MATH662: Arnoldi iteration applications: eigenvalues, GMRES

Overview

Polynomial approximation

e Eigenvalue approximation
Arnoldi lemniscates

GMRES

e Applications:
— the Harwell-Boeing Matrix Collection

— JupyterLab, Fortran, f2py, FortranMagic



Polynomial approximation

e xcK,=x=cob+c1Ab+--+c,_ 1 A" b, Introduce q(z)=co+c12z+ - +cp2" 1
r=q(A)b=K,c=(b Ab ... A" 'b)c

e (), is an orthonormal basis for IC,,, Q.,, R, = K,, is constructed by Arnoldi iteration, and
H,=Q); AQ), is the restriction of operator A encoded by matrix A to /C,,. Let —vy denote
coordinates of x in Q,,, K,,c=—Q,, y=Ix. Note that —y is a representation of ¢(z).

Theorem. Let Ac C™*"™, be C™, and P™ denote the space of monic polynomials of degree
n. IfKn:( b Ab ... A" 1p ) is of full rank, the solution of

min ||p"(A)b]

pnepn

is the characteristic polynomial

pH, (2) =det(2I — H,)
of H,=Q;, AQ,, with Q,=(q, ... q, ) constructed by Arnoldi iteration, i.e.,

P, =arg min ||p"(A)b|].
anPn



Polynomial approximation theorem proof

Proof. Consider some p € P", i.e., some monic polynomial of degree n,

pn(z) :Zn+cn_1zn—l _|_ ces +Clz+60:zn+ q(z)

= p"(A)b=

Anb o Qny7

and the polynomial approximation problem minn¢pn ||p"™(A) b|| can be restated as

a least-squares problem, with K,, c=

p"(Ab=A"b—Q,y LK,=

A=QHQ", Q=(Q, U)
Qip"(A)b=Qp"(QHQ*)b=
Qb=(q ... qun . qn)b=
Q:Q=(1I, 0p,m—n)

( I, On,m—n ) ( )61

o e o H o

Cayley-Hamilton =

myinHA”b— Q.y|,

—Qny=Ixr=q(A)b. Recall that ( QHQ*)" =

Q. p"(A)b=0,.

QH"Q".

H,
H:( " i ) A"b e C™
* * %
Q:Qpr"(H )Q*b n
b s P
\
= (pP"(H))1:n,1=0 Q.y




Eigenvalue approximation, Ritz values, Arnoldi lemniscate

Solution of miny,nepn ||p™(A)b|| is characteristic polynomial of H,, = Q;, AQ, = the
eigenvalues of H,, are useful approximations of eigenvalues of A

Eigenvalues of H,, are denoted {#,} j=1,...,n, and called the Ritz (Arnoldi) values (The
Rayleigh quotient is also known as a Rayleigh-Ritz approximation)

Invariance properties:

— A= A+ol=0;—0;+0

— A= 0A=0,—00;

— A—-UAU" and b—Ub=0;— 0,
Lemniscate is curve in € for which |p(z)|=C

Arnoldi iteration lemniscate

o Ip"(A)b] _ |pr.(A)b]

il

Ll



GMRES

e Arnoldi iteration can also be used to solve linear systems, Az =b, N(A)={0}, z.= A" 'b

b — Az ||. The following problems are all equivalent:

n |

e GMRES: x,, —argmin, cx

mingecx, [|[b— Az || mineeon ||AKyc— b
beC™ AKC,
| | : An=palA)b
mingecn |[AQry — b mingecn [|@n+1Hny —b|| \
) ) \
mil’lye@n HHny_Q:L-I-lbu min’yECn H-Hny_ ”b”elu
AQny

e GMRES solves the least squares problem ming g | H,y — ||b|| e1|| at each Arnoldi itera-
tion, and furnishes the approximation

wn:Qny

tox.,=A"'b.



GMRES polynomial approximation

P,={cpz"+cn 12" 14+ +c1z+1,ceC"}

r,=Q,y=K,c=(b Ab ... A" 'b )c=q(A)b (q of degree n — 1)
rn=b—Ax,=(I—Aq(A))b

Define polynomial p,(z) =1 — zq(z) of degree n="r,=p,(A)b

GMRES is therefore equivalent to polynomial approximation problem

min  ||pn(A)b||

pn€ Py

Invariance properties: A—~cA,b—ocb=r,—or,, A-—UAU* b—Ub=1r,—U"r,
Convergence of GMRES determined by ||p,,(A)]|

lrnll
< iInf n(A
b pneanp( )|l

Convergence rate bounds: A X =X A,

pHA(A) =SUPzeA(A) 1p(2)]

“rn“ : :
< inf LA <k(X f |p,
Hb” piQPan ( )” /{( )pnlanHp ”A(A)
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