Wave propagation in hyperelastic
media

Sorin Mitran (mitran@unc.edu)
Department of Mathematics, University of North Carolina at Chapel Hill
September 18, 2019

Hyperelastic media allow derivation of a constitutive stress-strain relationship from the strain energy
density. This offers the opportunity for automated generation of the source code for a solver for such
media using the wave propagation approach of LeVeque, a variant of the finite volume method based
upon identification of the eigenmodes of a hyperbolic system of partial differential equations. Momen:
tum conservation for hyperelastic media can be formulated as

(pv);=diva(F)

F:=div(v® 0)

with p - mass density, v - velocity, g Cauchy stress, F - deformation gradient, v® O - exterior product
of velocity with identity matrix. The above system can be rewritten as

g: +divf(g)=0

with the local linearization

q: + A-div(q) = 0.

The eigenmodes of the flux Jacobian Arepresent the displacement waves of the medium. This note-
book defines finite strain tensors, computes the eigendecomposition AR=RA, and generates
Fortran source code to solve the linearized Riemann problem Réc = 6q. The source code is included
by the problem module of BEARCLAW to carry out a numerical solution.

Notation

Tensors are generally denoted by double strike Latin letters such as: x, [F, with keyboard shortcuts
[esc]dsx[esc, [escldsF [Escl. The scalar components are denoted by the indexed, corresponding normal font
Latin letter, x ={x;, X, x3}. Tensors with standard notation by Greek letters are denoted by the
corresponding script letter €, with keyboard shortcut [Etldse[et], and scalar components denoted by
the indexed Greek letters, e ={{€11, €12, €13},{€21, €22, Ex3},{ €31, €32, E33}}. When the scalar compo-
nents of the tensor are not used, a tensor can also be denoted by a normal face Greek letter.

Define number of space dimensions
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In[2):=

Out[2]=

In3]:=

Define identity matrix, Dirac delta

1 = IdentityMatrix[d]; 6 =0; MatrixForm[d]

Out[3])//MatrixForm=

Inf4]:=

100
0 10
0 06 1

Define some utility functions for Einstein summation notation

idx2[i_, j_] := ToString[i] <> ToString[jl;
idx3[i_, j_, k_] :=ToString[i] <> ToString[j] <> ToString[k];
idx4[i_, j_, k_, 1_] := ToString[i] <> ToString[j] <> ToString[k] <> ToString[l];

Deformation measures

Displacement

In[7):=

out[7]//Table

In[8]:=

Out[8]//Table

In[9]:=

Out[9)//Table

Define reference, current coordinates as independent variables

X = Table[X;, {i, d}]; x = Table[x;, {i, d}]; TableForm[{X, x}]
Form=

X1 X2 X3
X1 X2 X3

Define current coordinates as dependent variables

XX = Table[X][i]] + u;[t, X], {i, d}]; TableForm[xx]
Form=
Xy +uglt, {X1, Xz, X3}]

X2+u2[t; {X17 XZ; X3}]
X3 +uslt, {X1, X5, X3}

Define displacements as independent variables

u = Table[u;, {i, d}]; TableForm[{u}]

Form=

Uz up us
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Define displacements as dependent variables w.r.t. reference coordinates

o= | wX = Table[ui[t, X], {i, d}]; TableForm[{uX}]

Out[10])/TableForm=

ul[t: {Xla X2’ X3}] u2[t) {Xl’ X2: X3}] U3[t, {Xla X2a X3}]

Deformation tensors

Define deformation gradient in terms of displacements taken as independent variables

ni- | F=6+Table[u; j, {i, d}, {j, d}]; TableForm[F]

Out[11])/TableForm=

l+up g up o ui,s
Uz 1 l+up o Uz,
Uz 1 usz l+uz 3

Define deformation gradient with displacements taken as variables that depend on reference configu-
ration

2= | FX = 6 + Table[D[uXI[i]], X[[j1]l, {i, d}, {j, d}]; TableForm[FX]

Out[12]/TableForm=

140y (®1080e ix ) X5, Xl up (O 101 X, X, X up (918800 ix ) X5, X
Uz(o’{l’o’o})[t: {X1, X2, X3}] 1+U2(®’{0’1’0})[t: {X1, X2, X3}] Uz(o’{o’o’l})[ty {X1, X2, X3}]
us{® O Me X, Xy, X3) us{® 1O LMe 1, Xy, X3H 1+ug(® @0 Me, ixp, X5, X3]

Define left Cauchy-Green deformation tensor in terms of deformation gradient

In[13]:= B = [F.Transpose[F]; TableForm[B]
Out[13]/TableForm=
2,2 2
(1+uyg,1) +U7 5 +UT 3 (L+ug,1)up,1+ug o (1+uy o) +ug 3uUp 3 (1+ug,1)us,
2 2, .2
(1+ug,1)up,1+ug 5 (L+uy 5)+ug 3Un 3 u2’1+(l+u2’2) +Uj 3 up g Uz, +(1
2 2
(l+U1’1)U3,l+Ul,2 U3’2+Ul,3(l+U3,3) Uz,l U3’1+(1+U2,2)U3,2+U2’3(l+U3’3) U3’1+U3’2+

Define right Cauchy-Green deformation tensor in terms of displacement functions

In[14]:= BX = FX.Transpose[[FX]; TableForm[BX]

Out[14]/TableForm=

up (@O0 Ixy, Xy, X3l +uy OGN xy X, X3}]2+(1+U1(0’{1’0’0})[t; {X1, X3, )(3}])2

uy @100 e, g, Xp, Xaup® 10 IE, (Xp, Xp, XsH+u OO, (X, X, X3} (1 +up 001

up (@180, (X, X, X3)] (1+U3(0’{O’0’1})[t; {X1, X3, X3}])+U1(0’{0’l’0})[t: {X1, Xz, X3} uz(®: (01,8
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Define right Cauchy-Green deformation tensor in terms of deformation gradient

In[15]:= C = Transpose[F].[F; TableForm[C]
Out[15])/TableForm=
2 2 2
(1+ug,1) +uj g +U3 (L+ug,1)us,n+uy 1 (1+uy 2)+usz Uz, (L+ug,1)ug,
2 2 2
(l+u1,1)u1,2+u2,1(1+u2,2)+u3,1 us,2 u1,2+(l+u2’2) +U3 , Ui ul’3+(l
2 2
(1+U1’1)Ul’3+U2’l U2’3+U3’l(1+U3,3) Ul’z U1’3+(1+U2’2)U2’3+U3’2(1+U3’3) Ul’3+l,|2’3+

Define right Cauchy-Green deformation tensor in terms of displacement functions

In[16]:= CX = Transpose[FX].FX; TableForm[CX]
Out[16]/TableForm=
2
(1+U1(0’{l’o’o})[t, {X1, X2, X3}]) +uy (@001 iy X, Xl + ugl® O Xy, Xo, e
up (101 X, Xo, Xl (1+U1(0’{l’0’0})[t, {X1, Xz, Xs}])"'(l+U2(0’{O’l’o})[t, {X1, X2, X3}]) u, (8-t
up (@400 X, X, , X (1+U1(0’{l’0’0})[t; {X1, Xz, X3}])+u2(o,{0,0,1})[t’ {X1, Xo, X3}Juy(®:{1:0:€

Strain

Linear engineering strain

In terms of deformation gradient

1
In[17]:= e= Table[' (usi,j+u5,4), {i, d}, {3, d}]; TableForm[e]
2
Out[17])/TableForm=
1 1
Ui,1 ;(U1,2+U2,1) ;(U1,3+U3,1)
1 1
;(U1,2+U2,1) Uz, 2 ;(U2,3+U3,2)
1 1
;(U1,3+U3,1) ;(U2,3+U3,2) us,s
In terms of displacement functions
1
T I Table[' (o[wXILi1l, X;] +DIuX[I3T, Xs1), €, d}, {3, d}]; TableForm[eX]
2
Out[18]//TableForm=
1
up (@10 Xy, X, X3)] ;(Ul(o’{o’l’e})[t, {X1, Xz, X3}]+ Uy

1
= (Ul(e’{o’l’o})[t, X1, Xo, Xa}l+ux(® A0 ix, ) X, X3}]) up (@40 Xy, X, , X

= N

(us (O, X1, Xo, Xl +us OB OD e, X0, %0, X)) S (SOOI, Xy, X, X3l +us

N
N
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Green-Lagrange (Green-St. Venant) strain

In terms of deformation gradient

1
In[19]:= E = Expand[‘ (C- [I)]; TableForm[E]
2
Out[19])/TableForm=

ui,l ug,l u§,1 Ui, 1 Uz,1 1 1
Ul,l+T+T+T T+;Ul’lul’z‘l'T+;U2,1U2’2+;U3’1 U3’;
2 2 2
ljl_’2"'lul1‘112"'uz_’1"'éuz1L122"'AU31U3,2 UI_’Z"'Uz2"'uz_’2"'U3_’2
2 DI 2 2 2 d 2 > 9 2 2 2 2
le’3+iul 1Up 3+£U2 1Up 3+UB_’1+£U3 1U3;3 lU'1 2 Uy 3+U2_’3+luz 2 Up 3+U3_’2+lu3 2 Uz :
2 2 > 2 > 2 2 > 2 20 2 2 2 > 2 2 =0 =

In terms of displacement functions

1
weo- | EX = Expand[' (CX -n)]; TableForm[EX]
2
Out[20])//TableForm=

ul(o,{l,o,o})[t’ X1, X2, X3} + i Ul(o’{l’o’o})[t; {X1, Xo, Xa}I* + i Uz(o’{l’o’o})[t, {X1, Xo, Xs}I* + i Us((

1 1 1
;Ul(o’{o’l’o))[t, {X1, X2, X3}l + 5 uy (00 L e (X1, Xo, X3 uy (OO, (X, Xo, X3+ 5 up(®- 1
1 1 1
S un( @00, Xy, %, X+ 2 u OO, 1, %, X ug OO D, (xg, X, Xl + 5w

N

Constitutive relations

Linear elastic (Hooke)

neii= | Crg = Table[A 6[[1, 311~ 6[lk, Ul+p(8[[7, kIl < 6I[F, Ul+6[[i, U]~ 6I, kI,
{i, d}, {j, d}, {k, d}, {1, d}]; TableForm[C¢]

Out[21])/TableForm=

A+2pu 0 0 0 u 0 0 0 u

0] A0 u 0 0 0 0 0

0 0 A 0 0 0 u 0 0

0 u 0o A0 0] 0 0 0

u 0 0 0 A+2u © 0 0 u

0 0 0 0 0 A 0 u 0

0 0 u 0 0 0 A O O

0 0 0 0 0 u 0 A O

b oo 0y o 0 0 A+2p
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Strain energy

Define potential for various types of elastic materials

Linear elastic (Hooke)

1
In[22]:= &g = T Sum[Cg[[1, j, k, Ulelli, jll « ellk, U, {i, d}, {j, d}, {k, d}, {1, d}]
2
1 2 2 2
outf22)- —(A+2p)ul g +p(ug,2+Up,1) +2Aug 1 Uy 2+ (A+2p)u; 5+
2 b )
2 2 2
IJ(Ul,3+U3’1) +H(U2’3+U3,2) +2/\ul,l U3’3+2AU2’2 U3,3+(A+2Il) U3’3)
In[23]:= U g = Expand[E ]
2 2 1 2 1 2 2 2 2
Out[23]= - /\ul,l+u Up,q+ THU 5+ THU 3+ P U Uy 1+ T HU; +Aup Uy 5+ )\uz’2 HPU; o+
2 2 2 2 2
i 2 i 2 - 2 — 2 2
MUy 3+ HUp,3U3,1+ " HU3 1 +H Uy 3U3 5+ uu3’2+/\ul’lu3’3+Au2,2u3,3+ }\u3’3+uu3’3
2 2 2 2

Isotropic soft solid shear modes

Define invariants of Green-Lagrange strain tensor

neai= | Ip = Sum[E[[1, j11~E[[F, i]l, {i, d}, {j, d}]
2 2 2 \2
Uy, Uz,1 U3z up 2 1 U1 1 1 2
Out[24]= Up 1+ + + +2 + T Up,pUp 2+~ + T Uy Upo+ T U3z Uz f +
2 2 2 2 2 2 2 2
2 2 2 \2
uy o U 2 Uz up,z 1 1 us; 1 2
+U2’2+ + +2 +_Ul’1 Ul,3+_U2’1 U2,3+ +_U3,l U3’3 +
2 2 2 2 2
2 2 2 \2
1 u 3 1 uz o 1 2 (U3 Up3 25 )
2 _Ul’z Ul’3+ +_U2’2 U2,3+ +_U3,2 U3’3 + + +U3,3+
2 2 2 2 2 2 2
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In[25]:= U, = Expand[I,]
4 2 4 2
) 3 U, 1 Uio ) Lo 5 Ui » Ui g ) s 2
- - -
out[25]= up, +uy g+ + +Up, 1 U o+ TUp QUL 5+ + +Up,1 U] 3+ U] qUT gt
4 2 2 4 2 2
4 2
1 ) Uj,3 Uz 1 1 )

— 2 —_ — 2 _ 2
ul,2 U1’3+ 4 +U1’2 U2’1+U1’1 Ul,z U2’1+ 5 +U1’1 U2’1+ 5 ul,l U2’1+

u 1
2,1 2 2 2
+ ul,2 U2,2 + Ul,z Uz’l U2,2 + ul,l Ul,z Uz’l U2,2 + u2,l L|2,2 + u2,2 + u1,2 u2,2 +
4 2
4
1 Uz, 2

— .2 -
Uy g Up o+ U; 5+ +Up,pU; 3Up 3+Ug 3Up 3 Uy 3+U;g U 3Up 51Uy 3+
2 4

2 4
U3 1 1 ) ) 1 ) U, 2
Up,pUz,3Up pUp 3+ + T Uy 3Up 3+ T Uy Uy 3 FU Uy 3+ Uy 5 Uy 3t v
2 2 2 2 4
2
u
3,1 1
2 2 2 2

— 2 — —
U ,3U3,3+Up 3 Up 3U3 1+Up 31Uy 3U3 1+ ) +Up,1Uz o+ 3 Up Uz * ) W i U a o

Us g

+Up,2Uz,3U3 2+Uy 3U3 5+Uy oUy 3U3 >+U; »U3 73Uz >+U; 73U pU3 73Uz 2+

43,2 L 2 2 L 2
i ) Uy o Uz 5z 5 U3 5+ ) Uz 2 Uz ot

Up,1 U3 3 U3 >+Uy ;3 Uy >U3 3U3 >+

1 2 Y3,2 2
) U3,l U3’2+ 4 +Ul’3 U3’3+U2’3 U3’3+Ul,3 U3’l U3,3+Ul’l Ul’3 U3’l U3’3+

2
Uz,1Uz,3U3 3 U3,;3+U3 3 U3 3+U; 5U; 3U3 35Uz 3+Uz,3U3,5U3 3+Uy5U3 3U35U3 3+

u
2 )2 +i 2 +i +i 2 2 +i 2 2 ., . ELE
Uz 2 Wyl g ) Uy,3Uz 3 ) Uy 3z 3 ) Uz 3 U3 3 ) Ug o U3 3+ L3 5
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I3 = sum[E[[i, jI1 ~ E[[j, kIl ~ E[[k, i1l, {i, d}, {3, d}, {k, d}]
2 2 \3
Uj,a Yz,1 Uz g
up,p+ + + +
2 2
2 2 2
Upp Uzp Uz g ffuio 1 u 1 1 1 2
3 up i+ + + + T Up1Up o2+ 7+ T Uy Upo+ U3z Uz o +
2 2 2 2 2 2 2 2
2 2 2
up o 1 up i1 1 1 2{Uy o Y22 Y a
3 + ul,l Ul’2+ + Uz’l U2’2+ U3’l U3’2 +U2’2+ + +
2 2 2 2 2 2 2 2
2 2 2 \3
Uy 2 Us,2 Uz s
T 4uUy o+ + +
2 2
2 2 2
Upp Uz Uz g jfuiz 1 1 uz;; 1 2
3 Up,1+ + + + T Up,1Up 3+ Uy jUp3+ = + U3 U333 +
2 2 2 2 2 2
Ui, 1 ui1 1 1
6 + 7 Up jU; o+ + T Uy Uy o+ ~ U3 1U3
2
up,3 1 1 Uz;:1 1
+ T Up U 3+ 7 Uy Uy 3+ + T U3z 1U3;3
2
1 Uz 1 Uz, 1
“Up,pUp 3+ + Uy Uy 3+ + Uz U3z 3|+
u? u? u 2
1,2 2,2 3,2 |1 u,3 1 U2 1
3 +U2’2+ + _Ul’z Ul’3+ +_U2’2 U2’3+ +_U3’2 U3’3 +
2 2
2 2 2
up,z 1 1 uz;; 1 2(Uyp 3 Uz 3 usz 3
3 + ul,l Ul,3+ U2’1 U2,3+ - U3,1 U3’3 - +U3’3+ qr
2 2 2 2 2 2
2 2 2
1 uz 1 uz o 1 2(Uy 3 U3 usz 3
3 TUppU;p 3+~ + T UpoUp3+~ + U3 U3 ;3 —+ T +uz 3+ T |+
2 2 2 2
2 2 2 \3
Uy, U3 3 Uz 3
aF +U3’3+
2
U5 = Expand[I3]
4 5 6 4
5 3ul,l 3ul’l up, 3 15 3 5 3 3ul’2
up,.+ + 4 + T Up1up o+ Uj,p Uy o+ TUp qUp o+ T Uy U 5+ +
2 4 8 8
6
3 3 . Y2 3 15 3 3
Sy g Uy o % Ty g Uy ok 8 + Sy g Uy 3 Uy gUy g+ = Up gUy g+ Uy U 3+




StrainEnergyPotential.nb | 9

4
3, 3 3 5 . 5, @y 3 .
TUg o Ug gk UG g Uy oy gt Uy g U o Uy gk Uy Sl st Ui ga Uy g
2 8 8 4
6
e 4 3 5 4 di3 03 2 5 3 3
_U1,1U1,3+_u1,2ul,3+ +_Ul’lul’2U2’l+_Ul,lul,2U2’l+_Ul,lul’2U2,l+
8 8 2 4 4
3 3 3 3 3

-3 - - - 2 —
4 U1,2 U2’1+ 4 ul,l U1’2 U2,1+ 4 Ul’z U1’3 U2,1+ 4 ul,l Ul,z Ul,3 U2’1+ 4 ul,l U2’1+

15223323423223 223222

ToUp Uy gt T U U g T U Ut T U Uy T U Uy Uy Uy Uy o U gt
8 2 8 4 4 8

3u?
35 3 2 2 35 o2 o 3 3 3 2y
U1,3U2,1+ZUl,lu1,3u2,1+gu1,1u1,3u2,1+Zul,2u2,1+zu1,1ul,2u2,1+ o +

6
u
4 2,1 3 3 3

4 Z S 2 2 22 2
W, 5 Wy 5 5F 8 i k) 8 v 4 Ua_a Wa 2 ar ) LR oy LRl 4 S SR oy Chloaes

3 3 9

4 - - .2

Uy,oUz,2+ Uy 5U; 3U3 5+ 5 Up,pUp 13Uy 2+3Ug 1U; Uy Uy 5+ Uy, g U1,2Uz,3Uz 2+
4 4

Jw D |Jw

[w &

3 3 3 3 3 3 2
Up g Ui,2Uz,3Up 0+ Z Uy pUz,1Uz,2+ Z Up,1 Uy pUz,1Uz 0+ Z Up,a Uy g3Uz,1Uz 0+

2 +i 2 +§ +i 2 +i 2 2 N
Up,1U1,2U; 3Uz,1U3,2 4“2,1“2,2 2u1,1u2,1u2,2 4“1,1“2,1”2,2 4“1,2”2,1“2,2

[w &

[w &

3 = 3 L2 S22 o2 3 2 2 .
Ug,2 Uy 3 U2,2 4ul,lul,2uz,1U2,2 4“2,1“2,2 o Uy 2 U 5 4ul,lu1,2u2,2

[w &

2 3 3 2 92 2 2 2 2
Up,1Ug Uyt g o U5 o1 g U aUp,3ly o+ Z Up,2Uz,1Up 5+ Z Up,1Ug,pUp 1 U5 5+

= 00
(6]

3 2 3 2 3 3
Uy 1Ux ot Z Up,pUy q Uz o+ g Up,aUz g Uz o+ g Uy aUy g Us o+ ; Uy iUy ptUpy o+

4
2 3 e 3 3 3 3 3u;2 3 4
u1,2U2,2+Zul,2u2,lu2,2+zul,lul,2 u2,ll"2,2+;uz,1uz,2+ 5 +gul,2 U, o +

N LW g

5 6

3u;, Uz, 3 3 3 4

+_U1,2U1,3U2,3+;U1,1U1,2U1,3U2,3+_U1,1U1,2U1,3U2,3+
4 4

| w

4 8

3 9 S

3 - — — — .2

Uy,oU1,3Uz,3+ Uy oU; Uz 3+ ™ Uy 3Up Uz 3+ Uy Uy, 3Up 3Uz,3+ Uy U 3Uz 53Uy 3+
4 4 4 4

|w o
w

3 3 5 3 2 3 3
Up g Ui,3Uz,1Uz 3+ Uy 5Up 3Up 3Up,3+ ™ Up Uy 5Up 3Up 53Uz 3+ Uj 3Up 31Uz 34
4 4 4

lw &

lw &

3 +i 2 +§ 3 +i 3 +
Ui,1U; 3Uz,1U3,;3 4U1,2U1,3U2,1U2,3 4U1,3U2,1U2,3 4U1,1U1,3U2,1U2,3

3 3 3
— Z 2 .3
Up,2Uz,3Up Uy 3+ ) Up,1Uz,2 Uz 3Up o Uy 3+ 4 Up,1 U1,2U3,3Uz,2Up 3+ 4 Uy,pU1,3Uz 2U3 3+

RCRES

lw &

3 3 3
3 = - — 2
Ui,aUp gUz,2Uz, 3+ ) Up,3Up, 31Uy Uy 3+ ) Uj,1Uz,3Up 31Uy Uy 3+ 4 Uj,2 Uz,3U; 5 U3,2 U3 3+

N
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Jw N W o W D|JwhDIJwDIWNDIWDRIJTwDAIWDIwWwDI]JwD]Jw DMJw ©|]whIJwo | |wWwh lwowlwhl o

[w &

N

ui;s

ui;s

U1

Uz 1

Uz 1

Ui 1

Ui, 2

U1

ui,2

ui,s

Uz 1

Ug,3
ui,;s
U1
Uy 2
Uz 1
Uz 2

3
258

ui,s

ui,s

2 =
Y2 U2, 3
4

2 i 2 i 3
Up,3lUz,1U; 5 Uz,3+ 4 Uy,p Uz,3Uz 13Uy 5 Up 3+ 4 U, Uz,3U; 5 Uz 3+

3 3
Z 2 2 2 2 2 2 2 2 24 2
w 4 Wi n Wy 5 Up g% g Wi 5 Y g Uy g+ 8 Ui 2 U 5l 5% g Up, gy g

2 3 2 3 3 5 2
Y,z Up n Uy g5 Z Uy 1 Uy 3+ Z Up,1Up 5 Up 3+ g Up,p Uy Uy 3+

u2 +iu u2 +iu2 u u2 +iu2 u u2 L+
2,3 4 2,2 Y23 4 1,2 92,2423 4 1,3%2,2%2,3

3 15 2

Z 2 2 2 =2 2
Up,1U1,oUp 31Uy 5 U5 5+ 5 Uy 1 Uz,2Up 3+ g U 2 5%

22+3222+33 2+i4 2+i 3,
U Uz 3 4“2,1”2,2“2,3 2”2,2“2,3 8”2,2“2,3 4”1,2ul,3u2,3

4
s 3 3 34,3 3 2
Up,3Uz,1Up 3+ 4 Up,pUp,3Up 2 Uy 3+ g i g U; 3Uy 3+ g Uy 1Up 3+

Uz 3 g 3 5
+ T Up,pUp3U3z 3+ = Up ;U 3U3 3+~ Uy 5 U; 3U31+
4 4

3 3

2 3 z e
Up pUz,3Uz,1+ ™ U U3 3+ 4 Up,1U; 3Uz1+ 4 Up,pUz,3Up Uz 1+

lw & [ w

3
2 -
Up,3Uy jUz,1+ = Uy Uz 3Up 53Uy 52Uz + 4 Up,o Uz 3U3 1+

3
Z .2
Up 1Up,3U3 1+ 7~ U Uy Uy 3U3 1+ 4 Up,pUz,1U3,3U3 1+

lw »

|w N

3
3 -
Uy qU2,3U3,1+ ™ Uy pUp 35U 3U3,1+ 4 Ugp,1 U3 2Up o Uy 3U3 1+

N

2 3 2 3 2

Uz,1 Uy pUz,3U3,1+ ™ Ug 3U; 3U3,3+ ™ Uj jU; 3U; 3U33+
4 4

2 +£ 2 2 +3 3 2 +i 4 2 +i 2 2 .

Y31 Wi U 0 Wi a U a Wi a Uy a Uiz Uy a
2 8 8

2 2 +i +i +i 2 2,

1,2Y31 4 U gl a 4 TR | 8 Wi n a5 Uy, 0

2 +i 2 2 +i 2 2 +§ 2 2 .
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5 6
3 , 3Yss 3 3 , 3 3 a2l Lo
“ Uz U3 g+ 7 Uy 3U3 3+~ Uy gUz 3+ U3 yUz 3+ ™ U;,5U; o+ i A
1
In[28]:= Ess= I+~ Al +DI7;
3
In[29]:= Uss = Expand[Egs]

2 i 3 3 i 4 4 i 4 i 5
/Jul’l+3 ﬂul,l+uul’l+2 52("'1,1*'1)”1,1*'4“”1,1’“452("'1,1*’

5 L 6 3 2 5 L 6 3 6
29u1’1+24ﬂul,1+ +2Z)u3,2u3’3+2452(u3,3+21)u3,3+
Out[29)= 1 2 6 1 2 6 il 2 6 il 2 6 il 7 1 8
. Z)ul’3 us 5+ . Du2,3 us 3+ . Z)u3,lu3’3+ . Z)u3’2u3’3+ 3 Z)u3’3+ o Dus3 4

’

large output show less show more show all set size limit...

Cauchy stress

The Cauchy stress is the gradient of the strain energy w.r.t. deformation gradient

In[30]:= o[u_] := Mon‘itor[Table[S‘imp'L'i fy[D["L(, ui,j]], {i, d}, {37, d}], {i, j}]

Linear elastic

nsi= | oL = o[ULel; TableForm[og]
Out[31]/TableForm=

(A+2p)uy 1 +A(uy o +us)3)

4 (U1,2 + Uz,l)

4 (U1,3 + U3,1)

H (Ul,z + U2,1)
/\ul,l +(/\+2IJ) Uz’z +/\U3,3

H (U2,3 + U3,2)

4 (U1,3 + U3,1)
H (U2,3 + U3,2)

AU1,1+AU2’2+(A+2H) U3,3

In terms of the deformation gradient components

In[32]:

aIFLE =0 l. Flatten[Table[ui,j - F'idxz[-i,j]"s[['i » 311, {i, d}, {3, d}]];
TableForm[o[F g]

Out[32]//TableForm=

(/\+2IJ) (—l+ Fll)+A(_2+ F22+ F33)
M (F12 + F21)
M (F13 + F31)

H (F1z + F21)
/\(—l+ F11)+(/\+2U) (—l+ F22)+/\(—l+ F33)
M (Fa3 + F35)

p (F13 +F31)
H (Fa3 + F32)
A(-1+Fqq)+
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In[33]:= sigmaFLE = ofF g}

DumpSave["sigmaF_LE.mx", sigmaFLE];

Isotropic soft solid shear modes

In[35]:= Ogs = a[(uSS];

The expressions for the stress components are very long. Individual components can be accessed as

follows:
In[36]:= ossl[1, 1]] /. {A-> 0, D> 06}
= 2 3 2 2 2
Out[36]= —(12/.1ul L tA4puUy AP U] AU oAU, H4 U 3Up Uy 3
4 3 B I b b b b b

2 2 2 2 2
4puy 3 U3,1+4IJU3,1+U1,1(8H+4,UUl,2+4IJU1,3+4IJU2,1+4HU3,1)+

up,o(up,1(4p+4puy5)+4pus 1us o) +4 U 3us 1 U3 3)

ne7i- | oFss = 0ss I. Flatten[Table[u; j = Fiaxori,i1- 6Ili, 311, {i, d}, {3, d}]];

In[38]:= sigmaFSS = ofFss;;
DumpSave['"sigmaF_SS.mx", sigmaFSS];

Linearly polarized shear wave

To check above computations, extract expressions for a linearly polarized shear wave in which only
Ui 3 is non-zero

In[40]:= setZero = F'Latten[Tab'Le[ui’j -0, {i, d}, {7, d}]]

Out[40]= {u1,120,u;,0,uU;,350,Uy150,Uy,>0,uU;3>0,u37->0,u3,->0,uz 3> 0}
In[41]:= setZeroNotl3 = Drop[setZero, {3, 3}]

Out[41]= {U1’1 -0, Ul’z -0, Uz’l -0, Uz’z -0, U2,3 -0, U3,l -0, us,2 - 0, us,s g O}

In[42]:= Simplify[oss /. setZero]

Out[42]= {{o, 0, 0}, {0, 0, 0}, {0, 0, 0}
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In[43]:=

Out[43)/Tab

In[44]:=

Out[44]=

In[45]:=

Out[45]=

In[46]:=

Out[46]=

In[47]:=

Out[47)//Tabl

In[48]:=

Out[48]=

In[49]:=

Out[49]=

Ossip = Simplify[oss /. setZeroNotl3]; TableForm[osg p[[1, 3111

leForm=

1
Z(4uu1’3+2($+2(®+p))ui,3+(ﬂ+6D)ui3+2Duz,3)

Momentum conservation is stated as
pvie=0y;;=0s[ purs+(u+ ‘f‘ +D)ui 5+ i‘(?( +6 D)uy,+ 12' D u{;], which differs from Zabolot-

skaya et al (2004) in the terms ui3 and uz’3. Verify result against different computational steps.

setZeroD23 = Flatten[Table[ui,j -0, {i, d}, {7, 1, 2}]]

{ul,l_) o, Ul’z—) o, Uz’l—) o, Uz’z—) o, U3,l—) o, U3,2—) O}

setZeroU23 = Flatten[Table[ui,j -0, {i, 2,d}, {j, 1, d}]]

{Uz,l—) 0, Uz,z—) 0, U2,3—) 0, L|3,l—) O, L|3,2—) O, U3,3—> O}

Ussip = Uss |. Flatten[{setZeroD23, setZeroU23}]

1 1 1 1
—pui3+—.?fu‘l‘3+—@u‘l‘3+—uui3+—ﬂu?3+—i)ui3+—Z)u§3
2 T8 T4 T4 ’ 4 T4 716 ’

Ossip2 = O[Uss pl; TableForm[ogg ps]

eForm=
° 0 i(4Hu1’3+2(ﬂ+2(@+”))ui,3+(-ﬂ+6@)Ui,3+2@uz,3)
0] 0 0
(0] 0 0

Simplify[D[Ussip, uy,3]]

1
Z(4;1u1’3+2(\?{+2(Z)+,u))ui3+(‘?f+6Z))ui3+2Z)u—l/,3)

Elliptically polarized shear wave

As a further check, extract expressions for an elliptically polarized shear wave in which only u; 3, Uy 3

are non-zero

setZero = Flatten[Table[ui’j -0, {i, d}, {37, d}]]

{ul,l_) 0, Ul,z—) 0, Ul,3—) O, Uz,l—) O, U2,2—) O, U2,3—> 0, U3’l - O, U3’2 - O, U3,3 - O}
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In[50]:=

Out[50]=

In[51]:=

Out[51]//Tabl

Out[54]=

In[55]:=

Out[55]//TableForm=

setZeroNot1323 = Drop[Drop[setZero, {3, 3}], {5, 5}]

{ul,l_) 0, Ul,z—) @, Uz)l—) O, Uz’z—) O, U3’l—) O, U3’2—) G), U3’3 - 0}

Ossep = Simplify[oss /. setZeroNot1323]; TableForm[ossepl[l 535 2, 3]1]

eForm=

iu1’3(4u+2Z)ufls’3+2(.5’(+2(Z)+/J))u§’3+(.?f+6@)ug,3+2®u§’3+u‘l"3(.ﬂ+6Z)+6Z)u§,3)+2
Tus3(4p+2D U +2(A+2(D+p)uf 5 +(A+6D)uj s +2Duf s +ul S (A+6D+6DuJ 5)+2

The above again differs from Zabolotskaya et al (2004). Alternative computational steps

setZeroD23 = Flatten[Table[u; ; = 0, {i, d}, {j, 1, 2}]]

{ul,l_) 0, Ul,z—) G, Uz)l—) @, Uz’z—) @, U3’l—) O, U3’2—) G)}

setZeroU3 = F'Latten[Tab'Le[ui,j -0, {i, 3,d}, {j, 1, d}]]

{U3’1 -0, U3’2 -0, U3’3 - 0}

Ussep = Uss |. Flatten[{setZeroD23, setZeroU3}]

1 1 1 1 1
—pui3+—‘?fu;3+—@u‘l‘3+—uui3+—.7(u$3+—l)ug3+—Z)u§3+
T8 T4 T4 T 24 T4 716 ’

1 1 1 1
Z ., .2 - 2 2 - 2 2 -2 2 - 4 2
puy s+~ AU U5 3+ = DUy Uy 5+ THUD Uy 5+ T AUy sUS o+
4 2 2 8
1 1 1 1
2 4 2 - 6 2 - 4 - 4 . 4 - 2 4
Z)ul’3 uy 5+ ) D uj guy 3+ X .?fuz’3+ ) Du2’3+ ) Huy 5+ X ‘?ful’3 u 3+

3 3
— 2 4 el 4 4 il 6 ol 6 - 2 6 il 8
Z)ul’3 u, 3+ Z)ul,3 u, 3+ $u2,3+ Z)uz’3+ Z)ul’3 uy 3+ Du2,3
8 24 4 4 16

Ossep2 = O[Ussepl; TableForm[ossep,]

0 0 iu1,3(4u+2Z)uf’3+2(.7f+2(2)+p))u§’3+(.?(+6Z))ug’3+2Z)ug”3+u1"3(ﬂ+61)+6

0 0 iu2,3(4u+21)uf’3+2(ﬂ+2(@+p))u%,3+($+6Z))u‘z‘,3+2Z)ug’3+u‘ll,3(\?{+613+6

0 0 0
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In[56]:= Simpli fy[D['L(SSEp, u1,3]]
1 6 2 4 6
Out[56}= —u; 3(4p+2Du] 3+2(A+2(D+p)U; 3+ (A+6D)u; ;+2Duy 4+
4 3 b 3 b
ui,3(‘.’ﬂ+6Z)+6Du§,3)+2ui’3($+2(@+u)+(ﬂ+6D)u§’3+3Z)ug’_,,))
In[57]:= S'imp'l.1 fy[D['L{SSEP’ U2’3]]
1 6 2 4 6
Out[57)= “ Uy 3(4p+2Du] ;+2(A+2(D+p)uj 3+ (A+6D)u, ;+2Duy 5+
4 ) ) ) )
ui’3(‘?{+6Z)+6@u§’3)+2ui3(ﬂ+2(2)+p)+(\?(+6@)u§’3+3@ug’3))
Tensions

Tensions (forces per unit volume) in the directions of the reference coordinates are obtained by
taking divergence of Cauchy stress

Utility functions

In[58]:=

In[59]:=

In[60]:=

Define differentiation of deformation tensor

dF[oF_, j_] :=
Simplify[D[oF /. Flatten[Table[ Figxak,1y => Fidxak,ulXl> {k, d}, {1, d}]], x] /.
Flatten[{Table[ Fiaxork,1y '[X] => Fiaxa[k, 1, {K»> d}, {1, d}],
Table[ Fiaxork,ylX] => Fidxark, 115 ks d}, {1, d}]}]]

Define divergence of stress tensor expressed in terms of [F

f[o_] := Monitor[Table[Sum[dF[o][i, jlI, ], {j, d}], {i, d}], {i, j}]

Replace [F and spatial derivative of [F with u

uF[o_] := o /. Flatten[{
Table[ Fiaxzik,1 = Uk,1 {k, d}, {1, d}]a
Table[ Fiaxark,1,m = Uk, idx2[Min[{1,m}], Maxi{L,ml > {K» d}, {1, d}, {m, d}]

1
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Tensions for linear elastic solid

In[61]:= TLE = E[O'FLE]; TableFOrm[fLE]

Out[61]/TableForm=

A+2p)Fiy, 1+ (Fio,0+Fa1,2) + 4 (F13,3+ F31,3) +A(Faa,1 + Fa3,1)
AF11,0+ M (Fia,1+Fa1,1)+(A+2 ) Fyy o+ (Fa3,3+F32,3)+AF33 5
AF11,3+AFy 3+ (Fi3,1+F31,1)+ 4 (Fas,2+F3p,2) +(A+2 ) Fa3 3

In[62]:= fFLE = g
DumpSave["fF_LE.mx", fFLE];

Verify against vector formula (A+u)V V-u + yV2u

In[64]:= fu g = Map[ulF[H] &, f g]; TableForm[fu, ]

Out[64]/TableForm=
(A+2 ) Up,11 +H (U1,22 + U2,12)+IJ (U1,33 + U3,13) +A (U2,12 + U3,13)

Aug io+p (U1,12 + U2,11)+ A+2p)uy 2 +Auz 23+ (U2,33 + U3,23)

Aup 13 +Aup o3+l (U1,13 + U3,11)+H (U2,23 + U3,22)+(/\+ 2 Y) Uz, 33

In[65]:= form = Table[S'i mpli fy[Sum[ (A +p) U5, idx2[Min[{i,i}],Max[{i,j1 ¥ M Yi,idx2[j,j]» {j, d}]] , {1, d}]

Out[6s]= {H Uy, a1 +(A+p)uy 11+ Uy 2+ Uy 33+ (A+p)us 10+ (A+ ) us 13,
A+p)uy 1o+ Uy 13+ MUy 20 +(A+p) Uy 20+ Uy 33+ (A+ ) Uz o3,

(A+u)uy,13+(A+p) Uy p3+ U U3 11+ U3, 2p +AU3 33+ 2 ) U3 33}

In[66]:= Simplify[fu g - form]

Out[66]= {0, 6, 0}

Tensions for isotropic soft solid shear modes

In[67]:= fss = FloFss];

In[68]:= fFSS = fgg3
DumpSave["fF_SS.mx", fFSS];

Flux Jacobians

For an incompressible medium in which all model parameters are scaled by the density and deforma-
tions are sufficiently small to enable use of the Cauchy stress tensor (as opposed to the first Piola-
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Kirchhoff stress), the equations of motion v;; = g;; ; coupled with rate of deformation equations
Fijj=vi;form a conservative system g; -V -f=0 with g=(v F)', f=(o v®d)', or in component form

Vit = Oipor Fije=(vi 6jk),k-

To use a wave propagation approach to the numerical solution of the equations of motion, the
eigenmodes of the system flux Jacobians are required

n- 1= | flo_, v_] :=Transpose[Join[o, Flatten[Outer[Times, v, 6], 1]1]1];

sig= Table[a'idxz['i,j]s {i, d}, {3, d}];
vel = Table[v;, {i, d}];
flux = f[sig, vel]; TableForm[Transpose[flux]]

Inf* J:=

Outf = J//TableForm=

11 012 J13
021 022 023
031 033 O33
2 0 0
0] Vi 0
0] (0] Vi
Vo 0 0
(0] Vo 0
0 0 Vo
V3 0 0
(0] V3 0
(0] 0 V3

Infe ]:=

Define gradient w.r.t. q

q= Flatten[{Table[Vi » {1, d}], Table[F-idxz['i,j]’ {i, d}, {3, d}]}];
nq = Length[q]; TableForm[q, TableDirections - Row]

Out[« J/TableForm=

Infe Ji=

Vi Vo vz F11 Fip Fi3 Fo1 Fop Foz F31 F3p Fas

gradq[f_] := Monitor[Table[D[f, q[[alll, {a, nq}], a]




StrainEnergyPotential.nb | 21

Linear elastic

- = | fLg = floF, vel]l; TableForm[f g, TableDirections - Row]

Outf« J//TableForm=

A+2p) (=1+F11) +A(=2+Fyp + F33) b (Fip+Fyy) M (Fi3+ F31)
M (F1z + Fa1) A(=1+Fp)+(A+2p)(-1+F)+A(-1+F33) p(Fa3+F3p)
b (Fy3+ F31) U (F23 + F33) A(-L+Fp)+A(-1+
Vi 0 (0]

0] Vi 0]

0 0 Vi

Vo 0 0]

0] Vo 0]

(0] 0 Vo

V3 0 0

(0] V3 (0]

(0] 0 V3

Flux Jacobians

- = | ALg = Map[Transpose[gradq[H]] &, f g]; TableForm[A g[[1]]]

Outf = J/TableForm=

(o)
4L
N
=

© O O OO0 O o O K o o

© 0O 0O © O FHF 0060 6 o o o
© O HF © 0000 6o o oo
© 0 0O 0 OO OO0 O o 0 >
© © O OO OO OO oeT oo
© © O OO OO O ooT © o
© 0O O OO OO O o eoT oo
© 0O O 0O 0O OO0 O o 0 >
[olNclNclNo oMol oc oMo ol oMol
© 0 0 OO0 OO oo ooT oo
(oMol oo oMol o oMol ol oMo
© © O 0O 0 OO O O o O >
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TableForm[A g[[2]]]
0 0 0 0 u 0 u 0 0 0 0 0
(0] (0] 0 A 0 0 0 A+2 U 0 (0] 0 A
0 0 0 0 0 0 0 0 u 0 u 0
(0] (0] (0} (0} (0} 0 0 0 (0} (0} (0} 0
1 (0] 0 0 0 0 0 0 0 0 0 0
(0] (0] 0 0 0 0 0 0 0 0 0 0
(0] (0] 0 0 0 0 0 0 0 0 0 0
(0] 1 0 0 (0] 0 0 0 0 0 0 0
(0] (0] 0 0 0 0 0 0 0 0 0 0
(0] (0] 0 0 0 0 0 0 0 0 0 0
(0] (0] 1 0 (0] 0 0 0 0 0 0 0
(0] (0] 0 0 0 0 0 0 0 0 (0] 0
TableForm[A g[[3]]]
0 0 0 0 0 U 0 0 0 U 0 0
0 0 0 0 0 0 0 0 u 0 u 0
(0] (0] 0 A 0 0 0 A (0] (0] (0] A+2
(0] (0] 0 0 0 0 0 0 0 (0] (0] (0]
(0] (0] 0 0 0 0 0 0 (0] (0] (0] (0]
1 (0] 0 0 (0] 0 0 0 (0] (0] (0] (0]
(0] (0] 0 0 0 0 0 0 (0] (0] (0] (0]
(0] (0] 0 0 0 0 0 (0] (0] (0] (0] 0]
(0] 1 0 0 (0] 0 0 0 (0] (0] (0] (0]
(0] (0] 0 (0] (0] 0 0 0 (0] (0] (0] (0]
(0] (0] (0} (0} (0} 0 0 0 0 (0] (0] (0]
(0] (0] 1 0 0 0 0 0 (0] (0] (0] (0]
fLE = fig; ALE = Ajg;
DumpSave["qfA_LE.mx", {q, fLE, ALE}];

Eigensystem - eigenvalues
AR g = Map[Eigensystem[H] &, Ag] /. {\//\+2 M - Cp, J: - cs} 3
Ae = Table[ARg[[i, 111, {i, d}];
Rig = Table[ARg[[i, 211, {i, d}];
TableForm[A g]
(0] (0] 0 0 0 0 -Cg —Cg Cg Cg -Cp
(0] 0] 0 0 0 0 -Cg —-Cg Cg Cg —Cp
(0] (0] 0 0 0 (0] -Cg -Cg Cg Cg -Cp

Eigensystem - eigenvectors (displayed as rows in Mathematica)
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TableForm[R g[[31]]

Outf = J//TableForm=

Infe J:=

A+2 u

In[

Outf

In[

0 0 0 ) 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 -1 0 1 0
0 0 0 0 0 =1 0 0 0 1 0 0
0 0 0 -1 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 —-Cg 0 0 0 0 0 0 1 0 0 0
-Cg 0 0 0 0 1 0 0 0 0 0 0
0 Cs 0 0 0 0 0 0 1 0 0 0
Csg 0 0 0 0 1 0 0 0 0 0 0
0 0 -Cp 0 0 0 0 0 0 0 0 1
0 0 Cp 0 0 0 0 0 0 0 0 1

Verify eigensystem

Ji=

{a, nq}, {1, d}] , TableDirections » Row]

J/TableForm=

OO0O0OOOOOOOOO OOOOOOOOOOOO BOOOO
OOO0OOOOOOOOO OOOOOOOOOOOO OGOOOO

OOOOOOOOOOOO OOOOOOOOOOOLO OOOOO

00000

00000

00000

TableForn| Table[ALelli]]- Reelli, all-Acelli, all Reelli, all /. {cp NAs2p, con J:},

00 OOOOOOOO0OOO

00 OOOOOOOOOOO

00 0OOOOOOOOOO

J=

Decomposition of 6q onto eigenbasis, R ¢ = 6q

6q = Table[6q,, {a, nq}]; TableForm[6q, TableDirections - Row]

Out[« J//TableForm=
6a; 6q, 6q3 6qy 6ds 695 6q; 6qg Odg 6a 6q; 6ap
Define coefficients c
- = | ¢ = Table[LinearSolve[Transpose[R[[i]ll, éql, {i, d}];
Select propagating waves (place arbitrary positive values for wave velocities into eigenvalues)
7= | A12 = N, {cg > 1, cp > 2};
iW = Table[Select[Table[a, {a, nq}], A12[[i, H]] * 0 &], {i, d}]; TableForm[iW]
Out[« J/TableForm=
7 8 9 10 11 12
7 8 9 10 11 12
7 8 9 10 11 12
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Number of propagating waves. Should be the same for all d spatial dimensions.

nW = Length[iW[[1]]]

6

AW = Table[A[[4, iW[[i]lll, {i, d}]; TableForm[Aw]

—Cg —-Csg Cg Cg -Cp Cp

—Cg —-Csg Cg Cg —-Cp Cp

—Cg —-Cg Cg Cg -Cp Cp

W = Table[R[[i, iW[[illll, {i, d}]; TableForm[W[[1]]]

0 0 —Cg 0 0 0 0 0 0 1 0 0
0 -Cgs 0 0 0 0 1 0 0 0 0 0
0 0 Cs 0 0 0 0 0 0 1 0 0
0 Cs 0 0 0 0 1 0 0 0 0 0
-Cp 0 0 1 0 0 0 0 0 0 0 0
Cp 0 0 1 0 0 0 0 0 0 0 0
TableForm[W[[2]]]

0 0 -Cs 0 0 0 0 0 0 0 1 0
=Cg 0 0 0 1 0 0 0 0 0 0 0
0 0 Cs 0 0 0 0 0 0 0 1 0
Cs 0 0 0 1 0 0 0 0 0 0 0
0 -Cp 0 0 0 0 0 1 0 0 0 0
0 Cp 0 0 0 0 0 1 0 0 0 0
TableForm[W[[3]]]

0 —-Cg 0 0 0 0 0 0 1 0 0 0
-Cg 0 0 0 0 1 0 0 0 0 0 0
0 Cg 0 0 0 0 0 0 1 0 0 0
Cs 0 0 (0] (0] 1 (0] 0 0 0 0 0
0 0 -Cp 0 0 0 0 0 0 0 0 1
0 0 Cp 0 0 0 0 0 0 0 0 1
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Infe J:=

Inf* J:=

cW = Table[e[[i, iW[[i]l]]l, {i, d}]; TableForm[cW]

Outf = J//TableForm=

-0Q,+Cs 00.+Cs 67,

-0Q,+Cs 0G.4+Cs O G,

0Q,+Cs 0Q.+Cs 0,

0Q,+Cs 0G-+Cs 0,

-A6q,-2 Y 6q+A cp OQ,+2

2cg 2cg 2 cg 2 cg 2 (A+
-0Q,+Cs 0y+Cs 67, , -0Q,+Cs 0G-+Cs O G, 0Q,+Cs 0Gy+Cs 07y, 0Q,+Cs 0G.+Cs 0, -A6q,-2 4 6q,+A cp OQ,+A
2cg 2cg 2 cg 2 cg 2 (A+
-0Q,+Cs 00,+Cs 67, , -0Q;+Cs 00.+Cs 67y, 0Q,+Cs 0Gy+Cs 07, 0q,+Cs 0G.+Cs 0, -A6q,-2 ) O +A Cp O +A
2cg 2cg 2 cg 2 cg 2 (A4

DumpSave["lcW_LE.mx", {AW, W, cW}];

Isotropic soft solid shear modes

Inf* J:=

fss = f[oFss, vel]l; TableForm[fss, TableDirections - Row]

Out[ = J//TableForm=

Infe ]:=

Out[+ ]=

Infe =

Outf+ ]=

large output show less show more show all set size limit...
Dimensions[fss]
{3, 12}

fssll1, 1]

1

2(142)(—1+Fll)6+2D(—1+Fll)7+29F§2+ﬂF§3+4u Fl,+ AF,+4DFL,+2DF, + AFS +
AUF  + AFLF2 +8DF, Fo 4+ 2 DFI, F2 + AFs +4 DFy, +2 DFL Fa, +2DFS, +
2AF (1 +Fp)+8DF y Fo (14 Fp) +8DFy (-1 +Fp)+8DFo;(-1+Fy) +
AR (-14Fp)° +8DF3 (1+Fy)° +4 DFI F2 (-1+F) > +4 DFy, (14 Fp)° +
8DFI, (-1+Fy)° +8DF2 (-1+F) 42 DF, (14 Fp) ' + 2 DF3 (-1+Fy)) " +
3AF13Fy Foz+4 U Fy3Foy Fog+ AFi,Foy Fas+ 12 DF, Foy Fog+2 DFoy Fyy Fog+
AF13Fa Fas+ 12 DFy3Fa Fus+2 DFy3Fo Foz+2 AF 3 Fyy (1 +Fy)) Fog+
8 DFy3Fy (~1+Fp0) Foz+ AF 3 Fpy (1+Fp)° Foz+8 D Fyz Fop (-1 +Fyp) Foz+
4D Fi3 Fgl (-1 +F))° Fo3+8 D Fy3 Fay (~1+Fp)° Foz +2 D Fyz Fop (w14 Fpp)* Foz +
AR Fo+4 DF Fo 44 DF Fay+ AFS Fo+4 DF5 Fo+16 DFo, Fo Fa +4 DFy Foo+
8 DFI,(~1+Fy))Fag+8DF2 (14 F))Faa+4 DFo, (14 Fp)° Fas+4 DF5 (-1+Fy) Fau+
AF13Fo Foa+ 4 DF3Fo Fay 44 DF Fp Fag+4DFy3Fa Fa+8 DFy3Fop (-1+Fy) Fos+
4DFy3Fy (-1+Fp)) Fas+2 DF I, Fay+2 DF5 Fay#2 DFy3Fpy Fog+2 AFp3Fay +
AUF 3Fa + AFLFy  +12DF, Fy +2 DF o Fay + AF3F5, Fay +12 DFy3 F2 Fap+
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2DFy3Fs Fa  +8 DFy3Fa (14 Fp)Fa +8 DFy3(-1+Fp)  Fa1+4 DFy3Foy (1+F55)° Fap +
8 DFy3(~1+Fp)° Fay #+2 DFys3(-1+Fp) Fay+2 AFy Fos Fay +24 DF2, Foy Fog Fap +
8DF, FogFay+ AF13FagFag+4 DF 3 Foy Fay +4 DFay FoaFay+12 D Fy3 Foy Fay Fap +

8 DFy3(-1+F))FasFa1+4 DFy3(-1+Fy))° FasFay+2 DFy3Fay Fay + AFS +4uF5 +

AR F +16 DFI,F5 +2DF 1, F5 +2 AFS F3 +8DF5 F5 +4DFo, Fo F2 +

6DFy Fi +8DFS (~1+Fp)F3 +8D(-1+F5)° F2 +4 DF2 (-1+Fy)° Fi +

8D (-1+F5)° F2 +2 D (14 Fp)* F3, + A Fy3Foy Fos Fay +20 D Fyg Fpy Fps Fop +

4DF3F3 FosFo +4 DF FL +4 DFLF2 Fo +4DF5 Fo F2 +8 D (-1+Fy,)Fa, Fo +
4D (-1+Fy) FoFl +2 DF Fo + AF 3 F3 +12 DF 3 Fa +4 DF 3 F2 Fo +

8DFy FpsFa + AFa +4 DFs +2DF., Fa, +6 DF5 Fa +2DF13Fy Fos Fa, +2DF 3 Fyy +
2DFS +(-1+F1)° (A+36 D+6 DF2,+6 DF2,+6 DFs +6 DF5 )+ AFy3Fyy Fap+

A F13Fo1 (w14 Fp)Fap+8 DFiy FogFaa +8 DFS Fos Fap+8 DFoy(-1+Fyp) Fpg Fap +

8 DF5 (1+Fo)) Fs Fap+8 D Fy3Foy Foy Fan +8 D Fyg Foy (1 +Fpp) Foy Fan +2 A Foy Fay Fap +
8 DFi,Fpy Fay Fao+ 8 DFy Fay Fap+2 AFy (~14Fp0) Fay Fap+8 DFoyFyy (14 Fp)) Fay Fap +
8D F§1 (=1+F5;) F31 F3o+ AF13Fo3F31 F35+8 D Fy3Fy3F3 F3o +8 D Fyg F§1 Fo3 F31 Fap +
AF13(=1+F5)Faz3F31 F30+8 D Fy3(=1+Fy;) Fo3 F31 Fap +8D Fy3 F§1 (=1+F5;) Faz Fag F3o +
8 DFy3Fy Fay  Fao+8 DFy3Foy (14 Fpy) Fay Fao+8 D Fog Fay Fap+8 D (=1+F,,) Foz Fay Fp +
8 DFy Fa Fao+8 D Foy (14 Fp)Fa Fao+ 4 DFo, Fo, +4 DF3 Fo, +8 DFay(-1+Fy)Fa +
8 DF2 (~1+Fy))Fa, +4DF2, (~14Fp) Fo, +4 DF5 (-1+Fp)° F3,+4 D Fy3 Fpy Fog Fay +

8 D Fyz Foy (-1 +Fp) Foz Foy+4 D Fyg Foy (~1+Fp) Fog Fay + A Fy3Fay Fay+4 D FysFag Foy+

2 2 2 2 2 2 2 2 2 2
8 D F13 (—l+ F22) F3l F32 +4 D Fl3 (—l+ F22) F3l F32 aF -.ﬂ F31 F32 +4 D F3l F32 +4 D F13 F3l F32 +

4DF3 F5 Fo, +8D(-1+F))F3 Fa,+4 D (-1+Fy) F3 Fa, +4 D Fy3 Fyy Foz F5, Fo 4
4DF3F Fo, +4DFs FL+2 DF, Fa, +2DF3 Fa,+2DFy3Fy; FosFay +2 DFy3Fgy Fay+
2DFS Fa 42 DFS, (Foy Foy+F3y Fao) #2 AFL, (-1 +F33)+8 DFiy(-1+F33)+

8DFI, Fo (-1+F33)+2 AF13Fp Foz (14 F33)+8 DFiy Foy Fog (-1 +Fa3)+

8 DF2, Fo (-1 +F33)+8DF2 Fo,(-1+F33)+8 DFy3Fy Fag(-1+F33)+4 AF 3 Fyy (-1+F33)+
4P F3Fay (-1+Fg3)+ AFI Fay (14 F33)+20 DF, Fay (-1+F33)+2 DFoy Fag (-1+F33)+
AFy3F2 Fap (14 F33)+12 DFy3Fo) Fay (-1+F33)+2 DFy3Fay Fay (-14Fg3)+

8 D Fi3 F§1 (-1+Fp) Fay (~1+F33)+8 D Fy3(-1+Fp)° Fay (-1+Fs3)+

4D Fy3 F§1 (-1+Fp)° Fa1 (-1+F33)+8 D Fyz(-1+Fy))° Fag (-1 +Fz3)+

2D Fy3(-1+F)* Faq (1 +Fg3) +2 AFyy Foz Fay (14 F33)+24 D Fig Fo1 Fa3 F3q (-1 + F33) +

8 DF3, FogFay (w14 Fa3)+ AF 3 Foy Fay (14 F33)+12 D Fy3Foy Fay (-1+Fa3)+

4DF Foy Fay (14 Fa3)+12 DFy3Fo) FauFay (-1+F33)+8 D Fyg(-1+Fp,) Fag Faq (-1+F33)+
4DFy3(-1+Fy))° F2 Fay (1 +F33) +2 D Fy3Fag Fap (1 +F33)+2 AFL (-1+F33)+

32 DF2 F2 (-1+F33)+8 DF F5 (-1+F33)+24 D Fy3Fpy Fog Fay (1 +Fg3)+

8 DF2,F2 (~1+F33)+ AF 3 Fy (~1+F33)+20 DFy3Fay (-1+F33)+

4DF13F2 Fa (-1+F33)+8DFy Fps Fay (-1 +F33)+8 DFgy (—1+Fa3)+

2D F3 F§1 (=1+F33)+ AFy3F Fap (-1+F33)+ AF13Fo1 (-1+F5)Fzp(-1+F33)+

8 DFI Fy3Fap(~1+F33)+8 DF2 Foz Fap(—1+F33)+8 DFi,(=1+Fp) Faz Fap (—1+F33)+

8 D F5y (~1+Fyy) Fyz Fap (-1 +F33) + 8 D Fyg Fyy Fag Fap (-1 4 Fa3) +

8 D F13Fyy (~1+Fy)) Fog Fap(-1+F33)+16 D Fy3Fys3 Fay Fap (-1 +Fs3)+
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16 D Fi3(-1+Fy) Fo3 F31 Fap (-1+F33)+8 D Fy3Fyy F§1 F3z (-1 +F33)+
8 DFy3Fyy (~1+Fp)F3 Fap(-1+F33)+8 D Fy3 Fay Fap (-1 4 Fg3) +
8 D (-1+F,y) Fp3 Fay Fap (-1 +F33) +8 DF2, Fa, (-1 +F33)+8 D Fa; F5, (-1 +F33) +
8 D Fyz Fay Fog Fay (1 +Fg3) + A Fyz Fay Fay (~1 4 F33)+ 12 D Fyg Fay Fay (—1+Fg3)+
8 D Fy3(-1+Fyy) Fay F5, (-1 +F33) +4 D Fyg (=14 Fpy)” Fay Fo, (-1 4+ Fa3) +
8 DF5 Fo, (-1+F33)+4 DFy3F3 Foy (14 F33)+2 DFy3Fgy Fay (-1 +Fg3) + AFS, (-1+F33)° +
8DFl,(-1+F33)° +4 DF},(-1+F33)° +8 DFa (-1+F33)° +4 DFI Fa (-1+F33)° +
A F13Fp Foz(-1+F33)> +8 D Fy3 Fyy Foz (-1+F33)° +4 D Fiy Fyy Foz (-1 +Fa3)° +
4DF2, Fo (-1+F33)° +4 DF2 F2,(-1+F33)° +4 DFy3Fy Fog (-1+F33)° +
3AF13Fa1 (-1+F33)° +8 DFy3Fay (-1+F33)° +12 DFS, Fap (14 F33)° +
12 DFy3Foy Fayp (-1 +F33)? + AFS (-1+F33)° +8DF2 (-14F33)° +16 DF2, F5, (-1+F33)° +
4DF F3 (-1+F33)> +12 DFy3Foy Foz F5y (14 F33)° +4 DF5, F5 (-1 +F33)° +
12 DFy3F3 (-1+F33)° +4 DFs (-1 +F33)> +8 D Fyz Fpg Fay Fap (—1+Fg3)” +
8 D Fyz(~1+Fyy) Foz Fag Fap(-14F33)° +4 DF5F5, (-1+F33)° +4 DF2 Fa, (-1 +F33)° +
4DFy3Fa Fog Fay (w14 F33)? +12 DFy3Fg Fo,y (1 +F33)’ +4 DFS FL, (14 F33)° +
8DFi,(-1+F33)° +8 DF2 (~1+F33)° +8 D Fy3Fpy Fog (14 F33) + AFy3Fay (14 F33)° +
16 D Fy3Fay (~1+F33) +4 DF3, Fay (-1+Fs3)> +4 DFy3Fay Fay (-1+F33)° +
8DF3 (-1+F33)° +4 DF 3 Fa (-1+F33)° +4 DFy3F3 Fo, (1+F33)° 42 DF2, (-1 +Fa3)*+
2DF2 (~1+F33)" +2 DFy3Foy Foz (14 F33)* +10 DFy3 Fay (-1 +F33)* +2 DF3, (-1+F33)* +
2DFy3Fay (m1+F33)° +F 1, (A+4D+6 DF,+2DF5 +8D (-1+F,)+4D(-1+F5) +
2DF +4DF3+2DFy3(Foy Faz+Fay F3))+5(-1+F)* (A+8D+6 DFY,+
6 DFi,+6DFo, +6 DF5; +2 D Fyy(Fog Fop + Fay Fao) +2 D Fyz (Fyy Foz+ Fag Fag)) +
F3,(4 DF2,F3 Fap+Fa Fay (A+12D+8D(-1+Fp)+4 D (-1+F)  +4DF3)+
For Foo (A+12D+4DF2,+8D(-1+Fp)+4 D (-1+Fy)° +4 DF3))+
8 D Fy3(Fyy Fa3+F3p F33))+2(-1+ Fi)®
(AA+8D+2u+3DF1, +3DF1, + AF5 +26 DF2 +3DFy +4 DF2 (-1+Fy)+
4D (-14F5)° +2DF3 (-14F)° +4 D (-1+Fp) + D(-1+Fp) ' +2 DFo, +2DF2 F2  +
4D (-1+Fy)Foa+2 D (-14Fp)) Fos+ DFay+4 DFyy Fog Fay+ AFS +26 DF5 +
6 DF; F3 +3DF3 +4DFp3Fyp+4D(-1+Fy)FogF3p+4 DFyy Fay Fyp+4 D Fyy
(-1+F5))F31 Fp+2 DF3,+4 D (-1 +Fp) Fo,+2 D (-1+F))° Fa,+2 DF3 F5, + DFa, +
FI,(A+26 D+6 DFo,+4DFo, +4D(-1+F5)+2 D (-1+Fp)° +4 DF3 +2 DF3,)+
FI,(A+26 D+4DF5 +2DFo, +4DF5 +4D(-1+F33)+2 D(-1+Fz3)°)+
4DF5,(-1+F33) +4 DFyy Fog Fag (~1+F33)+4 DF5, (14 Fa3)+4 D Fp3 Fap (—1+Fg3) +
4D (-1+Fy)FpgFan (-1 +F33)+4 DF5y (-1+F33) +4 D (-1+Fz3)° +2 DFoy (-1+Fs3)° +
2DF5 (-14F33)° +2DF3, (-1+F33)° +4 D (-1+F33)° + D (-1+F33)" +
20 D F13(Foq Foz+ F3p F33)+4 D Fip (5Fp1 Fop +5F31 Fap + Fi3(Fop Foz+ Fyp Fa3))) +
(-1+F1)° (18 DF},+18 DFy, +12 DF3, (Foy Fop + Fag F3o) #6 Fay (A+6 D+4 DF3 +
2DFo,+4DF5 +4 D (-1+Fs3)+2 D (-1+Fz3)°)+12 D Fyy (Fpy Foz + Fag Faz) +
3F 13 (A+16D+4DF2 +4DF2)(Foy Foz+Fay Fa3)+6FL, (A+6D+6 DF2,+4 DF2, +
4D (-1+Fp)+2D(-1+Fy)° +4 DF5 +2 DFS, +2 D Fyg (Foy Foz + Fay Fa3)) +




StrainEnergyPotential.nb | 29

3F1 (8 DF3 Fpa+Fo  Foy (A+16 D+4 DF,+4 DFS )+4DF2, Fyy Fay+4 DFS Fay Fap+
Fap (A+16 D+4 DF5 ) Fap+8DFy3(Fpy Foz+Fay Faa))+2(2 A+6p+9DFy, +
12D (-14Fp) 2 +3D(-1+F5) " +6 DF, +3 DFa, +3 AF5, +18 DF +9 DFa +
3F, (A+6D+4D(-1+Fp)+2D(-1+Fy)° +2 DF,+6 DF3 )+12 D Fpg Fap +
6 DFS,+6 DF5 Fo+3DFe, +6 D (-1+Fy)° (2+F5,+F5,)+12 DF5, (-1+F33)+
12DF3 (~1+F33)+12 DFp3 Fap (1 +F33) + 12 DF2, (-1 +F33)+12 D (-1 +Fz3)° +
6 DFoy(-1+F33)° +6DF3 (-1+F33)° +6 DFS, (-1+F33)°+12 D (-1+F33)°+3D
(-1+F33)* +12 D Fyy Fay (Fop Fap + Foz Fa3) # 12 D (=1 + Fp,) (Fo5 + F3, + Fos Fap Fa3))) +
Fio(2 DF5 Fao+Fa Fop (A+12D+8D(-1+Fp)+4 D (-1+Fp)° +4DF5, +4 DF3)+
2DFi, Fay Faa+2 DFy Fag Fap+
F2yFa1 (4 DFFap+Fay (A+20D+24D(-1+Fz3)+12 D (-1+Fz3)°)+8 D Fyy Fog Faz) +
8 D Fl; (Fop Foz+ Fay Fag)+2 Fyz(Foo Fos (A +4 DF3,) + (A +12 DF3,) Fay Fas)+
F2 (Fsi (4 DFasFap+(A+20D+24 D (-1 +Fp)+12 D (-1+Fp,)° +4 DF3,)Fap +
8 D Fyy Fp3 Fa3)+8 D Fi3(3 Fpy Fog+ Fyp Fa3)) +
Frr(QA+4pu+10D (-1+Fp) 42 D (-1+F5)  +2 DFI Fpo+t AFL, +4 DF, +
2DFy + AFS +12DF3 +2DFg + AFy3 Faa+8 DFy3Fap+8 D Foz Fay Fagp+
AFL,+4DF,+12DF5 F5,+2DFgy+(-1+F5))° (A+16 D+4 DFy5+4 DF3,)+
8 DFdy(~1+F33)+8 DF5, (~1+Fa3)+ A Fpz Fap (-1 +F33)+8 D Fp3 Fay (-1 +F33)+
8 DFy3 Fi, Fap (14 F33)+8DF2, (-1+F33)+8 D (-1+F33)° +4 DF2, (-1+F33)° +
4DFL (-1+F33)° +4 DF2, (-14F33)° +8 D (-1+F33)° +2 D (-1+Fz3)* +
16 D Fy3Fay (Fys Fap+ Faz+(=1+Fo)) Fa3) #(-1+F5)° (3A+8 D+ 12 DF2,+12 DF5, +
8 D Fps Fap Fag)+ Fig (A+12D+12 DF2+(-1+Fp,) (A+12D+12DF3,+8 D
(-1+F33)+4 D (-1+F33)°)+8 D (-1+F33) +4 D (-1+Fz3)° +8 D Fy3 Fay Faz)+
(-1+F) (4 A+4p+2DFs +2 DFg + AFL,+12DF5,+2DF5, +
Fos(A+12D+8 D (-1+F33)+4 D (-1+F33)°)+F2 (A+12D+12 DF3, +8
D(-1+F33)+4 D (-1+F33)°)+8 DF5, (-1 +F33) +8 D (-1+Fz3)° +
4DF5, (-1+F33)° +8 D (-1+F33)° +2 D (-1+Fsz3)* +16 D Fp3 F3y Fa3)) +
Far (2 DFa Fa+F(3A+4p+8D(-1+F5)° +2 D (-1+F) + 2 DFh + AFL, +
4DF5,+2DFgy+2(-1+Fp) (A+4DF5)+(-1+Fpn) (A+8D+4 DF3)+
F3, (A+12D+4 DFS, +8 D (-1+F33)+4 D (-1+Fz3)°)+
2A(-1+F33)+8 DF3, (-1+F33)+ A(-1+F33)° +8 D (-1+Fz3)° +
4DFL, (~1+F33)° +8 D (-1+F33)° +2 D (-1+Fz3)")+
Faz Fos (A +8 D F3,)Faz+4 D Fay Fay (2(=1 4 Fpp) + (=1 + Fpp)® + F35))) +
Fo,(A+4u+6DF s +2DFg +2 A(-1+Fp) + A(-1+F5)° +8 D (-1+Fp)  +
8D (-1+F)° +2 D (-1+Fp) ' +4 DFo, 48D (~1+Fy) Foy+
4D (-1+Fy) Fia+2 DFy+ AFS +8 DF3 +8 D (-1+Fy,)Fay +
4D (-1+Fy) F2 +2 DF3 +8DFy3Fap+8D (-1+Fy) Fog Fan+ AFS, +
4DF,+8D (-1+Fy)Fo, +4 D (-14F)° F3,+16 DF3 F2, +2 DFs, +
Fo (A+16 D+32D(-1+Fp)+16 D(-1+F5))° +4 DF3, +4 DF3 +4 DF2,)+




30 | StrainEnergyPotential.nb

2F, (A+4D+2DF +4D(-1+F)+2D(-1+F5)° +2 DF, +2 DF3 +
2DFL,+4D(-1+F33)+2 D (-1+F33)°) +8 D Foy (-1 +F33)+8DF3; (-1+Fs3)+
8 DFy3Fa(-1+F33)+8D(-1+Fy)Fy3F3(-1+F33)+8D ng (-1+F33)+8 Z)(—1+F33)2+
4DF, (-1+F33)° +4 DF2 (-1+F33)° +4 DFS, (-1+F33)° +8 D (-1+Fz3)° +
2D (-1+F33)" +8 D Fyy 3y (3Fyy Fap+FazFa3)+4 D Fi3 (F21 Foz + F3; F33) +
F13 (F21 (F23 (A+20 D +24 D (-1+Fp)+12 D (-1+ F2)2+4 D F§2)+8 D Fyy F3p Fa3)+
Fa1 (8 DFasFa+4 D (-1+F,,)° Faz +
(A+12D+12 DF,)Faz+8 D (-1+Fy,) (Faz Faz + Fa3)))) +

(-1+F11) (BU+2 DFS, +2 DFS, +5 AFS +8DF5 +4uFo + AF5 +16 DFy +
2DFS +2 AFL (~14F5))+16 DF5 (-1 +Fp)+8 DFa  (-1+F50)+16 D (-1+Fp,)° +
A2 (-14+Fp)° +16 DF2 (-1+F5) +4 DFa (-1+Fp)° +16 D (-1+F)° +
8DFo, (-14+F) > +4 D (-1+Fp) +2DF5 (-1+F5)) +8 DF, + AFS Fou +
12DF Fo +4DFy Fo+16 D (~1+Fp) Foa+8 DF5y (-1+Fo)) Fa,+8 D (14 Fp,) Fau+
4DF (-1+Fy))° F2,+4 DFa, +2 DF2 Fa+2 AFyy Fpz Fay+16 D Fyy Fos Fyp +
8DF3 FysF3 +5 AFS +8DFS +4uF3 +2 AFS F2 +32DF5 F5 +6 DFs F2 +
8D Fo (-14Fy))F +8D (—1+Fy) Fi +4 DF2 (-1+F)° F5, +8 D (-1+Fy)° F2, +
2D (-1+Fy) F2 +4 DF2, F3 +4 DF5 Fo, F5, +8 D (~1+Fy))Fa, 2, +
4D (-1+Fy)° Fo, F3 2 DF5, F3, +8 DFyy Fos Fa, + AFs, +16 DFs +
6 DF2 Fa +2 DFS +16 DFy3F3y+8 DF5, Fog Fap+16 D (=1+Fpy) oz Fap +
8 DF2 (~1+Fy))FysFan+2 AFyy Fay Fap+16 D Foy Fyy F3p+8 DFy, Fay Fap +
2 AFyy (~1+Fy5)Fay Fao+16 D Fay (—1+Fap) Fay Fap +8 D Fay (—1+Fpy) Fay Fap +
8D Fay3F3 Fao+8 D (~1+Fp)Foz F5 Fao +8 D Fyy Fay Fap+8 D Fop (-1+Fop) Fa Fap +
8DFS, +4DF5 Fo,+16 D (-1+Fy)F5, +8 DF5 (14 Fy)) Fa,+8 D (-1+Fy)° i+
4DF (-1+Fy)° Fo + AFL FoL,+12 DF;5 FL+4 DF2 FI F2,+8 D (-1+F,)F3 Fo +
4D (-1+Fy) Fi FL+4DF F +4DFs, +2DF5 FlL+2 DF3 FL +
FlL,(A+16 D+6 DF,+2DF5, +8D(-1+F5))+4 D (-1+F))° +2 DF3, +4 DF3,)+
Fl.(A+16 D+2DFo +4DFo, +2DF5 +8D(-1+F33)+4 D (-1+F33)°)+
16 DF3,(-1+F33)+8 DF5, Fu(—~1+F33)+2 AFyy Foz Fap (1+Fg3)+
16 D Fy; Fp3 F33(-1+F33)+8 D F§1 Foz F31 (-1+F33)+2 A F§1 (=1+F33)+
16 DF3 (-1+F33)+8 DF5 F2 (~14+F33)+8DFa, F3 (-1+F33)+8 D Fy Fps F3y

(-1+F33)+8D Fgl (-1+F33)+16 DFy3F3(-1+F33)+8D F%l Fo3 F3p (14 F33)+

16 D (-1+F,5) Foz3 Fap (-1 +F33)+8 DF5, (~1+Fp,) Fog Fap (-1 4+ Fa3) +
8 DFy3 F3 Fap(~1+F33)+8 D (=1+Fy,)Fpz Fay Fap (w14 F33)+16 DF5, (-1+F33)+
8 DF2 F, (~1+F33)+8 DF3 F2, (1 +F33)+16 D (-1+F33)° +8 DF3 (~1+F33)° +
8D Foy(~14Fs3)° +4 DF5 Foy(-1+F33)° + AFS, (~1+F33)° +16 DF3, (-1 +Fa3)’ +
4DF5 F5 (14 F33)° +4 DF2,F5 (-1+F33)° +4 DFs, (-1+F33)° +8 DF3, (-1+F33)° +
4DF5 Foy(-14F33)° +4 DF3 Fo,(-1+F33)° +16 D (-1 +F33)° +8 DF5, (14 F33)° +
8DF5 (-1+F33)° +4 D (-1+F33)* +2DF5 (-1+F33)" +2 DF2 (-1+F33)* +
24 DF3y(Foy Fag+Fay Fa3) #2F13 (3 A+8D+12 D Fo, +12 D F3,) (Fyy Foz + Fag Faz) +
FL(5A+8D+4u+6DF ,+2DF5 +2 A(-1+Fp)+16 D (-1+Fy)+ A(-1+F5))° +




StrainEnergyPotential.nb | 31

16D (-1+Fp)? +8 D (-1+F5)° +2 D(-14Fp)) +4 DF3,+8 D (-1 +Fp,) Fou +
4D (-1+Fp) Fia+2 DFay+ AFS +24 DF3, +8 D (-1 +Fy) F5, +
4D (-1+Fp) Fi +2 DFs +8 DFy3Fan+8 D (—~1+Fp)Foz Fay+ AFS, +
12DFL+8D (-1+Fp)F5,+4D(-1+F,)° Fo,+ 16 DF5 Fo,+2 DFs, +
Fo (A+32D+32D (-1+Fp)+16 D(-1+F5))° +4 DF,+4 DF3 +4 DFL,)+
2F, (A+16 D+2 DF +4 D (-1+Fp)+2 D (-1+Fp)  +2DF5, +2DF5 +2DF5, +
4D (-1+F33)+2D(-1+F33)°)+8 DFly(~1+F33) +8 DF3, (-1+F33)+8 D FysFay
(-1+F33)+8 D (~1+Fp,) Foz Fap (-1 4F33)+8 DF2, (-1 +F33)+8 D (-1+F33)° +
4DF2(-1+F33)° +4 DFS (-1+F33) " +4 DF3, (-1+F33)° +8 D (-1+F33)° +
2D (-1+F33)" +8 D Fy Fay (3 Fay Fap+Fyz Fa3)+24 D Frs(Fyy Foz+Fay F33)) +
8D Fiz (3 Fo1 Fop + 3 Fag Fap + F13 (Fop Foz + Fap Faz)) +
F2(5A+8D+4pu+2DFs +8D(-1+Fp)° +2D (-1+Fy) + AFS, + 12 DFoy +
2DFy, + AFS +32 DF2 +4 DFI,F3, +2DFs +8DFy3F5+4DF3, +
4DF Fo +2DF5, +4 D (-1+Fy)° (2+F35+F5,)+F3, (A+24 D+8D (-1+F,)) +
4D (-1+Fy)" +16 DF2,+4 DF3, +8 D (-1+F33)+4 D (-1+F33)°)+
2A(~1+F33)+16 D(-1+F33)+8 D Fiy(~1+Fz3)+32 DF3 (~1+Fz3)+
8 D FazFay(-1+Fa3)+8DF2, (~1+Fz3)+ A(-1+F33)° +16 D (-1+Fz3)’ +
4DFI,(-1+F33)° + 16 DF3 (-1 +F33)° +4 DFL, (-1 +F33)° +8 D (-1+F53)° +
2D (-1+F33)* +8 D Fyy Fag (Fao Fap+3 Fog Fa3) +8 D (=1 + Fay) (Fo5 + F5, + Fog Fap Fa3)) +
2F 5 (12 DF3 Foy+12 DF2,F3 Fap+F3 3A+8D+12DF5,)Fan+4 DFY,
(Fap Faz+Fap Fa3) 4 Fi3 (Foy Fos (A+8 D+ 4 DF3, )+ (A+8D+12 DF3;)Fay Faz)+ Foy
(12D F2, Fpo+Fpy (3A+8D+12 DFL)+8 D FysFay (Foz Fan+ Fag+(—1+Fy)Faz))+

2
4 D F5; (3 F3; Fap + F13 (3 Fyy Fpz + F3; F33)))))

Infe =

Out[« J//TableForm=

TableForm[fss[[ 55 , 4 5311, TableDirections - Row]

0

Vi

0

0

V2o

0

0

V3

0

0

0

Vi

0

0

Vo

0

0

V3

Flux Jacobians
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[~ 1= | Ass = Map[Transpose[gradq[H]] &, fss];

Inf* Ji= Dimensions[Ags]

Outf* |= {3, 12, 12}

Infe J:= TableForm[{ Ass[[1, 4 535, ;;11, ALelll, 4 55, 3311} , TableDirections - Row]

Outf« J//TableForm=

100000000000 100000000000

OOO0OOOOOOOOO OOOOOOOOLOOOO

- = | TableForm[{Ass[[2, 4

Outf = J/TableForm=

5311} , TableDirections - Row]

we
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we
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TableForm[{ Ass[[3, 4 535, 3311, ALell3, 4535, 3311} , TableDirections - Row]

O0OO0OOOOOOOOO OOOOOOOOOOOO

OOO0OOOOOOOOO OOOOOOOOLOOOO

001000000000 0010000600600

Eigensystem - eigenvalues

AR = Map[Eigensystem[H] &, Al;
A = Table[AR[[i, 1]], {i, d}];
R = Table[AR][[i, 2]], {i, d}];

TableForm[A]

(0] (0] (0} (0} (0} 0 —Cg —Cg Cg Cg —Cp Cp
(0] (0] (0} (0} (0} (0] —Cg —Cg Cg Cg —Cp Cp
(0] (0] 0 0 0 0 -Cg —Cg Cg Cg -Cp Cp

Eigensystem - eigenvectors (displayed as rows in Mathematica)

TableForm[R[[1]]]
0 0 0 A 0 0 © e o 6 0o 1
A+2 p
0 0 0 0 0 0 © o o 6 1 o
0 0 0 0 0 1 e © 6 1 o o
0 0 0 0 0 0 © e 1 6 0o o
0 0 0 A 0 0 © 1 © 6 0 o
A+2 p
0 0 0 0 -1 o 1 e © 0o o o
0 0 —cs  © 0 0 © o o 1 0 o
0 —cs © 0 0 0 1 o 6 0 o o
0 0 cs 0 0 0 © e o 1 0 o
0 cs 0 0 0 0 1 e 6 0o o o
—cp O 0 1 0 0 © © o 6 0 o
ch 0 0 1 0 0 © e © 6 0 o
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Infe J:=

Outf = J//TableForm=

Inf* J:=

Out[« J/Tab

Infe ]:=

Out[ = J/Tab

TableForm[R[[2]]]

0 0 0 -1 0 o o o o o o 1
0 0 0 0 0 © o © -1 © 1 ©
0 0 0 0 0 o o o o 1 o o
0 0 0 - "*—j“ 0 o o 1 0 o o o
0 0 0 0 1 e 1 o 0 e o o
0 0 0 0 0 1 o o o e o o0
0 0 —cc 0 0 o o o o e 1 o0
¢ 0 0 0 1 o o o o e o o0
0 0 cs 0 0 © o o o e 1 o0
cs 0 0 0 1 o o o o e o o0
0 ) 0 0 o o 1 o 6 o o
0 cp 0 0 0 o e 1 o0 o @ o
TableForm[R[[3]]]

leForm=

0 0 0 - "*—j-‘i ) o o 0 o o 1
0 0 0 0 ) © o -1 o 1 @
0 0 0 0 @6 -1 0 o o 1 o o
0 0 0 -1 o 0 6 1 o0 e o o0
0 0 0 0 ) 1 0 0 e o 0
0 0 0 0 10 o o o o o o
0 —cs 0 0 o © o o 1 o o o
—cs 0 0 0 o 1 o o o o o o
0 cs 0 0 o o o o 1 o o o
cs 0 0 0 o 1 o o 0 e o o0
0 0 —cp 0 o 0 o o 0 o o 1
0 0 cp 0 ) o o 0 o o 1

Verify eigensystem

TableForm[Table[A[[‘i]].R[['i, all -A[[i, all R[4, a]] /. {.:P -

{a, nq}, {1, d}] , TableDirections -» Row]
eForm=

OOO0OOOOOOOOO OOOOODOOOOOOO OOOOOOO
OOOOOOOOOOOO OOOOOOOOOOOO OOOOOOO

OO0O0OOOOOOOOO OOOOOOOOOOOO OOOOOOO

1//\+2p g

00000
00000

00000

0
(7]
A
=
=

0OO0OOO0OO0OOOOO

O0O0O0OOOOO0OO

O00O0OOOOO0OO

Decomposition of 6q onto eigenbasis, R c = 6q




In[

Outf

Inf

Outf

In[

Outf

In[

Out[

In[

Outf

In[

Outf

J=

J/Tab

J/Tab

J/Tab

J/Tab
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6q = Table[dq,, {a, nq}]; TableForm[6q, TableDirections - Row]

leForm=

6q; 6q, 6q3 6qy 6qs 6qs Oq; Oqg 6qy Oqie 6qy; O

Define coefficients ¢

Table[cy, {a, nq}]; TableForm[c, TableDirections - Row]

eForm=

[

¢ = Table[LinearSolve[Transpose[R[[i]]]l, 6ql, {i, d}];

Select propagating waves (place arbitrary positive values for wave velocities into eigenvalues)

A12 = A /. {cs > 1, cp - 2};

iW = Table[Select[Table[a, {a, nq}], A12[[i, H]] + 0 &], {i, d}]; TableForm[iW]
eForm=

7 8 9 10 11 12

7 8 9 10 11 12
7 8 9 10 11 12

Number of propagating waves. Should be the same for all d spatial dimensions.

nW = Length[iW[[1]]]

6

AW = Table[A[[i, iW[[illll, {i, d}]; TableForm[AW]

leForm=

J/Tab

—Cg —-Cg Cg Cg -Cp Cp

—Cg —-Cg Cg Cg -Cp Cp

—-Cg -Cg Cg Cg -Cp Cp

W = Table[R[[i, iW[[illll, {i, d}]; TableForm[W[[1]]]

leForm=

0 0 -Cg 0 0 0 0 0 0 1 0 0
0 —-Cg 0 0 0 0 1 0 0 0 0 0
(0] 0 Cs 0 (0] (0] 0 0 0 1 0 0
0 Cg 0 0 0 0 1 0 0 0 0 0
-Cp 0 0 1 0 0 0 0 0 0 0 0
Cp 0 0 1 0 0 0 0 0 0 0 0
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- = | TableForm[W[[2]]]
Outf = J//TableForm=
(0] 0 =Cg (0] (0] (0] 0 0 0 0 1 0
-Csg 0 0 (0] 1 0] 0 0 0 0 0 (0]
0] 0 Cg (0] 0] 0] 0 0 0 0 1 (0]
Cg 0 0 0 1 (0] 0 0 0 0 0 0
(0] -Cp 0 (C] (0] (0] 0 1 0 0 0 0
(0] Cp 0 0 0 (0] 0 1 0 0 0 0
n - | TableForm[W[[3]1]
Out[« J/TableForm=
(0] —Cg 0 (0] (0] (0] 0 0 1 0 0 0
=Cg 0 0 (0] (0] 1 0 0 0 (0] 0 0
(0] Cg 0 (0] (0] (0] 0 0 1 0 0 0
Cg 0 0 (0] (0] 1 0 0 0 0 (0] 0
0] 0 -Cp (0] (0] 0] 0 0 0 0 (0] 1
0] 0 Cp (0] 0] 0] 0 0 0 0 (0] 1
- | cW = Table[e[[i, iW[[i]]ll, {i, d}]; TableForm[cW]
Outf = J/TableForm=
-0Q,+Cs 00.+Cs 00, -0Q,+Cs 0G.+Cs O, 0Q,+Cs 6. +Cs 0, 0q,+Cs 0q.+Cs O, -A6q,-2 Y 6q,+A cp 6, +2
2c¢cg 2cg 2cg 2 cg 2 (A+
-0Q,+Cs 0Gy+Cs 07, , -0q,+Cs 0G.+Cs O G, 0Q,+Cs 0q,+Cs 07, 0q,+Cs 0q.+Cs 0, -A6q,-2 4 6q,+A cp Oq,+A
2cg 2cg 2cg 2cg 2 (A+
-0Q,+Cs 0Qy+Cs 07, , -0q,+Cs 00.+Cs 00, 0q,+Cs 0Q,+Cs 07, 0q,+Cs 0Q.+Cs 0, -A6q,-2 4 6 +A cp Oq,+A
2cg 2cg 2cg 2 cg 2 (A4
- = | Directoryl[]
outf* J= C:\Users\sorin\Documents
- = | Save["linelasWaves", {q, nW, W, cW}];




