r)(2® +re+r?),
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we have

(A.4.15) 2® — 3 = (x — 33)(a? + 33z 4 3%/3),

and

(A.4.16) 2? + 332 + 3%/3 s irreducible in Q[3'/3][z],

since this polynomial has no roots in Q[3'/%] (the roots are 75 and 73, which
are not in R), and hence no linear factor in Q[3'/3][z]. Upon applying (A.4.1)
with F = Q[3!/3] and P(x) as in (A.4.16), one obtains a field isomorphic to

(A.4.17) Q(r1, 72, 73) = Q[31/3, 27/3],

which has dimension 2 over Q[3'/3], hence dimension 6 over Q.

Moving on from Q to F,, and generalizing a bit, in parallel with (A.4.10),
we see that if p € N is a prime,

(A.4.18) 2®—a is irreducible in F,[z] <= a = b* has no solution b € F,,.
Now, there exists a € F), such that the condition (A.4.18) holds

<= b~ b, mapping F, — IFp, is not onto

<= this map is not one-to-one

<= 3B #1 inF,such that °> =1

<22+ x+1 hasaroot #1in Fp,

(A.4.19)

the last equivalence by 23 — 1 = (x — 1)(2%2 +  + 1). Note that the last
condition clearly fails for p = 2 and 3. Also, for primes p > 5, the calculation
22+ 2+ 1= (z+1/2)% + 3/4 shows that the last condition in (A.4.19) is

(A.4.20) <= 2*+3 hasaroot in F).

Now there are infinitely many primes p for which (A.4.20) holds and infin-
itely many for which it fails. Rather than pursue this further, we change
course, and look for irreducible cubic polynomials in Fp[z] of the form

(A.4.21) 2 +2%—a, acT,

Note that x® + 22 takes the same values at « = 0 and = = —1, so the map
b+ b3 +b? is not one-to-one as a map F, — IFp, and hence it is not onto, so
there exists a € [F, such that z3 4+ 2% — a has no root, hence no linear factor,
and for such a, (A.4.21) is irreducible in F,,[z]. Thus we get a field (denoted

F,3) with p® elements.

Now we consider the quartic polynomial

(A.4.22) zt =3,
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which is irreducible in Q[z]. As a polynomial over C, this has the 4 complex
roots

(A.4.23) rp =34y = =3V g =3V ey = 314

In each case, the ring Q[r;] is a field, isomorphic to the field Q4_3) given
via (A.4.1). However (compare the case (A.4.13)), we have two distinct
subfields of C, namely Q[r;] = Q[—r1] (in R) and Q[r3] = Q[r4] (not in R).
Using

(Ad20) @t ort = (@ =) ) = ) - )@ ),
we have

(A.4.25) 2t — 3= (z — 3 (x + 314 (a? + 31/?),

and (cf. (A.4.16))

(A.4.26) 22 + 32 is irreducible in Q[31/4] [x],

since this polynomial has no roots in Q[3'/4], and hence no linear factor in
Q[3'/4][x]. Upon applying (A.4.1) with F = Q[3!/4] and P(x) as in (A.4.26),
we obtain a field isomorphic to

(A427) Q(r1,7’277’3,7“4) = @[31/47i]7

which has dimension 2 over Q[3'/4], and hence dimension 8 over Q. Note
that (A.4.25) gives an example of (A.4.5) with

(A.4.28) Pi(z) = (z + 34 (2? + 31/2),

which is neither irreducible nor a product of linear factors in Q[3'/4][x].

Moving back to F = F,,, and generalizing (A.4.22) to 2* — a, we are led
to the following question, for a prime p € N:

(A.4.29) When is 2* — a irreducible in F,[x]?

This question is more subtle than those treated in (A.4.10) and (A.4.18),
since a polynomial of degree 4 can be reducible without containing a linear
factor (it can have 2 factors, each quadratic). For example,

(A.4.30) a=f?mod p=z*—a= (2> + B)(2* - B) in Fp[x].

(Then the issue of irreducibility of 22 £ 3 in F,[x] is settled as in (A.4.10).)
More generally, expanding

(A.4.31) (2% + ax + B) (2 + vz +0),

with coefficients in a field IF, we see (A.4.31) has the form z* — a, a € F, if
and only if

(A.4.32) a+~v=0, d+ay+5=0, ad+py=0, inF.
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These conditions imply a5 — ) = 0, hence either &« = 0 or 8 = 4. The first
case yields

(A.4.33) (22 +B8)(2? = B) =a* —a, with a=p?
as in (A.4.30). The second case yields o = 23, hence, if F does not have

characteristic 2 (i.e., if 2# 0 in F),

2 042 4

(4431 (2P+ar+ D) (P —ar+ ) =at =0, with a=-2.
We have the following conclusion.

Proposition A.4.2. Given a field F whose characteristic is not 2, and given
a € F, the polynomial x* — a is reducible in Fz] if and only if one of the
following holds:

(A.4.35) z* —a has a linear factor, i.e., a = b* for some b€ T,

(A.4.36) a=p? for some B €T,

(A.4.37) a= —%4 for some o €F.

(Actually, (A.4.35) = (A.4.36), so (A.4.35) can be ignored.)

The notion of the characteristic of a field was introduced in Exercise
7 of §7.1, and we recall it here. Given a field F, there is a unique ring
homomorphism 1 : Z — F such that ¢(1) = 1. The image Zp = (Z) is
the ring in F generated by {1}. Since Z is a PID, either 1 is injective or
N () = (n) for some n € N, n > 2. Then 1 induces an isomorphism of
Z/(n) with Zg, so n must be a prime, say n = p. If ¢ is injective, we say F
has characteristic 0. If N'(¢)) = (p), then Zy is a subfield of F, isomorphic
to I, and we say F has characteristic p.

It is easy to see that z* — a is reducible in Fy[x] for all @ € Fo. On the
other hand, Proposition A.4.2 is applicable to I, for all primes p > 3. In
such a case, ' — a is irreducible in F,[z] whenever

(A.4.38) a =2 has no solution B € F,, and
(A.4.39) —4a = a* has no solution « € F).

Note that if —1 is a square in F,, then (A.4.38) = (A.4.39). (Interest in
this situation also arose in (A.4.9) and in Exercise 5 of §6.1.) Now

-1
{52 :BEF, \ 0} has cardinality p , and
v
(A.4.40) 4 :

-1
{—a— raeFy,\ 0} has cardinality b ,
4 Hp

where

(A.4.41) v=#reF i’ =1}, w=#{yeF, 4" =1}
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Clearly, for primes p > 3, v, = 2 and

u, = 4 if —1 is a square in F,,,
(A.4.42) i o !
2 if —1 is not a square in [F).

This, by the way, suggests the answer to Exercise 5 of §6.1: given a prime
p =3,

(A.4.43) —1 is a square in F, <= 4|(p —1).

When —1 is not a square in F,, the two sets in (A.4.40) are disjoint, and
hence cover [}, \ 0. We deduce the following.

Proposition A.4.3. For a prime p > 3, there exits a € F), such that zt—a
is trreducible in Fy[x] if and only if p =1 mod 4.

The arguments above illustrate that looking for irreducible polynomials
in F[z] of a specific form can be an interesting and challenging task. We
leave this pursuit, and turn to a task that extends the scope of our initial
application of Proposition A.4.1.

Namely, we take a field F and a polynomial P € F[x], not necessarily
irreducible, and desire to extend F to a new field E‘, finite dimensional over I,
such that P(z) factors into linear factors over F. Thus, if P(x) = 2"+ - -4ag
(we may as well take a,, = 1), we want

(A.4.44) Pla)=(x—&) - (z—&), &eEF.

The construction is quite similar to what was done in the paragraph following
Proposition A.4.1. Since F[z] is a PID, P(z) has a factorization P(z) =
Q1(z) - Qu(x), with @Q; € Flz] irreducible. Then, by Proposition A.4.1,
(A.4.45) Flz]/(Q1) = F(q,)

is a field, in which @1 has a root & (parallel to (A.4.4)) and a factorization
Q1(z) = (z —&1)Q1 () (parallel to (A.4.5)), with Q1 € F(g,)[z]. Then, with
P = QlQQ s QM € F(Ql)’ we have

(A.4.46) P(fL‘) = (x — fl)Pl (SU), & € ]F(Ql)’ P e F(Ql)[:cL

and P has degree n — 1. We can iterate this a finite number of times to
obtain (A.4.44), with F obtained from F by a finite number of constructions
of the form (A.4.1). Let us define

(A.4.47) F[¢1,... &) CF
as the subset of F consisting of polynomials in &1, ...,&,, with coefficients
in F. Clearly F[{,...,&,] is a ring, and a finite-dimensional vector space

over F. In fact, it is a field, thanks to the following extension of Proposition
6.1.3.
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Proposition A.4.4. Let F and F be fields and R a ring, satisfying
(A.4.48) FcRCF.

If R is a finite dimensional vector space over F, then R is a field.
Proof. Simple variant of the proof of Proposition 6.1.3. ([

We say F[¢1,...,&,], arising in (A.4.44)—(A.4.47), is a root field of P(x)
over F. Note that one can relabel {{1,...,&,} as {(x}, with

(A4.49) Qj(z) = (z— )+ (z — ;) pj = order of Qj, (i €F.

Note that constructing F[¢1, . .., &,] involved some arbitrary choices. An-
other choice could lead to
(A.4.50) Pa)=(e~&) - (@-§) &eF,
and to the field
(A.4.51) F[¢),...,¢ ] CcF.

We have the following important uniqueness result.

Proposition A.4.5. There is an isomorphism F[&1, ..., &) = F[¢], ..., &)
that is the identity on F and takes & 52( for some permutation o of

{1,...,n}.

To establish Proposition A.4.5, we start with the following complement
to Proposition A.4.1.

i)’

Lemma A.4.6. Assume that P € F[z] is irreducible and that there is a field
FOTF and & € F such that P(§) = 0. Consider the ring F[§] CF (which, by
Proposition A.4.4, is a field). Then there is a natural isomorphism

(A.4.52) Fl¢] ~ F(p) = F[2]/(P).

Proof. The map z — £ yields a natural surjective ring homomorphism
(A.4.53) Y : Flz] — F[¢].

Then the null space N (¢) is an ideal in F[z], and it must be a principal
ideal. Now P(§) =0 = P € N(¢), so N(¢)) D (P). The irreducibility of P
in F[z] implies NV (¢) = (P), and gives (A.4.52). O

NOTE. A corollary of Lemma A.4.6 is that, if P € F[z] is irreducible, and if
if there exists another field F' D F and & € F’ such that P(¢') = 0, yielding
F[¢'] C ', then F[¢] and F[¢'] are isomorphic, via & — &'.
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Proof of Proposition A.4.5. We use induction on
(A.4.54) m = dimg F[&1, ..., &)

(for arbitrary F). The result is trivial for m = 1, since then P(x) factors
into linear factors in F[z], uniquely (up to order). Suppose m > 1. Then
P(z) has an irreducible factor Q(z) of degree d > 1. Let £ be a root of @
in F&,...,&) and & a root of @ in F[{],...,&,] (say &€ =&, & = f(’T(j)).
By Lemma A.4.6, £ — £ provides an isomorphism from F[¢] to F[¢']. Now

Fl&i, ..., &) is an extension of F[¢;], and
. m
(A455) dlmF[gj] ]F[gl, e ,fn] == E,
while F[&],...,&)] is an extension of F[¢], which we can identify with F[¢].
Thus induction finishes the proof. O

In light of Proposition A.4.5, we say F[&1,...,&,] in (A.4.46)-(A.4.47) is
the root field of P(z) over F, and denote it by

(A.4.56) R(P,F).
Note that if K is a field and P € Flz],
(A.4.57) F ¢ K ¢ R(P,F) = R(P,K) = R(P,F).

We return to the search for and description of fields with p™ elements.
Momentarily postponing the existence question, let us set ¢ = p™, where
p € Nis a prime and n € N, and suppose F, is a field with ¢ elements.
As we have seen, F, contains, in a unique fashion, a subfield isomorphic to
F, = Z/(p), and dimp, F; = n. To look further into the structure of Fy,
we note that F, \ 0 is a multiplicative group with ¢ — 1 elements, so, by
Proposition A.3.1,

(A.4.58) a€F\0=a"'=1=a%=q,

the latter identity also holding for a = 0. Thus each element of I, is a root
of the polynomial ¢ — x. Since this has at most ¢ roots, we must have

q
(A.4.59) xl—x = H(m —aj), Fo={a;:1<j<q}
j=1

These considerations lead to the following result.
Proposition A.4.7. If p € N is a prime, n € N, and ¢ = p", then
(A.4.60) R(z? —x,F))

is a field with q elements. Furthermore, each field with q elements is iso-
morphic to (A.4.60). We denote this field by F,.
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Proof. First, we need to show that the field (A.4.60) has ¢ elements if
g = p". For this, it suffices to show that P(z) = z? — 2 has no multiple
roots. In fact, if £ is a multiple root of P(z), then z — ¢ is also a factor of
P'(z) in R(z? —x,F,), so P'(§) = 0. But in Fplz], P'(x) = gz~ —1 = —1,
so it has no roots. Consequently, 29— x has ¢ distinct roots in R(z?—z, FP).

The sum and difference of two roots are also roots, since

(A.4.61) (a £b)P =aP £ 0P
in any field of characteristic p, and hence, inductively, given roots a and b,
(A.4.62) (a£b)P" =aP" £ =a+b.

The product ab is also a root, since (ab)? = a9b? = ab. The set of all g roots of
29—z is therefore a subring of R(2?—z,F,), hence a subfield (by Proposition
A.4.4). Since it contains all the roots, it must equal R(z? — z,F)). O

The proof of Proposition A.4.7 motivates us to consider more generally
when a polynomial P € F[z] has multiple roots in R(P,F). This brings in
the derivative

(A.4.63) D : Flz] — Flz],
an F-linear map defined by
(A.4.64) D™ = na" 1,

the formula one sees in basic calculus, but here in a more general setting.
We also use the notation P’ = DP. As in calculus, one verifies that D is a
derivation, i.e.,

(A.4.65) D(PQ)=P'Q+PQ, VPQ eF[l.

Of course, D acts on polynomials over any field, such as R(P,F). If P
factors as in (A.4.44), then P’ is, by (A.4.65), a sum of n terms, the jth
term obtained from (A.4.44) by omitting the factor = —§;. Consequently, if
& = & is a double root of P,

(A.4.66) P and P’ are both multiples of z — ¢;, in R(P,F).

This observation leads to the following result.

Proposition A.4.8. If P € Flx] is irreducible, then all the roots of P in
R(P,F) are simple unless P' = 0.

Proof. If P is irreducible, and P’ (whose degree is less than that of P) is
not 0 in F[z], then the ideal generated by P and P’ has a single generator,
which divides P, so is 1. Thus there exist Qg, Q1 € F[z] such that

(A.4.67) Qo(z)P(x) + Q1(z)P'(z) = 1.
This identity also holds in R(P,F), of course, and it contradicts (A.4.66). O
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If the leading term of P(x) is anz™, n > 1, a, # 0, then the leading
term of P'(z) is na,z™ !, which is nonvanishing unless n = 0 in F. Thus
we have:

Corollary A.4.9. IfF has characteristic 0 and P € F[z] is irreducible, then
all the roots of P in R(P,F) are simple.

Here is an example of a field F of characteristic p and an irreducible
P € F|x] that has a multiple root in R(P,F). Namely, let p € N be a prime
and set K = Fp(t), the quotient field of the polynomial ring [F,[t] (which is
an integral domain). Then set

(A.4.68) F =TF,(tP),

the subfield of IC generated by tP. Then take

(A.4.69) P(x)=aP —tP, P e Flz],

which is irreducible over F, though not over K. In this case, we have

(A.4.70) Pz)=a2P -t = (z —t)? in K[z],

so K = R(P, F), and P has just one root, of multiplicity p, in R(P, F).
By contrast, there is the following complement to Corollary A.4.9.

Proposition A.4.10. IfF is a finite field and P € F[x] is irreducible, then
all roots of P in R(P,F) are simple.
A useful ingredient in the proof of Proposition A.4.10 is the following.

Lemma A.4.11. IfF =T, q=p", then
(A.4.71) v:F—TF, (a)=d’ is bijective.

Proof. In fact, if " = o--- 01 is the n-fold composition, then
(A.4.72) Y"(a) =a’" =a, VYacT,
by (A.4.58), so 1™ is bijective. This forces ¢ to be bijective. O

Proof of Proposition A.4.10. By Proposition A.4.8, it suffices to show
that if ¢ = p", P € Fy[z], and P’ = 0, then P is not irreducible. Indeed, if
P’ =0, then P(z) must have the form

(A.4.73) P(x) = arz®™ + ag_12%F P 4 oaqga? + ag.

By Lemma A.4.11, we can write each a; = b? for some b; € F,, and then
identities parallel to, and following by induction from, (A.4.61) give

(A4.74)  P(x)=Q(z)", Q(x)=bra" +bp1a" "+ 4+ bz + b,
proving that P(z) is not irreducible. O
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REMARK. The identity (A.4.61) for elements of F, also implies that ¢ in
(A.4.71) satisfies

(A.4.75) ¢ : Fy — F, is a ring homomorphism.

Being bijective, 1 is hence an automorphism of F,. Also the analogue of
(A.4.58) for ¢ = p implies that v is the identity on F, C F,. One writes

(A.4.76) Y € Gal(F,/F)).
Generally, if we have fields F C F, an element
(A.4.77) e € Gal(F/F)

is an automorphism of F that leaves the elements of F fixed. The set
Gal(F/F) is a group, called the Galois group of F over F. Galois the-
ory is a very important topic in algebra, which the reader who has gotten
through this appendix will be prepared to study, in sources like [1], [4], and
[11]. Tt is tempting to say a little more about Galois theory here, but we
have to stop somewhere.
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maximal ideal, 256

minimal polynomial, 66

minor, 36, 208

module, 231

module homomorphism, 232
Moufang identities, 316, 320
multilinear map, 191
multiplication table for octonions, 311

nilpotent, 72, 144

nilpotent transformation, 78
Noetherian module, 269
Noetherian ring, 245, 266
nonassociative algebra, 294, 309
noncommutative field, 282
nondegenerate bilinear form, 106
normal operator, 121

null space, 12, 41

O(n), 112, 128, 344

octonions, 309

operator norm, 96

orientation, 210

orthogonal, 88, 112

orthogonal complement, 90
orthogonal projection, 88, 91, 108
orthonormal basis, 88

partial pivoting, 52

Pauli matrices, 307, 308
permutation, 29
Perron-Frobenius theorem, 181
Pf, 209

Pfaffian, 209

PID, 239, 245, 351

pivot, 47

polar decomposition, 128, 338
polynomial, 335

polynomial ring, 351

positive matrix, 181

power series, 137

prime, 246, 351

primitive matrix, 181
primitive polynomial, 263

principal ideal domain, 239
proper ideal, 256

public key encryption, 348
Pythagorean theorem, 86

QR factorization, 92, 122
quaternionic inner product, 285
quaternions, 280

quotient field, 236

quotient map, 178

quotient space, 178

R-average, 337

range, 12

rational functions, 215

reduced column echelon form, 50
reduced row echelon form, 47, 50
relatively prime, 224
representation, 345

ring, 213, 231

root field, 357, 358

row operations, 33, 40

row rank, 99

row reduction, 42

row vectors, 3

Schur inequality, 125

Schur normal form, 123

Schur’s upper triangular form, 123, 143
self-adjoint, 101

signature, 107

similar matrices, 25

sin, 117, 146

singular value, 131

singular value decomposition, 131
Skew(V), 295

skew-adjoint, 101

SO(3), 119, 284, 321

SO(4), 328

SO(n), 112

Sp(1), 282, 321

Sp(n), 285

Span, 17, 238

span, 17

Spec, 58

standard basis, 17

standard basis of octonions, 311
stochastic matrix, 183

SU(2), 282

SU(n), 112

subalgebras of O, 312
supporting hyperplane, 174
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surjective, 12

SVD, 131

symmetric bilinear form, 106
symmetric group, 343

tensor algebra, 289

tensor product, 194

tensor product of modules, 242
torsion element, 248

torsion module, 248, 258
trace, 96

translation operator, 152
transpose, 15, 171
transposition, 30

triangle inequality, 87
trigonometric functions, 146

U(3), 327

U(n), 112, 128, 344

UFD, 246, 255, 273

unique factorization domain, 246
unitary, 112

universal property, 194, 205, 290
upper triangular, 34, 50, 72

Vandermonde determinant, 38, 172
vector addition, 3

vector space, 5, 231

vector space over a field, 216

wave equation, 307
wedge product, 199, 200



