SCC.SP17: Computational topology: Simplicial Complexes

Definition. (X, U) is a topological space if U is a collection of open subsets of X and:
L Xel, oel;
iU, UgeU=UNU€U ;

v, e, 1€ 1, Uz’EI U, el .

Definition. B, a collection of subsets of X, is a basis for a topology on point set X if:
. VrxeX, dB € B such that x € B ;
I. x € B1 N By, Bl,BQEB:>E|Bz3€B such that x € B3 C B1 N By

The topology U generated by Bis {U:U C Xandx € U= 1B € Bsuchthatz€ BCU}. The
topology is constructed explicitly by all unions of finite intersections ﬂ?zl B;.

Example 1. X=R, B={(a,b),a<b,a,bec R}, standard real line topology.

Definition. A complex is a decomposition of a topological space into topologically simple
pieces.



Simplicial complexes

Definition. wug, ..., u; € RY, = Z?:o Aiw; is an affine combination if Z?:o =1
Definition. The affine hull of wy, ..., u, € R is the set of all affine combinations.
Definition. wg, ..., u;, € R? are affinely independent if Zf;:o AU = Zf:o il < N = ;.

Definition. The affine hull of affinely independent wy, ..., u;, € R? is a k-plane.

Proposition. wuq, ..., u, € R? are affinely independent iff vectors w; —ug, i =1, ..., k are linearly
independent.

Definition. ug, ...,u; € R?, z= Zf:o \;u; is a convex combination if Zf:o Ni=1and \; >0.
Definition. The convex hull of ug, ..., u;, € R? is the set of all convex combinations.

Definition. The convex hull of affinely independent wq, ..., u;, € R is a k-simplex.



Simplicial complexes

Notation. o = conv{u, ...,u} is the convex hull of ug, ..., u; € R%.
dimo =k if ug, ..., u; are affinely independent.

Definition. 7 =conv{u;,,...,u;,} is a face of 0 =conv{ug,...,u} if j =0, 0<1o,...,1; <k,
i.e., the convex hull of a non-empty subset of points, denoted as ™ < o. If j <k, it is a proper
face, denoted as T < 0.

Definition. The boundary of a convex hull o is the union of all proper faces, denoted as
bd o. The complement of the boundary of a convex hull is the interior of the convex hull,
intc =0 —bdo.

T = Zf;:o Aiu; €into if all \; > 0. Va € o belongs to interior of exactly one face.

Definition. A simplicial complex is a finite collection of simplices K = {o;} such that:
cocK and T<o=7¢€ K, and

ii.o,00€ K = eitherc Nog= or a face of both c Noyg< o and o Nog < oy.



Simplicial complexes

Dimension of a simplicial complex dim K = max; dim o;

Definition. The underlying space of a simplicial complex, |K|={0;} is |J, 0.

Definition. A triangulation of topological space (X,U) is a simplicial complex K together
with a homeomorphism between X and |K|.

Definition. A subcomplex of K is a simplicial complex L C K.

Definition. The j-skeleton K'9) of K is the subcomplex consisting of all simplices of dimen-
sion at most j.

The 0-skeleton, K9 is the vertex set.



