Scientific Computation Comprehensive Examina-
tion Practice Questions

Answer the following questions explaining all steps that lead to a solution. Partial credit
will be awarded for presenting a viable solution strategy. No credit will be given to com-
putations presented without motivation. Your goal is to present skill in formulating precise

mahtematical statements, and demonstrate understanding of theoretical material.

1. State the conditions on g(z) that ensure third-order convergence to the root r of the
equation f(x)=0 for the sequence defined by x,.1 = F(x,), F(z)=x+ f(x)g(zx).
SOLUTION. At x =7, f(r) =0, F(r)=r, hence r is a fixed point of F. Express
error €,41 =2Ipy1 —r in terms of e, =x, —r, using Taylor series
s = F(0) = F(r) = F(r) + P'(r)en+ SF/(r)ed + =F7(r)el — F(r) +O(ed),
assuming F' € C? over interval containing all iterates {z, },en. Third-order, e,41 =
O(ed), convergence is achieved if

Filr) =1+ f'(r)g(r)+ f(r)g'(r) =0= g(r) = =1/ f'(r),and

1
F(0) = 10)9(r) + 200 )+ F0)9"(r) =0 /() =5 ke
2. State an algorithm that requires O(n?) operations to compute the Q R decomposition
of A=R+uvT, with R an upper triangular matrix.

SOLUTION. The triangular matrix R has () R factorization R = IR, and is
modified by a rank-1 update uv? =( viu vou ... vyu ). Write A=IT(R+uvl) =
Q1 R,, and let H be an orthogonal matrix that transforms w into e;. Hu = ||ul|e;.
Compute

HA=HR+ ||u| e;v”.

Recall that Givens rotations are the preferred orthogonal transformation matrices
used to preserve existing structure in a matrix. Construct H as a succession of Givens
rotations to preserve as much of the structure of R as possible
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with operation count O(n?).

The matrix H R is Hessenberg, and ||u || e;vT is zero except for the first row, hence
HA=HR-+||u| e’ is Hessenberg. Use Givens rotations to reduce H A to upper
triangular form

! .Gt HA=R=A=H"G"..G,_\TR=Q: R,

again with operation count O(n?).

a) Determine the order of convergence of the sequence

Sn:li (fi+ fi+1) (g5 — 95); (1)

=0

fg/f

SOLUTION. With z; = jh, x = (j + §)h, de = hd& use Taylor series
expansion on [z, x;4+1] to evaluate.

to the integral
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(note: powers of h equal sum of differentiation order are a useful check).
Taylor series expand the approximation over [z, ;1]

1 1 / //h2 3 h2 3
Qj=§(fj+fj+1)(gj+1—gj)=—<2fj+fjh+fj—+(9(h))( ht 97 O(n))
=figih+5 (f j+ f197)h* + ( figi" + 5 f’g§’+ f” ')h3+0(h4)

The error is
ej=Q;—1;=0(I),
and the error over the entire interval is e = Q — I <nmaxo<;<n-1le;| = O(h?)

b) Use quadrature rule (1) to provide approximation Sy of

1 x
€
J= dzx,
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and estimate the error eo =[Sy — J|.
Solution. From (a) identify: f(z)=e", g(x)=arcsin(z). Compute

T

4(1+e)

SlZ%(fo-l- J1) (91— 90) :%(1%—6)(% —0>

Sa=3lUo+ F)o1—90)+ (i + ) (g2 — 9 =5 (L VO + (Ve +e) T | =
52:1—7;(1+\/E)(1+2\/E).
Assume S =J+ Ahi=J+ A, So=J+ Ahi=J+ A/8, and find

1
A 2(51 — 52) = ey = 7(51 — 52)



