
MATH662: L14 Gaussian elimination

Overview

� LU factorization

� Forward substitution

� Backward substitution

� Pivoting

− partial pivoting

− full pivoting



Transformation of coordinates

� b2Cm, m typically large. Ib=Ax, A2Cm�m, rank(A)=m

� Recall QR-algorithm: Ax= b) (QR)x=Q(Rx)= b)Rx=Q�b= c

1 QR=A, Q unitary, R upper triangular, O(m3/3)

2 c=Q� b, O(m2) flops

3 x=R−1 c=Rnc, O(m2/2) flops

� Gaussian elimination: Ax= b) (LU)x=L(Ux)= b)Ux=L−1b= c

1 LU =A, L lower triangular, U upper triangular, O(m3/3)

2 c=Lnb, forward substitution, O(m2/2) flops

3 x=U nc, backward substitution, O(m2/2) flops



LU -factorization

� Theory Lm−1:::L1A=U)A=L1
−1:::Lm−1

−1 U =LU , L=L1
−1:::Lm−1
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LU - algorithm

� Componentwise algorithm

for s=1 to m− 1
for i= s+1 to m
`=−asi/ass
for j= s+1 to m
aij= aij+ `asj

� Vector operation �x+ y, axpy, single precision: saxpy, double: daxpy

for s=1 to m− 1
for i= s+1 to m
ai
T =ai

T +(−asi/ass)asT = axpy(−asi/ass;asT ;aiT)



LU algorithm with pivoting

� Partial pivoting (within the current column)

for i=1 to m pi= i
for s=1 to m− 1
p=pivot(s)
for i= s+1 to m
`=−ap(s)i/ap(s)s
for j= s+1 to m
ap(i) j= ap(i) j+ `ap(s) j
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