
MATH662: L06 Projectors

Overview

� Linear projection onto a subspace

� QR factorization

� Stabilized Gram-Schmidt algorithm



Science = Data Reduction

� Science goal: describe regularity in data, e.g., a2+ b2= c2, instead of

� Linear data reduction: projection from Cm to Cn, n<m

b=Ax=Pv ;A2Cm�n;P 2Cm�m

x coordinates of b in basis A, rank(A) =n. Let b be the linear projection onto C(A) =
C(P ) of v, b=Pv



Projectors

� A projector is idempotent: P 2=P , P 2Cm�m

C(P )

v

b=Pv

v−Pv=
(I −P )v

v

b=Pv

� P a projector, I −P is the complementary projector

C(I −P )=N(P ); C(P )=N(I −P ); C(P )\N(P )= f0g

� P is an orthogonal projector if C(P )?N(P ), but P is not necessarily an orthogonal matrix

� P is an orthogonal projector iff P =P �



Projectors in orthonormal bases

� Consider Q̂2Cm�n with orthonormal columns

� P = Q̂Q̂� is an orthogonal projector and P is orthogonal

� Compare with the much more complicated expression for general A2Cm�n

P =A(A�A)−1A�

to appreciate the benefits of orthonormal bases, C(A)=C(Q̂)

� Seek orthonormal basis for C(A)

A= [ a1 a2 ::: an ] = Q̂R= [ q1 q2 ::: qn ]

266664
r11 r12 ::: r1n
0 r22 ::: r2n
��� ��� ��� ���
0 0 ::: rnn
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QR factorization, Gram-Schmidt (unstable)

Algorithm (Gram-Schmidt)

Given n vectors a1; :::;an
for j=1 to n
v=aj
for i= 1 to j − 1
rij= qi

�aj
v=v− rijqi

end
rjj= kvk2
if rjj<� break;
qj= qj/rjj

end
return Q;R

octave> function [Q,R] = gs(A)
[m,n]=size(A); Q=A; R=eye(n);
for j=1:n

v=A(:,j);
for i=1:j-1
R(i,j)=Q(:,i)'*A(:,j);
v=v-R(i,j)*Q(:,i);

end;
R(j,j)=norm(v);
if (R(j,j)<eps) break; endif;
Q(:,j)=Q(:,j)/R(j,j);

end;
end

octave]



Modified Gram-Schmidt (stable)

Algorithm (Gram-Schmidt)

Given n vectors a1; :::;an
Initialize q1=a1,..,

qn=an,
R= In

for i=1 to n
rii=(qi

T qi)
1/2

if rii<� break;
qi= qi/rii
for j= i+1 to n
rij= qi

Taj
qj= qj− rijqi

end
end
return Q;R

octave> function [Q,R] = mgs(A)
[m,n]=size(A); Q=A; R=eye(n);
for i=1:n
R(i,i)=norm(Q(:,i));
if (R(i,i)<eps) break; endif;
Q(:,i)=Q(:,i)/R(i,i);
for j=i+1:n

R(i,j)=Q(:,i)'*A(:,j);
Q(:,j)=Q(:,j)-R(i,j)*Q(:,i);

end;
end;

end

octave]
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