
MATH662: Biorthogonalization and Preconditioning

Overview

� Nonsymmetric systems revisited

� Biconjugate gradient

� Preconditioning



Strategies for linear problems with A=/ A�

� Arnoldi iteration: AQn=Qn+1H~n)Aqn=h1nq1+ ���+hn+1;nqn+1, long recurrence

� Lanczos, A=AT : AQn=Qn+1T~n)Aqn= �n−1qn−1+�nqn+ �nqn+1, 3-term

� Approaches to obtaining a short-term recurrence algorithm for non-symmetric matrices:

− Conjugate gradient applied to normal equations (CGN)

Ax= b)A�Ax=A�b,Mx= y ;M =A�A=M�; y=A�b

Recall convergence estimate
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− Biorthogonalization: use A=VTV −1 (compare to Lanczos for A=AT , A=QTQT)

A=VTV −1 A�=V −� T � (V −�)−1

(V −�)�V =W �V = I replacesQQ�= I
W =( w1 ::: wm );V =( v1 ::: vm );wi

�vj= �ij



Partial biorthogonalization

� Full biorthogonalization: W �V =V �W = I

� Partial biorthgonalization: Wn
�Vn=Vn

�Wn= In, n6m

Arnoldi AQn=Qn+1H~n
Lanczos AQn=Qn+1T~n
Biorthogonalization AVn=Vn+1T~n Vn;Wn2Cm�n

A�Wn=Wn+1S~n S~n;T~n2C(n+1)�n

Tn=Sn
�=Wn

�AVn

� Theoretical framework: two Krylov spaces from arbitrary starting vectors v1;w1

vn2 hv1;Av1; :::;An−1v1i;wn2 hw1;A
�w1; :::; (A

�)n−1w1i

� Applications:

− Eigenvalues: Ritz values, i.e., eigenvalues of Tn can rapidly converge to eigenvalues of A

− Biconjugate gradient to solve Ax= b



Biconjugate gradient algorithm (BCG)

� GMRES:

x2Kn=R(Kn); Kn=
(
b Ab ::: An−1b

�
rn?AKn=R(AKn)

� BCG:

x2Kn=R(Kn); Kn=
(
b Ab ::: An−1b

�
rn?Ln=R(Ln); Ln=

(
w1 A�w1 ::: (A�)n−1w1

�
Algorithm

x0=0, p0= r0= b, q0= s0 arbitrary
for n=1; 2; 3; :::
�n=(sn−1

� rn−1)/(qn−1
� Apn−1)

xn=xn−1+�npn−1
rn= rn−1−�nApn−1
sn= sn−1−��nA� qn−1
�n=(sn

� rn)/(sn−1
� rn−1)

pn= rn+ �npn−1
qn= sn+ ��n qn−1



Preconditioning

� Convergence of Krylov methods on Ax= b depends on spectrum �(A)

� Preconditioning idea: modify the spectrum

Ax= b;M non− singular)M−1Ax=M−1b

with operator M−1 denoting solution of My= c

� Choice of M

− Ideally, M−1=A−1) Ix=M−1b

− In practice choose M−1
=�A−1:

! partial LU factorization

! coarse grid approximation (multigrid)

! low-order discretization

! operator splitting

! dimensional splitting
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