MATH662 L04: Singular Value Decomposition

Overview

e Intrinsic linear mapping representation

e SVD existence and uniqueness

e Reduced and full SVD



Linear mapping representation

f: U=V, flau+bv)=af(u)+0bf(v), linear mapping

L={fl U=V, flau+bv)=af(u)+bf(v)}, set of linear mappings,
itself a vector space, L={L,S,+,}

U=[wu; uy, ...| abasis for U, U=C(U). Any f € L is represented by
A=| f(u) flug) .. |
Finite dimensional: U =R", V=R"= A c R"*"

Infinite dimensional: [:C*—C>™ v(z)= [ u(z)dx A:{ T %x2 }

Example: sin(x) = [ cos(x)dx, sin(z) = x—%x?’%— , cos(x )—1——x2+
x _ - _
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Intrinsic linear mapping representation

e Composition of linear mappings: f< A, g« B, h<+C, h= fog
h(x)=Cx= f(g(x))=f(Bx)=ABx=C=AB

e Decompose linear mapping f: U — V', f+ A, into simple transformations:
— Linear mapping in basis I: Iy = f(x)= Alx
— Change of bases Us=1vy, Vr=1x, U,V orthogonal
— Scaling s=%r, AcC™*", X e RI""

— Re-express mapping Us =UXr=AVr=UX=AV = A=UXV"!



SVD existence, uniqueness

Theorem. Every matrix A € C™*" has a singular value decomposition (SVD)

A=UXV*

with properties:
1. U € R™*"™ is an orthogonal matrix, U"U = 1I,,;
2. Ve R™*™ js an orthogonal matrix, V*V =1,;

3.3 e RI"™" is diagonal, 3 = diag(oy, ..., 0,), p=min (m,n), and o, >
09 =20, 2 0.



Reduced, full SVD

o AcC™*™ m >n, full SVD
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A=USV*=[u; ... uy,|
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