
MATH662: QR algorithm to find eigenvalues

Overview

� Simultaneous iteration

� QR algorithm

� QR iteration with shifts



Power iteration results

Algorithm Implementation
Given A2Rm�m

Choose v(0)

for k=1; 2; :::

v(k)=Av(k−1)

v(k)=v(k)/kv(k)k
�(k)= [v(k)]TAv(k)
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octave] function [lambda,iters]=power(A,v,maxiter)
[m,n]=size(A); iters=zeros(maxiter,1);
for k=1:maxiter
v=A*v; v=v/norm(v); lambda=v'*A*v;
iters(k)=lambda;

end;
end

octave] cd ~/courses/MATH662; load L16K; A=Expression1;
m=size(A)(1); v=rand(m,1); v=v/norm(v); mxit=200;
[lambda,iters]=power(A,v,mxit);

octave] lgerr = log10(abs(iters-lambda)); k=(1:mxit)'; clf;
plot(k,lgerr,'o');
rng=50:150; p=polyfit(k(rng),lgerr(rng),1);

octave] load L16L; L=Expression1; l21=L(2)/L(1);
[lambda,L(1),2*log10(l21),p(1),cond(A)]

ans =

2.9689e+01 2.9983e+01 -9.1927e-03 -5.8720e-03 6.6015e+16

octave]



Unnormalized simultaneous iteration

� Power iteration: v(k)=Av(k−1), A2Rm�m, A=AT

� Simultaneous iteration: Choose n initial vectors V (0)=
�
v1
(0) ::: vn

(0)
�
,

V (k)=AV (k−1)= ���=AkV (0)

� A symmetric is unitarily diagonalizable, AQ=Q�, and since Q is a basis for Rm

V (0)=QC ;V (1)=AV (0)=AQC =Q�C ;V (2)=AV (1)=Q�2C

V (k)=AkV (0)=AkQC =Ak( q1 ::: qm )C =
(
�1
kq1 ::: �m

k qm
�
C =Q�kC

� Assume j�1j> j�2j> ���> j�nj> j�n+1j> ���> j�mj. For large k, with Qn=( q1 ::: qn ),

V (k)
=�Qn�n

kC ;withQn=( q1 ::: qn );�n= diag(�1; :::; �n)

� However condition number �(V (k))= j�1/�njk also grows



Normalized subspace iteration, QR iteration

� Avoid ill-conditioning (�(V (k)) large) by orthonormalization at each step

Algorithm

Choose Qn
(0)2Rm�n,

(
Qn
(0)�TQn

(0)= In
for k=1; 2; :::

Z =AQn
(k−1)

Qn
(k)
R(k)=Z

� Note that R
(
Qn
(k)�=R(

AkQn
(0)� (same column space), but �

(
Qn
(k)�=1

� Subspace iteration converges quadratically (from Rayleigh quotient computation)

� Choose Qn
(0)= I and reorganize computation to obtain the QR algorithm

Subspace iteration QR iteration
Qm
(0)= I A(0)=A

Z =AQm
(k−1) Q(k)R(k)=A(k−1)

Qm
(k)R(k)=Z A(k)=R(k)Q(k)

A(k)=
�
Qm
(k)�TAQm

(k)
Qm
(k)
=Q(1):::Q(k)

;Ak=Qm
(k)
R(k);



Detailed comparison of subspace iteration and QR

Subspace iteration QR iteration
Qm
(0)
= I A(0)=A

Z =AQm
(k−1)

Q(k)R(k)=A(k−1)

Qm
(k)
R(k)=Z A(k)=R(k)Q(k)

A(k)=
�
Qm
(k)�TAQm

(k)
Qm
(k)
=Q(1):::Q(k)

;Ak=Qm
(k)
R(k);

� Sequence of Rayleigh quotient matrices:

Subspace iteration QR iteration

Qm
(1)R(1)=A, Q(1)R(1)=A(0)=A)R(1)= [Q(1)]TA(0),

Qm
(1)= Q(1)

A(1)=
�
Qm
(1)�TAQm

(1)= R(1)Q(1)= [Q(1)]TA(0)Q(1)�
Qm
(2)R(2)=AQm

(1); Q(2)R(2)=A(1))R(2)= [Q(2)]TA(1),

Qm
(2)= Q(1)Q(2)

A(2)=
�
Qm
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(2)= R(2)Q(2)= [Q(2)]TA(1)Q(2)�



Subspace iteration implementation

Algorithm Implementation
Given A2Rm�m

Choose Qn
(0)2Rm�n

for k=1; 2; :::

Z =AQn
(k−1)

Qn
(k)
R(k)=Z

A(k)=�
Qn
(k)�TAQn

(k)

octave] function iters=subsp(A,Q,maxiter)
[m,n]=size(Q); iters=zeros(maxiter,n);
for k=1:maxiter
Z=A*Q; [Q,R]=qr(Z,0); Ak=Q'*A*Q;
iters(k,:)=diag(Ak);

end;
end

octave] cd ~/courses/MATH662; load L16K; A=Expression1;
m=size(A)(1); n=6; [Q,R]=qr(randn(m,n),0); mxit=200;
iters=subsp(A,Q,mxit);

octave] k=(1:mxit)'; clf; plot(k,iters(:,1)); hold on;
for j=1:n
plot(k,iters(:,j));

end;

octave] load L16L; L=Expression1; [iters(mxit,1:n);L(1:n)']

ans =

29.880 29.768 29.669 28.811 28.811 27.659
29.983 29.667 29.667 28.811 28.811 27.659

octave]



Subspace iteration convergence

octave] k=(1:mxit)'; clf; hold on; rng=10:50;
conv = zeros(n,3);
for j=1:n
lgerr(:,j) = log10(abs(iters(:,j)-L(j)));
plot(k,lgerr(:,j),'o');
p=polyfit(k(rng),lgerr(rng,j),1);
pth=2*log10(L(j+1)/L(j));
conv(j,:)=[pth p(1) abs(pth/p(1))];
end;
conv

conv =

-9.1927e-03 -9.0161e-03 1.0196e+00
-7.7146e-16 1.9221e-02 4.0137e-14
-2.5442e-02 -4.4005e-02 5.7815e-01
-9.6433e-17 -7.3820e-02 1.3063e-15
-3.5445e-02 -1.3756e-02 2.5766e+00
-2.8930e-16 -7.9476e-03 3.6400e-14



QR iteration implementation

Algorithm Implementation
Given A2Rm�m

A(0)=A
for k=1; 2; :::

Q(k)R(k)=A(k−1)

A(k)=R(k)Q(k)

octave] function iters=QR(A,maxiter)
m=size(A)(1); iters=zeros(maxiter,m); Ak=A;
for k=1:maxiter
[Q,R]=qr(Ak); Ak=R*Q;
iters(k,:)=diag(Ak);

end;
end

octave] cd ~/courses/MATH662; load L16K; A=Expression1;
mxit=200; iters=QR(A,mxit);

octave] k=(1:mxit)'; clf; plot(k,iters(:,1)); hold on; n=6;
for j=1:3
plot(k,iters(:,j));

end;

octave] load L16L; L=Expression1; [iters(mxit,1:n);L(1:n)']

ans =

29.974 29.667 29.676 28.811 28.811 27.659
29.983 29.667 29.667 28.811 28.811 27.659

octave]



QR iteration convergence

octave] k=(1:mxit)'; clf; hold on; rng=10:50;
conv = zeros(n,3);
for j=1:n
lgerr(:,j) = log10(abs(iters(:,j)-L(j)));
plot(k,lgerr(:,j),'o');
p=polyfit(k(rng),lgerr(rng,j),1);
pth=2*log10(L(j+1)/L(j));
conv(j,:)=[pth p(1) abs(pth/p(1))];
end;
conv

conv =

-9.1927e-03 -2.0365e-02 4.5140e-01
-7.7146e-16 -2.6153e-02 2.9497e-14
-2.5442e-02 -1.8797e-02 1.3535e+00
-9.6433e-17 -2.9572e-02 3.2609e-15
-3.5445e-02 -3.5104e-03 1.0097e+01
-2.8930e-16 -1.0764e-02 2.6878e-14

octave]

Subspace iteration

QR



QR iteration with shifts

� Subspace iteration is the stabilized, multidimensional version of power iteration

� QR is full space iteration

� Construct the full-space, stabilized version of Rayleigh quotient iteration

� Choose Qn
(0)= I and reorganize computation to obtain the QR algorithm

QR iterationwith shifts QR iteration
(Q(0))TA(0)Q(0)=A A(0)=A

Q(k)R(k)=A(k−1)− �(k)I Q(k)R(k)=A(k−1)

A(k)=R(k)Q(k)+ �(k)I A(k)=R(k)Q(k)

Deflate if someAj;j+1
(k) <"�

A1

A2

�
=A(k)

QR(A1);QR(A2)

;



QR iterationwith shift results

Implementation
octave] function iters=QR(A,maxiter)

m=size(A)(1); iters=zeros(maxiter,m);
Ak=A; muk=0;
for k=1:maxiter
[Q,R]=qr(Ak-muk*eye(m));
Ak=R*Q+muk*eye(m); muk=max(diag(Ak));
iters(k,:)=diag(Ak)+muk;

end;
end

octave] cd ~/courses/MATH662; load L16K; A=Expression1;
mxit=200; iters=QR(A,mxit);

octave] k=(1:mxit)'; clf; plot(k,iters(:,1)); hold on; n=6;
for j=1:3
plot(k,iters(:,j));

end;

octave] load L16L; L=Expression1; [iters(mxit,1:n);L(1:n)']

ans =

29.974 29.667 29.676 28.811 28.811 27.659
29.983 29.667 29.667 28.811 28.811 27.659

octave]
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