MATH662: Conjugate gradient

Overview

e Symmetric positive definite matrices
e Gradient descent

e Conjugate gradient



Linear systems

e Consider Ax=0>b with A € R™*", symmetric positive definite, (spd)

e Recast linear system as an optimization problem
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e Stationarity condition V() =0, Vo= dp/0xr1 ... Op/dxr,, ), a row vector
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e Solution of quadratic optimization function gives solution to linear system



Gradient descent

e Construct sequence x1, ..., T, ... to minimize p(x) zéa:TAae —x'b, by

Tpn=Tpn-1— 0, VO(Tp_1)=Tp_1+anTn_1=Tp_1+a,(b—Ax,_1)

e Go along gradient to mininum of restriction ¢,, —1(,) = p(x, 1+ an(b— Az, 1))

dwn—l :vsp(wn)dmn . T O7

da, da, "

until residual at new position becomes orthogonal to that at old position
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Algorithm
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Conjugate gradient

e Hestenes & Stiefel, 1952: choose a different search direction p,, such that
’r;l;’rn—l — Oa pgApn—l — 07

i.e., residuals are orthogonal, search directions are “conjugate” (A-weighted scalar product)

Algorithm

a%)::0177)::bylﬂ)::TO octave] m=128; x=zeros(m,1); b=ones(m,1);

formn=1,2,3,... octave] maxiter=1000; r=b; p=r; D=diag(l:m);
Q%L::(7ﬁ€_J rn__1)/(zjgl_ljazjn__l) octave] H=randn(m); [Q,RI=qr(H); A=Q*D*Q’;
Ty =Tp_-1+ 0, Pn-1 octave] for n=1:maxiter
Tn:Tn—l_anApn—l nrmr2 = r’*r;
ﬁn: (r,{rn)/(r;{_lrn_l) ilzh: : 2§$;ii;f,:A:pi;— alphaxAx*p;
p”:r”_'_ﬁ”p”_l beta = r’*r/nrmr2;

p = r + beta*p;

e Conjugate gradient (CG) is an optimal Krylov method

Kn={(x1,....20) =(D0y ..., Prn_1) = (10, .., Tn_1) = (b, ..., A"~ 1b)

= arg min ||z —ylla,en =2 —@n, [enla<llenila [2]a=(z"42)"2
Y

n



Relation of CG to polynomial approximation

As in GMRES for general matrices, CG solves a polynomial approximation problem

min ||p,(A)eolla
Pn€ Pp

Similar to GMRES, convergence is given by norm of characteristic polynomial of reduced
Hessenberg matrix on spectrum of A

lenlla _ inf Hpn(A)BOHAé inf max |p(\)]
leolla  pep.  leolla pEPAEA(A)

Rate of convergence

He”HA < 2(\/E_ 1) :27,.n
feolla ="\ Ve +1

Example: Crank-Nicolson w; =y, m>> 1, say m = 2567 = k=256, r =0.88, 2r190~10~°
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